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1. Introduction. 
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Ly 3 
be a triangular matrix, or shortly matrix, where for every line 


=—1 5 2? < 2, < ... <a” Ss +1. 


We define the n* Lagrange interpolation parabola belonging to the function 
{(z) as the polynomial L,(f) of degree (n — 1) at most taking at x{”, ---, 2S" 
the values f(2{”), --- f(a&”). The explicit form of this polynomial is 


Lal) = DSM) = DL HaNLla), 


where 


ii « 


w'(t,)(4 — 2,)’ 





and 


w(2) = on(2) = IE — 2”) = I @- 2), 


v=1 


The polynomials 1,(2), the “fundamental functions” are independent of 
lt). We give explicit indication of the dependence of 1,(z) upon n only when 
we want to emphasize this dependence or when a misunderstanding may arise. 
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on? reported part of these results to the Math. and Phys. Assoc. Budapest, 12. XII. 
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We evidently have 


> L(x) =1, 


or more generally, if ¥(x) is a polynomial of degree k 
(1b) Lily) = ¥ n=1,2,..., 
In the theory of the Lagrange-interpolation we shall consider the two se- 
1 


quences L,(f):-2, and I L,(f)dzforn—«. The behavior of the first sequence 
1 


is determined’ by 


(2a) Bin, 2) « 4 | be(xe) |, 


[ L,(x) dx 


These expressions B,(n, x) and B2(n) are evidently independent of the function 
f(x); they depend only upon the matrix A of the fundamental points and (as 
in (2a)) upon the value of 2; they are the analogues of the Lebesgue-con- 
stants in the theory of Fourier-series. 

The examination of the second problem is particularly easy when the so 
called “Cotes numbers” are all greater than or equal to 0,* i.e. 


that of the second one’ by 


(2b) Bin) = Spel => 


v=1 v=1 





(3) Mm = Af” =O, k=1,2,---n, n=1,2,---. 


For in this case, by (1a) we have 
Dd |r| =) =2, 
k=1 k=1 


i.e. we immediately obtain by Pélya (l.c.) that if f(x) is R.-integrable,’ then for 
the Lagrange parabolas taken on such an A 


lim “In(S) de = [ sear. 


no _ 


Thus (3) implies an important interpolation property of the matrix A. Pélya 
proved that the necessary and sufficient condition for quadrature convergence 
for continuous functions is 


(4) B(n) <.c 





2H. Hahn: Uber das Interpolationsproblem, Math. Zeitschrift 1918. The notations 
“bounded,”’ ‘“‘R-integrable’”’ “‘L-integrable’’ ‘‘continuous’’ refer always, to the interval 

3G. Polya, Uber die Konvergenz von Quadraturverfahren, Math. Zeitschrift 1933. Bd. 37. 
pp. 264-286. ; 

‘L. Fejér: Mechanische Quadraturen mit positiven Cotes-Zahlen, Math. Zeitschrift 
1933. Bd. 37. p. 287-309. See (2b). 
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where ¢, (and later cz ---) are positive constants independent of n. Also (4) 
depends only upon A and implies an important interpolation property. 

To obtain a new and important interpolation property of A in the theory of 
the Lagrange interpolation we are forced according to Fejér’ to consider the 
Hermite-interpolation. The n* step parabola of the bounded and integrable 
function f(z) is defined as the polynomial H,(f) of degree (2n — 1) at most 
taking at z$",--- , 2s” the values f(z{”), --- , f(x”) with a) « = 0. 
= 1,2,---n.) The explicit form of this polynomial is given by 


6) Hal) = Leste) [1 — Ew — 2) |G) = Dede, 








where 


(ob) hill = I (c — 2,). 


Then the above mentioned property is 


6.(2) = 1— we) (x — %) = @, 
w’ (zx) 





(5¢) 


-le2zs +1, k =1,2,---,n, n=1,2,-+- 


The matrices with the property (5c) are called by Fejér “strongly normal’’ 
matrices and he deduces for their Lagrange parabolas convergence criteria of 


great generality. The identity > h.(x) = 1 plays an important rdéle here. 


By this identity and (5c) we have for strongly normal matrices > l.(z)’ < 
k=1 
Le. a fortiori 


| We(a) | S 2 
—-ls2zs +l, k=1,2,---n, n=1,2,--- 
Thus the strongly normal matrices satisfy (6), but the converse is not true. 
(6) implies an important interpolation property, too. 

The importance of the Hermite interpolation is also shown by the following 


fact. As Bernstein® proved, there exists for every matrix A a continuous f(z) 
and an abscissa 2 such, that lim 1 sup | La(f) |enr, = +. On the other hand 


(6) 


Fejér’ proved, that for certain sgeitin matrices the Hermite parabolas H,(f) of 


essing See 


*L. Fejér, On the Characterization of some remarkable systems, etc. Amer. Math. 
Monthly. 1934, 


* Bernstein, Sur la limitation des valeurs d’un polynom etc. Bull. de l’Acad. de Sciences 
de ’URSS, 1931. 


'Fejér, Die Abschétzung ein Polynoms etc. Math. Zeitsch. 1930, Bd. 32, pp. 426-457. 
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any continuous f(x) converge uniformly to f(x) in [—1, +1]; e.g. the “matrix 7”, 
the n‘* row of which consists of the n roots of 7',(z), the Tschebyscheff poly- 
nomial (7',(cos @) = cos né), displays this property. The question now arises, 
which matrices possess this property? Or if uniformity of convergence is not 
required: what is the necessary and sufficient condition, that for any continuous 
f(x) and at any fixed point 2 


(7) lim Hn(f)sm2o = f(%0)? 


no 


For our purpose it will be sufficient to know, that a necessary condition for (7) is 


IIA 
lA 


(8) Dim) Sa, —1s2S, ar ea 
= 


This condition follows immediately from the theorem of Hahn (l.c.). The sum 
in (8) evidently depends only upon A; thus it expresses an interesting inter- 
polation property. 

In (3), (4), (5c), (6) and (8) we enumerated some interpolation properties. 
As far as we know, the whole literature on interpolation*—with the exception 
of two papers—is deducing convergence—and divergence—properties from 
given suppositions for the matrices. Fejér’ was the first to invert the problem, 
deducing distribution-properties from given interpolation properties. He 
proved e.g. that from (3) or from (5c) it follows, that for n — © the difference 
of the consecutive elements of the n* row of the matrix tends to 0. The im- 
portance of the new idea is shown by the fact, that the required interpolation 
properties are sometimes quite easily verified. An interesting example is given 
by the “matrix P’’, the n™ row of which is given by the n roots of the n Legendre 
polynomial P,(x). In consequence of the orthogonality we evidently have 


1 1 
I L(e)de = | L(x)’ dx > 0, yv=1,2,---,n, n=1,2,--: 
—1 —l 


which means that the matrix P satisfies (3). 

In this paper we are concerned with analogous investigations; we deduce the 
distribution of the fundamental-abscissas from given interpolation properties. 
In §2 we show the effect of the condition (6). 

THEOREM I. Let 


(9) 2” =cosy”, O= O" SOM <OM <... <OM™ SO =F. 





8 As a matter of fact, we do not mean here complex interpolation. 
* See footnote 4 and Fejér: Lagrangesche Interpolation etc., Math. Ann. (1932). 
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Then, if matrix A satisfies (6), we have 


¢. n n Cc 
(10a) 7 SO 8" <-, pol? ...@=-P 


The upper bound is valid for vy = 0 and v = n, the lower one is not.” 

The theorem generalizes Fejér’s second result in two respects; the assumption 
is weaker and the result stronger. The theorem means, that the distribution 
of the roots on the circle with the radius 1 is quasi-uniform i.e. 





Ca az c 
~ < [are Q:" rl <=, y=1,2,--- (n— 1) 
(10b) 4 and 
{are Qi” Qi” | < =, are QP QSY, | < ~. 








Fie. 1 


As stated above, from theorem I it follows a fortiori, that the distribution of the 
fundamental points Fig. 1. of a strongly normal matrix is quasi-uniform.” 

There is an application of theorem I for the roots of some classical polynomials. 
The Jacobi-polynomials J ,(x, a, 8) corresponding to the parameters a, 8 (a = 0, 
8 2 0, a and B fixed, n = 1, 2, ---) may be characterised 23 the polynomial 
solutions of the differential equation 


() (1 — 2) G9 + ofa — 8) — (a + Aa] We + nln + 2a +8) — NJ. =0. 


Se ee Shy 








" E.g. the II-matrix, the nt* row of which is given by the n roots of IT,(x) z: Py (t)dt 


-1 
(P,(t) the Legendre-polynomial), satisfies (6) and 0" = 0.” = 0, a.” = 0%), = r. We 
remark that the lower bound in (10a) is implicitly contained in Fejér’s paper: Bestimmung 
tte. Annali della R. Scuole Norm. Sup. Pisa, 1932. 


It is not uninteresting to note, that the weaker supposition . D> | L(x) | S ce is not 
k=1 


sufficient to assure a quasi-uniform distribution. 


a 

















708 P. ERDOS AND P. TURAN 


We reproduce the proof of Fejér, that the matrices given by the roots of J,,(z, 
a, B) are strongly normal, if 0 < a, 8 < 3. Replacing z in (11) by a root 2” 
of J,,(x, a, 8) = 0, we obtain 


_wnlte) _ _In(te, a, B) _ 2(a — 6) — 2a + B)m 
wn (2x) Jnr, a, B) 1-2; 











further from (5c) 


4a 








(12a) O(1) = 1- %at+h)+ > 21-3 
and similarly 
48 
(12b) 6.(—1) = 1 — 2a + 8) + ;—— 21-20 
~~ he 
and (5c) immediately follows from (12a) and (12b). 


Now applying theorem I we see, that the roots of J,(z, a, 8) = 0 are quasi- 
uniformly distributed on the unit-circle in the sense of (10 b), if 0 S a, B < 3.” 
For a = B we obtain the so called ultraspherical polynomials. If a = 6 = 0, 
we have the polynomial II,(x) (see footnote”). Hence by Rolle’s theorem we 
obtain, that the roots of the Legendre-polynomial P,,(7) are quasi-uniformly : 
distributed. Further as J,(z, a, 8) differs form J1,4:(a, «@ — 4, B — 4) only by 
a constant factor, we conclude by repeatedly employing Rolle’s theorem, that 
the distribution of the roots of the ultraspherical polynomials is for any a 2 0 
quasi-uniform. 

By this method we can obtain general results concerning the distribution of s( 
the roots of certain polynomials satisfying suitable differential equations of the 





second order. th 

In §3 we infer the structure of the matrix from properties of the Cotes- 1, 

numbers. Theorem II states that if the Cotes-numbers are non negative, then . 
(13) gst"? 23 y=0,1,---n, n=1,2,---. & 

n (Li 

Theorem III states that if there exists an integrable s(x) lying between two ain 

positive bounds and such that ‘ 

; obts 

(14) [[ ularela) ax & 0, k=1,---n, n=1,2,-::; om 

that 

Ean the 

12 In addition to (11) and theorem I we must know here that each of the roots lies In cert; 

[—1, 1]; but this is a well known elementary consequence of the orthogonality of the Jacobi sb 


polynomials with the weight function (1 — x)?«-1(1 + x)24-1, . 
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then (13) holds. It will be sufficient to prove theorem III since it is more general 
than theorem II.” 

Let us give an application of theorem III. Let p(x) be an R-integrable 
function, lying between two positive bounds. Consider the orthogonal poly- 
nomials with respect to p(x). As it is known, the n* polynomial has in [—1, +1] 
n different roots. Since 


[ L(x)p(x) dx = [ , L,(x)*p(x) dx > 0, 


the hypothesis of theorem III are satisfied and we obtain the 

Corottary. Let p(x) be the weight function defined above; then denoting by 
cos 65” (v = 1, 2, --- m) the roots of the n* orthogonal polynomials with respect to 
p(x), we have 


sti — os” < cs/n, y=0,1,---n. 


Combining theorem III with lemma ITI of §3 and replacing the 7 of this lemma 
by a 05"(4/n < 0S” < c/n) we see that, if (14) holds for a matrix, then 


1 
a” =m = i h(x)s(x) dx < J 
“1 n 


Since 


»» [ ye Ee gS 


|z| <2 
it is immediately clear, that for n > cy the us” cannot all be equal. For 
s(t) = 1 Bernstein proved this for any n > 9. It would be easy to estimate 
Co = Co(s) for general s(x), but this we omit for the present. It is essential 


that s(z) should be bounded; for if p(x) = (1 — x), then ui” = x/n, k = 
1, Bvoem, 


Let us examine the effect of the interpolation property (4), or more simply 
that of the weaker hypotheses 


(5) ps | =| : “l(@) de 


ssetiniieieaseanmansininseasemepentneniinaiamiiciiy 


S eoun™, k =1,2,---n 





* It is easy to see that from the fact that the Cotes-numbers are non-negative we cannot 
obtain a lower estimate for the consecutive 6’s. For consider the matrix such that its 
(2% + 1)* row is given by the roots of the (2v + 1) Legendre-polynomial, Ps4.(z)(v = 0, 
|, -:-) and its 2 row by the roots of P,(z) P,{(1 + 4¢)x + 46], where ¢, > 0 and so small 
that (1 —~ }«,)/(1 + 4.,) is greater than the greatest root of P,(z). It is easy to prove that 
the Cotes-numbers belonging to the matrix are all non-negative, but the difference of 
certain pairs of consecutive roots of the 2v‘* row are less than ¢, (and the difference of the 
's belonging to this pair < 2e,). 
“8. Bernstein, Comptes Rendus 1936, 1305-6. 
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Theorem IV asserts that 


15 
(16) ds) ~0g BER TD, y=0,---n, n=1,2,.... 





C13 depends only upon cy, and cy. This estimate is the best possible, (16) cannot 

be improved even, if (4) holds. Take e.g. the matrix 7’, but multiply the elements 
log’ (n + 1) 

case shee 


of its n* row by 1 — Then the elements of the n** row will be 


7 oe 
[1 - EOD | cos 2H, 1=1,2,--.n 
n 2n , 


where a < 4. It can be shown by simple computation that (4) holds and 


- " log (n + 1 
io — 1 >_ eee 4 


n=] ; 2, oe 
where cy depends only upon a. We omit the details. 
A Coro.uary oF THEOEMIV. Consider a sequence of polynomials orthogonal 
with respect to the weight-function p(x), where we only suppose that p(x) = 0 and 
1 1 


[ p(x) dx and [ [p(x)] dx (in Riemann or Lebesgue-sense) exist. In this case, 
ann —) 


as we proved in I., (4) is satisfied, hence for the roots of the n™ polynomial (16) holds. 

General results about the distribution of the roots of the orthogonal-poly- 
nomials—as far as we know—are due to Szegd” and Bernstein.“ They give 
asymptotic formulae for the orthogonal-polynomials but, as a matter of fact, 
they are compelled to make strong restrictions with regard to the weight- 
function. For these weight functions they determine asymptotically the roots, 
whereas our corollaries deduced from theorem III and IV give weaker, but more 
general results.” 

As we saw in footnote,” it is impossible to give an estimate from below in 
theorem IV, but for essentially positive and R-integrable weights we have" 


S31 — 8” > Se pe 1,3,---@-1 





1 From 4 and (4) it follows, that here too ned _ ge can be arbitrarily small. 


1% G. Szegs: Uber den asymptotischen Ausdruck von Polynomen etc. Math. Ann. 1922, 
Bd. 86, pp. 114-139. 

” Since, then, we have proved by another method, that if p(x) = m > 0 is L or R-in- 
tegrable, then it is possible to cover the points of infinity of p(x) by intervals of total 
length less than ¢ so that on the remaining set the roots of the polynomials orthogonal with 
respect to p(x) are quasi-uniformly distributed in the sense of (10b). We intend to publish 
in another paper this result together with others concerning the uniformly dense distribu- 
tion of the fundamental points. : 

8 G. Griinwald and P. Turan: Uber Interpolation. This paper will appear in Annali di 
Pisa. In[— 1+, 1— «] we can replace the exponent 2 by 3. 
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We do not give the proof of this result here. 

We have already seen that the property given by (3) does not secure the 
quasi-uniform distribution of the roots; but we may assert a property connected 
with the integral of the fundamental functions by which it is involved.. The 
property in question is 

1 2 
L(x) Cis 
(17) Per ee, ae i k=1,2,---n, n=1,2,... 
The proof of this statement is so simple, that we give it immediately. From (17) 
it follows, that the fundamental functions are uniformly bounded with respect 
tonie.ifl Sv Sn, 


max | L,(z) | = | U,(&) | = | U,(cos $0) l, 
~lsgzs+1 


where without any loss of generality 
0Sms;5, 
by Bernstein’s theorem 


1 

1 2 . one 
Cig 1,(zx) 2 ~“ 2 Ciz 2 

ae RE = 

1 = h,Va-8) dz [ L,(cos 6)° dé > [ L,(cos 6)" dé > = L,(cos go)", 
which means, that our assertion is an immediate consequence of theorem I. 
In §4, we shall be concerned with the interpolation property (8) and with the 

consequences of the much more general supposition 


(18) |he(z)| Ses, -1 Sz S11, k=1,2,---n, n=1,2,---. 


In our theorem V we show, that even (18) implies quasi-uniform distribution 


as does (6) in theorem I. It is probable that (18) implies (6), but we cannot 
prove it. 


2. 
Toeorem I. [Jf 
[h(z)|Sep, -1S2< 41, k=1,---n, n=1,2,---, 
then we have 
@sop-es2 y»=1,2,.--,(n—}), 
n n 


and the upper bound is valid for vy = O and» = n. 


Pie we prove the lower estimate. For any 1 < v S n we have by Rolle’s 
eorem 


(19) __ 1 ___ {1,(cos 6;") — 1,(cos 0571) dl,(cos @) 


dé 





’ 
O==8’ 











(n) YY Ge 
| art; — af” | as” — aft} 

















aa 
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where 6’ lies between 65” and 6+}. But by the hypothesis 1,(cos @) is a trigo- 
nometric polynomial of degree (n — 1), for which 


| l,(cos 6) | S ci. 


Thus according to a well-known theorem of Bernstein-Fejér 


dl,(cos 6) 
dé 








S cig(n — 1). 





Putting this into (19) we obtain 


1 C2 
(n) _ gf | > > =. 
(20) | Oy4+4 6, | = Cig(N ot 1) —_ 
We now prove the upper estimate. Let 
(21) max (052) — o{") = {9} — 9? = 2Diwow, 
i=0,1,°"°n 


We must prove that D(n) < cx; we can suppose D(n) => 2. Let 3(0@S” + of}) = 
5 and 





mat Ty e— §\* 
1 sin 7 5) 1 sin n —— 
(22) ¢(8) = ne eae: r 5 + ne eae ik @—8 ’ 0 
sin 5) sin 5) 


IIA 
> 
IIA 
eS) 








This expression is in consequence of a well known identity, a pure cosine poly- 
nomial in @ of degree (n — 1). Evidently 




















(23) g(6) 21. 
Further 
6+ 5 6-5 
4 2 4 2 
4 6 
(24) 1! 5 ae FHR| — no +8 T @—s2| 6-8 
sin 
2 
6é+6_3 T 6—s_f 
a ce an. date ee oes Se, «DD 
Suppose first that 0 < = 5 “; then 0 < a 29-42 7 22 
wong ple f eg by (24) we have forO0 S 0S 7 
a = 35 4’ 
1 1 
25 6 5 |e 
(25) 1015 35| gaat oom 
As ¢(6) is a pure cosine polynomial, we have 
(26) > 9(6,")1,(cos 6) = 9(6) 


p=1 








sir 











ON INTERPOLATION 713 
ie. for @ = 6 in consequence of (23), (26), (25) and the hypotheses 


1 < |¢(6)| = » (6,””)1,(cos 6) | < > | e(0f”’) | | L,(cos 6) | 








(7) 9n° 7 = r 

< one °* [2X (a + 8) ‘ 6)” + p> aT 2.) |= % = — (Si + S.). 
But by (20) 
(28a) a” =Q@-1)=, m=1,2,---n 
(28b) > D(n)ew 

n 
thus 
w 1 2 1 n= 1 
= ee ae > sdliiaeaecineanacionmat 
2 (6, + ay © » | on Ds Disdew | SG 2 (u + D(n))?’ 
n n 


and from D(n) = 2 we have 














of)... .@s Few 
29 S1<+> —~=—+>-: , 
(20a) i Cay Jo(n)-1 ey D(n) — 1 
Further if 1 S » Sn, 
v 1 n 1 n l 
S. = ———e soviet 
= way t 2. @ ey 2% | Povden ond ce] 
ssi . 1 2 dt 2n’ 
+ <el f-5* 
Zn | Posen G20 -5 ef cy Joimy-1 Beg D(n) — 1) 
n 
Putting (29a) and (29b) into (27) we obtain 
l< Qn cig 3n’ af 27° 7 1 - 273° 3 1 





Ont ch[Din)— 1] 2 c&»Din)-1 2 Din)—1 


2 
D(n) S 1 + —— Cio = Ce. 


ain) — gi”) < acm _ Ca Ged 


lA 





For th v=0 \ vr=n < 
ees ly ac e/a} Ooss<r/ap i/2<Fsti the proof follows 


similar lines. Thus the result is established. 
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3. 


Y TueoreM III. If for the matrix there exists.an L-integrable s(x), which in 
[—1, +1] lies between two positive bounds a and b(a < b) and is such that 











1 
[/ weste) ax 2 0, t= 1,2,---n, n=1,2,.-., 
then 
a — a =, v=0,1,---n, n = 1,2,--. 
Let” u be the greatest integer not exceeding z as : ie. > n/2,0 S nS r/2and 
4 
| [sin us in 2) sin >" 
(30) f(8,n) = =| | — oh Nene cae 2 YY 
KM . O+7 ea. 
sin —> sin ~— 


then, for fixed n, f(@, n) is a cosine polynomial the degree of which does not exceed 
(n — 1) and for which 

















I od 
Lemma l. If r — 1/2u = n 2 1/2u, then 
= sJz= [ f(6, n)s(cos 6) sin 6d6 < = 
0 
Without loss of generality let » S 7/2. We have 
2 , @—~7n : 
atm] p ntrl]p 
(32a) J 2a [ f(6, n) sin n d@ = mh 2 dg = 82 
” Te Jn 6-7 Me 
2 
Further 
4 | 
n | } - 4 6 + n 
7 / SIN pw | , sin wp ——— 
6 
i[ esl t sin @-s(cos 0) d0| < Zoe | + cos a 
s sin — : ec sin® 9 4 





#” Throughout this paragraph the c’s are independent of D, n, @ and n, but dependent 
on a and b. 
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sin ‘<9 ' 
sing |” P 
(32b) aie — 3 | cos @ + n) do} -b 
ue Jo _ O+y | 
sin —— 
2 
a : 
x {3 » [" sino" 
< on ae ae ae ai 
C27 “oe n+ f a rt dé j, 
sin — 
and 
| Pe 4 am 4 
ore sin u 1 r/ sin —— 
Ew —foe s(cos 6) sin 0db| <> Xsing [ rn cos (@ — n) dé 
P| sin 4 ° \ sin , 
| 2 | 2 
4 
_4 O—>7 | : ae 
. sin’ p —— 2 -{/ms— 
(320) + 2e0sa | 2 089 =" a0| < om a 2 
m > ..e—9 2 ut Jo . O—7 
sin? —— | sin > 


1 ["" @ 1 OR, 1 [ , 1 
ai [ eager" oe bt dina, 
we Jo (n — 0)° * re ana " us Jnti/n (8 — 0)? 


Hence by (32b) and (32c) 





a 4 
~|/sing ora sin u > 1 
Be Jo U] * salt. Mu 
sin —— sin —>— 
For the integral on the right, the integrand being even, we have 
1 2x 
9 [ f (4, n) dé. 
0 
But 
4 
1 2r sin KL : + 7 
vs =f — = | do =? + Au — 1)? + U2) + + +1) < coop! 
T Jo _O+7n 
sin —— 
2 
ee 4 
2x / SIN wp —— 
by (22a) and by Parseval’s theorem. The same holds for “= [ ae dé. 
0 . pee 
sin 





2 
Hence by 7 = 1/y, (33) and (34) Lemma I is proved. 





—~ 


=: 


— 


=) 
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Lemma II. In the interval 
OSn—1l/pSOSn+1f/usr 
we have 


tO, n) = C31 - 


In this interval if | a| < 1, 
4 
+. & 
i [sims 
S(O, n) = i Ps Pa C31- 


sin — 
2u 





Lemma III. Consider the fundamental points cos 6s”, for which 
0 <)n—1/suesO” Sn+I1/u(S 7). If 


kK = | 1.(cos 6)s(cos 6) sin 6d@ = 0, k =1,2,---n, 
0 


then 
» My < Cz29/p. 


v 
n—-1/pS0,Sntl/u 


S 


By Lemma II and Lemma I we have 


CaS < » f(a”, n) b> < 2 £6”, nis 


v 
n—1/ps0§™ <ntt/u 


- I f(@, n)s(cos 6) sin odo < “™”, 
, yu 


Hence 


C C. 
£62 eS. 
C31 be u 


Now we shall prove our theorem III. Let 


max iti — 6") = Ott — "= om 
and we have to prove that D(n) S c23. Let 3(0S2) + os”) = m. 

We may suppose without loss of generality that 7 < /2 and consider the 
expression f(0, 7) of (30) for 7 = m. Starting at 67} mark off to the right 
intervals of length 1/x till the whole of the interval [0{7}, x] is covered; the last 
interval, the length of which is less than 1/y, we add to the last but one. Simi- 
larly, starting at 0,”” mark off intervals to the left to cover [0, 0$”]. Let the end- 
points (Fig. 2) be@, ,@2, --- , A, Ae, --- respectively. It is evident that 





—. | 


~ 


Din) , fr . 
85 ,= ‘ = 0,1,2,-"° 
(35a) Cert ea es, r 











the 
ight 
last 
simi- 
end- 
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D(n) s 
(35b) = ath; se” 


A, ay " e% & 


Since 
n 
> (0:23 — 6[") = x, 
1 = 


the greatest distance between two consecutive 6,"’’s is greater than or equal to 
r/(n+ l)ie. m 2 2/(2n + 2), D(n) 2 x/2. Thus by Lemma I 


(36) = s [ “40, m)s(cos 0) sin 6d@ = > s0.”, m) Mi. 


In the sum on the right consider the members for which @{” lies in [@, , @,4:]. 
For these we have by (31) 











1 
37 ’ 6”, m)| s 
( ) | f( m) |s yw ie = (@, — m)* 
. _ O,+ Orr _ D(n) r+” 
and by Lemma IIT with » = egret w +a +2 + 
D 2 1 
Cae E + On o + ms | 

(38) > Mi < - 

@r<0\”) <@r+1 » 


Hence this part of the sum (36) is, by (37) and (38), less than 


D(n) 2r+1 
ncn ™ tna t Qu 
m 1 


ue D(n) 
fe > ae 3) 
2u° | 1 1 


= ence! Dea +7) * (De), yr 
an +2 2n+2 up 
This holds evidently also for [6{%} , @,] with r = 0. Hence the partial sum of 


a summed over all i = » + 1 is in consequence of }(n + 1) =u = n/2 less 
than 

















m 1 ++ ~ 1 
«(2 » (D(n) + 4r)* ta id may (D(n) + r)* +3 ay + OEGa 


ne 


* It is clear, that for each such n, 7 = 1/2 is satisfied. 











F 
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and by m 2 7/2n 


Cam} 1 2 30341 
sa < 2 os + pap] < aba 


The sum for 7 < v may be estimated in the same way. Thus by (36) and (40) 
we obtain 








cosm < 3¢am 
uw ~ nD(n)?’ 


D(n) S ca. Q. e. d. 


TuEorEeM IV. If for a matrix we have 


| [ , L(x) dx 


C13 log (n + 1) 
n ’ 


Senn”, 





then 


Gh-& s 





v=0,1,---n, n=1,2,---. 


Proor. Let n = 9,rbe even and 2 4, the odd integer m = 5 so that 
(41) 4(m—1)rSn—-1; 


r and m are indefinite for the moment with only the restriction that both tend to 
infinity asn— ©. Let 


max (6{3) — 0{”) = aft} — as” = 28(n) 








t=0,1,---n 

3(6r41 + 6”) = 6’, 

and 
‘\ Tr a /\ Tr 
1 sin m of sin m ‘- 

42 eet) | Gc | em Se 
(42) f@) m’ . 6+0 + . 6-— 

sin —> sin 5 


Evidently f(@) is a trigonometric polynomial of degree 4(m — 1)r S$ n - 1 
and as f(#) = f(—8), it is a pure cosine polynomial. First consider 0 < @’ $ 
m/2; if r/2 < 6 < zx, the proof is similar. As 6(n) = 1/(2n + 2) we have 
6 = x/(2n + 2). 

As m 2 5, the interval [6’, 6’ + x/m] will lie entirely in [0, x]. 

Then, as r is even and 6’ < 7/2, 

mm — @\" 
cd 0’+x/m] — aaa pe r 
(43) [ f(6) sin ode = + f a 2 s(n) do = (2) 2 a(n). 
0 m’ Jor 6— 0’ T x} m 


2 


fo 








WA 
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The degree of f(@) being (n — 1) at most, we have 





a LE AT 
dhl: ie a el * 


> 400”) 4(cos 6) = f(0), 


hence by (43) 


2(2) < [ " 4(0) sin 6d0 = >» fo”) [ " (cos 6) sin 68 





¥ s0%) [wade] < eun".m max |s(0%") | 


As | $(6 — 6’) | S 2/2, we have from (42) 


‘ 1 1 i __\. 
)  (s@r")1 [i ” — | . E 6(n) | : +(e) | 


4 _— 














by putting (45) into (44) 


. (7) ys euntieng (a) 


1 
2 Fi 
(46) i(n) < = ( mini) ; 





thus 


Now let r be the greatest even integer not exceeding log n and m be the greatest 
integer less than (2n — 2)/r; then (41) is satisfied for sufficiently great n and 
thus by (46) we have 


a(n) < Cis log (n + 1) 





which establishes the result. 


Here we have to prove that from 
(47) | @x(a) | Ue(x)” = | hela) | S Con 
-lszrs +l, k = 1,2,.---n, n=1,2,---, 


follows 


21 
C 
Bt < om) _ 9 = @, 
n 


= Yr+ 


__C 


* The upper estimate holds for » = 0, 1, 2 --+ n, the lower for v = 1, 2, --- (nm — 1). 











f 
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We obtain the lower estimate as in theorem I, namely 


1 _____ {hy (cos 6;") — h, (cos 6,41) | -|% (cos 6) 
[Orsi — 0,” | a — do 











b=—; 


where according to Rolle’s theorem ¢, lies between 6;” and 62}. Since h, (cos 8) 


is a trigonometric polynomial of degree (2n — 1), we obtain by Bernstein’s 
theorem 
1 
ia) ais)) & (2n — 1) max | h(x) | S cs6(2n — 1), 
ms a 6, | -1< Sr< 
hence 
(48) i —~ ¢” 2 ; 1 > &, y= 1,2, ---(n —1) 
c3,(2n — 1) es 1) » 4) ; 


Let us now consider the upper bound. Let 





n n n n 2D n 
(49a) max (Ot) — 0”) = anti — QO” = et z: 
and 
(49b) (0, + O21) = ge. 
From 


% (2 — 0) = 
we obtain 
(49c) D(n) 2 1/2. 
Without any loss of generality we may suppose 
(49d) 0S mS 7/2. 


Let g(x) be the polynomial (its degree does not exceed (n — 1)), for which 
g(cos @) is identical with the polynomial defined at (42) if we replace 6’ by ¢ | 
n—1 . , 








and r = 10,m = | 5 |: Since 
50 | (n) C39 

( ) | @ (cos 0, ) | <. n®| 96” ee gy. |'°’ 

we have . 


(51) 1 (cosy) = p> (cos 8”) L,(cos gx) < = = »» (an a 





CasEI. | 1,(cos ge) | S n° | 0{” — go 8» = 1,2,---n. 
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From (51) we have 








C39 -- 1 
<= A 5d WHT 
(52a) 1S3 = 1 — al? 
) and by (48) 
'g (mn) __ | > Din) + lu — vex 
(52b) | 6, ¢g2; = n+l1 40 - 
Finally by putting (52b) into (52a) we obtain 
_ 1 C42 
lée < ) 
«2 (Din) Foal — WP < Din) 
) D(n) = C38 ’ 
) which settles case I. 
Case II. A. There is a k such, that 
(53) | lz (cos ge) | > n*(0;” — ge)® 
and I, (cos @) takes its absolute maximum in [6{”, 073]. First we require two 
lemmas. 
Lemma 1. Let f(6) be a cosine polynomial of degree m, the roots of which are all 
real and distinct 
(Yo =)0 Shi < ve < +++ < Um S (= Yn), 
taking its absolute maximum in [W,,W»+1]; then to every & in [W,, Y»41] there exists an 
interval | such that: 
1. Lhes in [py , bal, 
2. Eis an endpoint of 1, 
3. The length of l is greater than 1/2m, 
4. For every 6 lying in | we have 
| 40) | > 41f@) |. 
rich Proor. According to the hypothesis f(@) has in [y, , ¥,4:] the unique extreme 
y 6 = gs ; we can suppose this to be a maximum. Suppose first § < g;. If 


$+ 1/2m S ¢s ; our lemma follows from the fact, that f(@) is monotonously 
Increasing in [£, gs]. 
Suppose now — + 1/2m > y,. Then Bernstein’s well-known theorem gives 


| f’(8) | S mf(¢s) 
and from this we have 
&+1/2m 


(ett) = sod + [roa 


3 


| 
| 
| 
| 
| 


(54) 


> flee) — sr -mfles) = fle) 2 W/O. 








etetesmeieemen= ete 
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We obtain the lower estimate as in theorem I, namely 


1 _ |h,(cos 6,”) — h, (cos 6,71) | __ |dh, (cos 6) 
jase — 0% | ae || a 








b=¢) 


where according to Rolle’s theorem ¢; lies between 65” and 6S}. Since h, (cos 6) 
is a trigonometric polynomial of degree (2n — 1), we obtain by Bernstein’s 
theorem 


1 
ja) — 0” | < (2n — 1) max | h(x) | S cse(2n — 1), 
v+1 ¥ —lszs 
hence 
_ 1 Cc 
4 io) ~ of” ag = “Te 
( 8) 6 +1 6, = cy(2n — 1) = i) v a 2; (n 1). 


Let us now consider the upper bound. Let 





° " i = 2D(n 

(49a) max (0521 — 0") = of — 0” = . ss - 
and 
(49b) 30,” + 0,41) = ge. 
From 

x (6:31 — 0”) = x 

v=0 
we obtain 
(49c) D(n) 2 2/2. ¢ 


Without any loss of generality we may suppose 








(49d) 0S @m S 2/2. 

Let g(x) be the polynomial (its degree does not exceed (n — 1)), for which 

g(cos 6) is identical with the polynomial defined at (42) if we replace 9’ by ¢: y 

andr = 10,m = Ek ; |. Since : 

50 (n) C39 

(50) | (cos 6, 1 < 9m — 

we have . 
| 1,(cos ge) | 


(51) 1 S ¢(cos ~) = : ¢(cos 0:”) 1,(cos ge) <= = e? 5) — wi 
1 [00 — @ 6 


CaseI. | 1,(cos ge) | S n° | 0S” — oS,» = 1,2, --- 0. 








ich 
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From (51) we have 








C39 _ 1 
(52a) = le — alk 
and by (48) 
n D(n) + |u — v| es 
. (nm) |> 
(52b) | 0, ¢g2| = cat 40 « 
Finally by putting (52b) into (52a) we obtain 
C-) 1 eis 
lsc < , 
4 » [D(n) + carl» — uw) ~ Din) 
D(n) S C38 y 


which settles case I. 
Case II. A. There is a k such, that 


(53) | lz (cos ge) | > n° (0;" — g2)® 


n 


and 1, (cos 0) takes its absolute maximum in [6{”’, 6S73]. First we require two 
lemmas. 

Lemma 1. Let f(6) be a cosine polynomial of degree m, the roots of which are all 
real and distinct 


(vo =)0 S fi < Yo < --+ < Um S 2(= Vm), 


taking its absolute maximum in [W,,W»+1]; then to every & in [W,, 41] there exists an 
interval | such that: 


1. Lhes in [Wr , Yrs], 

2. §is an endpoint of I, 

3. The length of l is greater than 1/2m, 
4. For every 0 lying in | we have 


| #) | > 21 f@) 1. 


Proor. According to the hypothesis f(6) has in [y, , ¥,4:] the unique extreme 
6 = ys; we can suppose this to be a maximum. Suppose first § S g;. If 
§+ 1/2m < ¢s; our lemma follows from the fact, that f(@) is monotonously 
Increasing in [£, gs]. 

Suppose now — + 1/2m > y3. Then Bernstein’s well-known theorem gives 

| f’(@) | S mf(s) 

and from this we have 
s( 1 §+1/2m 
tt) =se+ [rod 


3 


(54) 
> flea) — 5--mfles) = Ase) = ASO. 
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As (54) a fortiori holds for  S @ S —& + 1/2m, the lemma is proved for ¢ < ¢,. 
Similarly for > gs we consider the interval [¢ — 1/2m, &]. 
Let us now consider the case II A. Since J;(cos @) takes its absolute maximum 
in [0S”, 0$3], we obtain from our lemma by putting f(0) = (cos 0), & = g, 
and (53), that in [ge , g2 + 1/(2n — 2)]” and a fortiori in [g2 , g2 + 1/2n] 


| ,(cos @)| = 4| (cos ge) | > = a go |*. 
Thus for v2 + 1/2n = yg” we have 
8 
(55) |te(cos g)| > 5168” — oa 


A simple geometrical observation shows that if for the linear function a(z) = 


ax + B 

















a(é1) ar 1, 
and, further, & and &; lie on the same side of & , then 
i és| fo + & 
(56) max (| a(é2) |, | a(és) |) = Se EO : 
: : ats | |&té ,| 
=|” [EEE=e| 





By applying (56) to a(x) = 6,(x) and putting &, = cos 65”, Eo = cos go, & = 
cos g we obtain 

















COS g2 + COS g4 
9 — COS ga 
(57) max (| (cos ge) |, | @x(cos ys) |) = ' 
COS g2 + COS ga (n) 
| 5) — cos 6 





Replacing in (57) 3 (cos g2 + cos gs) by cos gs(y2 S vs S ys or ga S os S 2) we 
have 
COS 5 — COS 


cos vs — cos 6,” 


(58) max (| (cos ge) |, | 6.(cos ga) |) = 











Now we prove 
Lemma 2. Let0 S iy < de < dz S o, then 


5 (poe). 
ai es of 


* The sign which we must take depends only on the position of ¢2. 

%3 From the lemma it follows that g, also lies in [o\” - 0,41]. 

* It is clear, that the numerator can also be written in the form | } (cos¢2 + cos¢u) — 608 
¢2|. We use this form if ¢: lies between ¢; and a”; if g, lies between g; and 6, we use the 
form (58). 

% Obviously one and only one of these two cases arises; we suppose in the text the second 
one. Evidently the same inequality holds for 0 < \3 < A» <»1 Sz. 


cos Ai — COS dg 


59 
(59) cos \; — cos A3 

















~ c0s 
e the 


cond 
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Proor. Obviously if 2 0,0A, = X,,| cos X, — cos d, | is the projection of 
608 Ay — 008 Ne! ates its 
Cos A; — COS Ag 
minimum at \; = 0; the value of the minimum is evidently 











A,A,; then for fixed Ax — A; and As — A, the quotient 


sin he = ds 
1 — cos (Az — Ai) _ 2 if (* _ 9) 
1 — cos (As — Aa) ‘ As — Ay = 9 As — Ay 4 


sn ——— 
ia 











Fia. 3 


which proves the lemma. 
Applying lemma 2 to (58) we obtain 


2 
(60) max (| 6,(cos ¢2) |, | (cos ga) |) 2 “ ( n— 
T” \¢os — % 


Now from the definition of gs and by | ¢g2 — gs | = 1/2n we obtain 


1 
(61a) |~s — ga| > Ton 
and 
(61b) |e — 4" | < | ee — 4” |.™ 


Putting (61a) and (61b) into (60) we obtain 


1 


(62) max (| 6:(c08 ¢2) |, |@x(cos #4) |) = 9a a — ian 





which with (53) and (55) gives 


(63) Css = max (| 1, (cos ¢2) |, | Le(cos gs) |) = Cas n(o. — 64”). 





* If gs lies between ¢; and 0,” (see footnote 24) then | ys — ¢2| > 1/10 holds instead of 
(6la) and | g; — 0,” ls (ltr) leo- .” | instead of (61b), since according to (49c) and 
'P— ol < ly, —g:|=1/2n, 


(n) 
Gs — O% 

Tt i 
¢2 — O% 


$5 —~ $2 
(n) 
¢2 — O% 





1 
+1<1+-. 
. 
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Hence 

(64) le — a1 < S, 

which evidently means that 

(65) |9eti — | S2la—a| <= 


and this settles II A. 
CasE IIB. There exists a k such that 


(66) | l.(cos ge) | = n*(v2 — 04”)* 


and , (cos 6) takes its absolute maximum outside [0$”, o{7}], at @ = 5. From 
the definition of gs we have 


(67) | 1x(cos gs) | = n*(v2 — of”)*. 


The only property of gs used in the proof of (62) was that its distance from ~ , 
lies e.g. between +/8n and 2/4n. Thus (62) holds here too, if ge has the same 
meaning as in case I and instead of gy, we take an arbitrary point ¢ of the interval 
[v2 & /8n, go + 1/4n].” We remark, that ge is farther from g. than ¢, and 
note, that by using (66) and (67) the whole idea of the proof of case II A may be 
applied here too, if we have proved following lemma. 

Lemma 3. Let y(x) be linear and denote the minimum of maz (|W (cos ¢2) |, 
| ¥ (cos a) |) by M = M(g2, a, 05”), if W(x) runs over the lines, for which (cos 
6;”) = 1. Then M does not decrease, if 0{" and os are fixed and |a — ¢| c 
increases (a ¥ 04"). t 

If vg: and a@ lie on the same side of 6,” and a is fixed then the minimum is t 
attained for the straight line connecting the point (cos 64”, 1) with the bisecting h 
point of the distance (cos a, 0) and (cos g2, 0). This evidently proves the T 

: 
p 








lemma for this case and it is also clear, that the minimum is less than 1. If a 
and g2 are situated on opposite sides of 6{”, the minimum is attained if ¥(x) = 1 
and then its value is 1. 


MANCHESTER, BUDAPEST. 
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INTRODUCTION 


This paper contains, with subsequent developments, the material presented 
in my lectures at Princeton University during the spring term of 1938. The 
reader finds here some account of the theory of hypersurfaces (both holonomic 
and non-holonomic) in a projective curved space. I have divided the paper into 

rom three chapters. In the first chapter (sections 1-6) the necessary notions and 
definitions are introduced and some objects defined which are needed in the next 
two chapters. In the second chapter (sections 7-13) I confine myself first to 
the non-holonomic case (sections 7-10) and consider the correlation associated 


M. $2 with the given non-holonomic subspace. This correlation induces a projectivity 
ame which preserves, point by point, a projective “normal” direction (of order 2) 
rval of the hypersurface. The remaining sections of this chapter deal with the 
and family of polarities, associated with the subspace (holonomic or non-holonomic) 
y be which in the holonomic case are at least of order 3 and enable us to define a 


“canonical plane’’ (section 12). A privileged polarity of this family is con- 
p2) |, sidered in the last section. 


(cos In the third chapter (sections 14-18) the problem of normal direction and the 
¢2 | connection induced by it are discussed. A normal direction (of order three in 

the holonomic general case) is found which, in the non-holonomic case, reduces 

m is to the normal direction mentioned above. (If the large space is flat and the 
ting hypersurface is holonomic then this normal direction is of course of order 4.) 
; the This normal direction induces a family of connections in the given hypersurface 
If @ and enables us to construct an “absolute’’ connection. In the last section a 


= projective Weyl’s connection is introduced and discussed. 

Some of the problems considered here have already been treated by Schouten 
and Haantjes (Compositio Math. 3, pp. 1-51, 1936) in a completely different 
arrangement. ‘These authors use the homogeneous coérdinates in the curved 
space and consequently do not start with the usual definition of a projective 
transformation of an affine connection which gives rise to the notion of a pro- 
jective curved space as used in dealing with the Princeton algorithm. 


CuHaptTer [ 


1. Definition of X‘"’, 


let 2’ be the codrdinates of an n-dimensional space. Consider a subspace 
(hypersurface) in this space, given by the parametric equations 


(Ll) = x’(y’, stelieal y*’). 








It is understood that small (capital) Greek indices take the values 1, ---,n (0, 1,---, m). 
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Throughout this paper we shall consider only those points of (1, 1), where the 
matrix 











leas 

oy* 

has the rank n — 1. It follows from this that the n — 1 contravariant vectors 
(1.2a) w'(y) = a 


i may also be thought of as the 





are linearly independent. The functions 


components of the mixed unity tensor, the upper index referring to the space 
and the lower index to the subspace. It follows from this that we may also write 
re ae da” 
(1.2b) uly) = ay” 
where now the position of the indices emphasizes the contra- and covariant 
character of the tensor. 
Any non-holonomic subspace (non-holonomic hypersurface) may be given 
by means of n — 1 linearly independent vector fields w’(x). If A? = A%(z) 


is a set of scalars with determinant different from zero, then the same non- 
holonomic hypersurface is also given by n — 1 linearly independent vector fields 


(1.3) w'(z) = A®w’. 
a’ b 


It follows from this that w” may be thought of as the components of the mixed 


unity tensor, the upper index again referring to the space and the lower index 
to the non-holonomic subspace. In such a case we write w,(x) instead of w’(z). 


The subspace (1.1) will be designated by X,-: , the non-holonomic subspace 
by Xi. In order to be able to deal simultaneously with X,-1 and Xj: we 
shall make the following conventions: 


a) X%™, will designate either X,_; or X?-1. 
u’(y) Xx 
b) wm for ois 
; w’ (x) ~. 
ua(y) x... ‘ 
m ul, = for | x 
Wa(x) a8 





2 Small (capital) Roman indices, with the exception of (7) and (e), run from iton-1 
(0 to nv — i). oy 
’ By writing u” we emphasize that we regard this set of functions as vectors, which 18 


sometimes very convenient in tensor analysis. 





01 
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piven 
a'(2) 


non- 
fields 


nixed 


index 
w (2). 
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a ay” ie ay* 
d) Ab => ay’ A}: = ay” for » ae 
while in the non-holonomic case, the same symbols appear in (1.3) and have 
nothing to do with any transformation of parameters y* — y’. But in any 
case we suppose that 


(1.48) Aw = det. | . | ~ 0. $ 
- 
ay? . 
e) aq = for ; 
u> oO Sua 
* ax* 


f) By a “transformation of reference system’’ we understand either a trans- 
formation y* — y’ of parameters if dealing with X,-;, or the transformation 
(1.3) in the non-holonomic case. 

Throughout this paper we shall consider only such transformations 2” — 2” 
of the z’s for which 
ax” | : 


x 
det an | ~ 0. 





(1.4b) Aw 


2. Problem to be solved 


Let T\, = Tia be the connection coefficients of the large space. The most 
general transformation of this connection, which preserves its symmetry and its 
paths, is the so-called “projective transformation” defined by 


(2.1) Ty, = Mx, + ry + orn, 


where 6, stands for the Kronecker delta and r, is any covariant vector. Any 
property invariant with regard to (2.1) will be referred to as a projective property. 

The tangent plane of X‘”, is a covariant vector t, which satisfies the set of 
equations 


(2.2) : wat, = 0. 
If, is any solution of (2.2), the most general solution of this system is 
(2.3) i= tf, 
where 
il os eyes fe 
ei isd ants a (2) ee 


‘The index (e) [= external] in (1.4b) points out that the determinant considered here is 


a with the large space, the index (i) [= internal] used in (1.4a) refers to the 
ubspace, 





| 
| 
| 
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f represents any function of the designated arguments. Any object ¢ which 
transforms by (2.3) according to 


ad 4 (2.4) 6 = ef", 


will be referred to as “intrinsic object of degree k’’ 
The problem to be solved may be stated in the following manner. 

1) Starting with the given X{™, one has to associate with it a projective and 
intrinsic correlation which presents an analogy to the Darboux quadrics as 
known in the classical geometry. (It is well known that there are three types of 
correlations: a) general correlation, b) polarity, and (for n odd) c) linear com- 
plex. In this paper we are dealing only with the first two kinds of correlations, 
and we reserve the study of a linear complex, associated with the given X?_, 


5 


(e = +1) 


for another occasion.) ( 
2) Starting with the given X4", one has to define a projective and intrinsic 
normal direction to it and to consider the connection induced by this normal a 


direction in XS” . 


3. Projective objects in §,, 








T 
Following the idea of T. Y. Thomas’ we introduce the set of functions con- 
nected with the transformations x” — 2’ and defined in the following way 
, »! - »! y? an” 0’ 1 0 log Ae) 
wid Py =1 Pi) =0, PX =Ay = —- PR, =- , 
1a . ’ : " , ax’ . c(n+1) aa (3 
| BH) 1 a log A 
v v v ax” v ox (e) 
= Py = Py. = 0) TR aniey , = , 
ee Bp coe Ryser as en +1)° ~~ aa” 
where c is any real number = 0. ™ 
Any tensor, defined in the usual way by means of Ax , Aj: only, will be referred 
to as an affine tensor. Any tensor defined by means of the whole set P3', P2: 3 


will be referred to as a projective tensor. Especially the projective contra- 
variant vector will be called a point and the projective covariant vector will be 
termed a hyperplane. Owing to the special type of P}’ and P. the components anc 











of a point p” and those of a hyperplane dz transform in the following manner: ior 
pro 
, 
, , dy 0 log Ave) 
F = Ay » d , = A ce d, a 
p Pp; nN nN + c(n + 1) 02” (3.8 
(3.2) 
0’ 0 1 , 8 log Ae) ad 
= Gd caditnemininabant LD, Pea on’ — W- 
Pp Pp c(n + 1) Pp ax ’ 0 Is th 
(3.9, 
5 k in (2.4) is any real number and not an index. 
6 T. Y. Thomas, Math. Ztschr. 25, pp. 723-733, (1926) fore = — st Other literature 8a 
n 
| is mentioned in Hlavaty, Annali di Math. 12, pp. 217-294, (1933-34). Pa 
7 From the transformation law for dz it follows that any hyperplane dz with d = 0184 SA 
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Among all point fields of our space there is one, E°, whose components in 
any codrdinate system are 


(3.3) E® = Cd, 


(being any function ~ Oof the z’s. This point field represents the element field 
(ayer, z")* with which we are dealing in our space. Among all hyper- 
plane fields of our space, there is a privileged one, namely the tangent hyperplane 
field of our X{”, whose components are 


(3.4) t, given by (2.2), and t = 0 
It follows from this that E” and tz are incident, 

(3.5a) E* tg = 0, 

and furthermore, ¢: is intrinsic of degree one 

(3.5b) is = tsf. 


The set of functions 


v v v 1 va Ya 
a) TI, = TI, = Ty ty ees (5 ip + by Tan); 


n+1 
(3.6) b) oz = [zo = cds, 
0 ans 0 ae 1 ally, a 
c) TI, = TI. => e(n — 1) (-2e + Mj.M.), : 
transforms under 2” — x” according to 
(3.7) TI, = PP (PY, P$. Ube + dz P)-), (ss = 8, be) 


and consequently constitutes a projective connection. Our space of n dimen- 
‘sions endowed with this projective connection will be designated by $,. The 
projective tensor 


(88) Piz, = a2gr — arts + WS2M%r — Wor Mts, (a. = 3 3) 
isthe curvature tensor of §,. Itsatisfies the following set of equations 

(3.92) Pos, = 576564 Poon, 

(3.9b) Piz, = 0, 





8 oe , ‘ , 
th oe hz incident with E®, E®ha = 0, is a covariant affine vector. (See 
ote 
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the last set being only a transcription of (3.6c) and 
(3.10) Ig: = Ife = c(n + 183.” 
5. Projective objects in X<"’, 
Let us first introduce the following set of expressions: 


, 


Py’ = 1, P3’ = 0, P3; =A}, p*’ 


(5.1) 1 
P%, = 1, P3. = 0, bY = Aj, P}. = on Ab’ Oa log Aw, 


1 
ree log Aw, 


where c’ is any constant ~ 0. Any tensor defined in the usual way by means of 
Ai, Af only, will be referred to as an affine tensor (in beans Any tensor | 
defined in the usual way by manne of the whole set P% , P3:,” will be referred 
to as a projective tensor (in X,"1). Especially the projective contravariant 
vector in X mk will be said to be a point (in X‘™,), and the projective covariant | 





vector in X‘", will be called a plane (in X{"). 
Throughout this paper we shall deal with the so-called fundamental quadratic 
projective tensor has in X<™,. In order to define it we must introduce first the ( 
projective unit mixed tensor U*% by means of the following identities a 
(5.2) U? = B®, U2 = ui, and U2 not yet defined. ( 
This tensor enables us to construct has by putting ’ 
(i 
(5.3a) has = ULUstz.9, 6 
{ 
where ts,9 is the covariant derivative of t; with respect to (3.6). Because (5 
(5.4) boo = dah — Too ts = —clo, too = Ate — fz. = —Clo, 
then according to (3.5a) and (5.2), we may write : 
(5.3b) han = 848ehq = 645pUs UStew =” és 
spe 
] 
® The set of functions nz , transforms in the same manner as the set of the last n com- rm 
ponents of a hyperplane. Owing to the fact that the same constant c which appears in 
(3.1) also occurs in (3.6b), the above-mentioned transformation law reduces to the tape (5.8 
formation law of a covariant affine vector. But from (3.6) we see that this vector 5, is Ite 
{ 


equal to zero. On the other hand, M13, is a scalar equal to c(n + 1). The last two state- 


ments are condensed in (3.10), which holds in any coérdinate system. (5.8 
10 Tt can easily be shown that according to (3.6b) and (5.2) we have 


(5.3c) hap = (Ooty — ws Miut,)U, = uy (Ooty — wear). i 
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in place of (5.3a). It follows from this that in spite of the not yet defined U? 
the tensor has is well defined. According to the symmetry conditions 3, = 
12; we get from (5.3) - 


(5.30) has — hea = ULU5(tz,0 — to,z) 
= 64 Fy Ua US (tow - boa) 
= 64 5pt.(due — d.uy) 


so that in general has ~ hea if we are dealing with X%_; and on the other hand 
has = heafor X,1. Throughout this paper we shall deal with that case only in 
which 


(5.5a) h = det. |ha| ¥ 0. 


It follows from this that there exists a unique contravariant affine tensor h” 


in X‘™, satisfying the following equations 


(5.5b) haah”™ = hagh”® = 85. 

The projective tensor hz is intrinsic of degree 1, 

(5.6a) . has = hasf; 

and consequently h” is intrinsic of degree —1, 

(5.6b) hm = h°s; 

and furthermore h is intrinsic of degree n — 1, 

(5.6c) h = hf”. 
Consequently the scalar function 

(5.7) P* = PozyPire Us UsU2 Ugh” h™ 


= P£,yPy, ue ugusuz h™ h™ 
is intrinsic of degree —2, P’ = P*f*. If P ¥ 0 in our domain, then by definition 
this domain of the large space $, is a general domain in %,. If on the contrary 
P = 0 in our domain, then by definition this domain is a special one. We shall 
speak about the general or special case accordingly. 


If there should be any connection in X‘”, , say Zc , then its coefficients must 
transform according to 


(5.8a) Bere = Pp (P5- PC Ber + dc P2:), (8c: = 8G" dar). 
It follows from this that the requirement 
(5.8b) Eis = Zea = C'dpn 


hoe under (5.1) (compare with (3.10)). We shall use this fact to define 
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6. Projective unit mixed tensor 


In order to define the components U% of the projective unit mixed tensor 
U® whose remaining components were defined by (5.2), let us first introduce an 
affine connection in X{™, 


(6.1a) Wi, = h“ (aus + We, weus) (det, — Mot, ue) 


(which is not invariant under the transformation of the 2’s) and a set of ex- 


pressions 
ab 





v h v v v 
(6.1b) i trie j (Gaus + Tx,utus — Veauj). 
If we transform the z’s then this set transforms into a set »” where 
(6.2a) uw” = Ax (uv + 6) 
and 8’ is subject to the condition 
(6.2b) Bt, = 


On the other hand we get from (5.2), (5.3b) and (5.5) 
ab 
sila ~n—1 





(dauy + Tk, wrub)t, ; - 


(6.3) oe 
j (ue dat, — T,uruyt,) = = = |, 


h® 








3 


From (6.2) we see that (6.3) is a scalar equation. According to this equation 
the determinant 


n 


Ui-1) cee y Uni 


yh” 


(6.4) Mea| - il 
| | 





The set (6.1b) transforms under nn oer) top’ = (uw — h” ubaa log ff 
and consequently we have from (6.4) 


(6.5a) M = Mf". 
On the other hand we see that »” and consequently also M is a projective in- 
variant. Hence 


M, as defined by (6.4), is projective and intrinsic of degree —1. 
It transforms under (3.1) in the following manner 


(6.5b) M’ = A@M 
and under (5.1) in the following way 
(6.5c) M’ = AGM. 





unc 








on 
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Consequently M is a scalar density of external weight w,.) = 1 (as follows from 
(6.5b)) and internal weight wi, = —1 (as is seen from 6.5c)). Hence 
(6.6) H = hM"" 
isascalar density of external weight wy) = n — 1 and internal weight 
wy = —(n— 1) — 2 = —(n + 1), 


and is projective and intrinsic of degree 0. Moreover it is different from zero. 
Hence 


(6.7a) His = 04H + (n — 1)HMq US — (n+ 1)Z34H (84 = 540s) 


isa plane in X\" ‘) of external weight wg) = n — 1 and internal weight wy = 
—(n + 1) and consequently 


(7b) Hs = HAs = O4logH + (n — 1)M5QUS — (n + 1)Z ba 


is a plane in X‘™, which has both weights equal to zero. According to (3.3), 
(3.10), (5.2), and (5.8) we have 


(6.7c) Hj = (n+ 1)[Ce(n —1) —c’n], Ha = dalogH + (n+ 1)(n — 1)U%e. 
If we choose the arbitrary function C in such a way that 
(6.8) Ce(n — 1) = c'n 


(which choice reduces C to a constant) then the requirement H, = 0 is invariant 
under (5.1). The foregoing equation is equivalent to 


= (n + 1)[Cc(n — 1) — c’'n] = 0 


and 


(6.9) Ue = — , log H.” 


oe: ae 

c(n? — 1) 

The projective unit mixed tensor U% is thus defined by (5.2) and (6.9). 
Another useful notion can be deduced from the scalar function 


(6.10) Q = M’*n'* ~0 


which is a scalar density of external weight w~) = 2 and internal weight wa = 0 
and is intrinsic of degree — (n + 1), 


(6.10b) 6 =a". 
"We could define U? by meine; with (6.9) without any notion of the connection Z} , 
Then it can easily be shown that U? transforms in the right way, provided (6.8) is satisfied. 


The right way which we chose above does not require any veneer involving the 
ttansformation law. 
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If we are dealing with X;_, then we can define the covariant derivative Q 9 of 
Q in §, which is a hyperplane density of weights we) = 2, wi = 0. Con- 
sequently 


rote z 
Qo = in+1O- apy (20 oe @ + 2120) 
(6.11a) rs 
_ % 10g 0 » O 
~ eed + 2cdo (a0 = 69 2) 


is a hyperplane of weights we) = wi) = 0. The foregoing equations are equiva- 
lent to 








(6.11b) Qo = 2c, Q = aa i a. log Q. 
This hyperplane is not intrinsic as follows from (6.10b) and (6.11a), 
(6.12a) Qo = Qo — ao logf. 


Starting with this hyperplane, we may define its intersection Q,4 with tg which 
is a plane in X}_; 


(6.132) Qs = ULQo. 


From this equation we get 


Q = USQa = CQ = 2C 

















= U! Qs = U? 0p, — IalogQ _ . a. log H 
Q. = UaQe = U2Q. + UsQo = ae ——; 
1 ‘ 
(6.13b) = A | a tog at — a4 0g 
ant a oe. _§ 
—; a log M wow 
== A a4 log h. 


According to (6.12a) the plane Q, transforms in the following manner 


(6.12b) Qs = Qa — 0. log f. 


Let us emphasize that Qo exists only if we are dealing with the non-holonomic 
case; meanwhile Q, as defined by (6.13b) exists also if our X{™; reduces to X,-1. 
' The following figure shows us the order” of objects just defined: 


Object | te ha, h”®,h | US | UZ Ut Qo | Qu 
3, (2) | (2) | 3, 2) | 














Order | 1,(0) | 2, (1) 0 1, (0) 








12 An object is of order p in the holonomic case if its construction requires at most the 
p-th derivatives with regard to the y’s. An object is of order p in the non-holonomic case 
if its construction requires at most the p-th derivatives with regard to the z’s. The order 
in the non-holonomic case will be always placed in brackets. 
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CHAPTER II 
7. Correlation in the non-holonomic case 


In the next four paragraphs we shall assume that our hypersurface is non- 
holonomic, X;-1. Then we may define the projective tensor 


(7.1) Tox = tz,0 + Qotz, 


where ( ),o stands for the covariant derivative of () in %,. Tox is intrinsic of 
degree 1 


(7.2) Tor = tz,0 + Qalz = Tasf. 


Moreover 7'ox is not symmetric in Q and 2&, for it follows from (3.4), (5.4), 
(6.11b) and (7.1) that 


Too = bo + Qoob = —clo, 
Tox = tz + Qots = —ctz + 2ctz = ctz, 


so that at least To. * To. In order to find the rank of the determinant 7’ of 
Tox let U? denote any point normalized by the condition U%tg = 1 and con- 
sequently not incident with ¢o , and furthermore let us introduce the quantities 


(7.4) te = ULUi Tox, (a,e = 0,1, ---,#). 

The points U* 

det | tee | is dniaiits the same as the rank of T. But since 
tap = UZUST oz = USU5tz,0 = has, 


(7.5) toe = US UZ Tox = CUZ TM: = CcU7 ty = Code, 
tap = USUR Taz = CUS Ta = —CcUS tg = —Codé, 


(7.3) 


= U% and U® being linearly independent, the rank of +r = 


we get 
a eee eer * 
Oe Ra, +s, Mans, vis 
(7.6) r=] : = hC’e’ = 0, 


Ovn.g Band 9+ > 4 Ra~te—1'9 F848 








Ces ¥ar,***, ast 5 Tae 


and consequently also the determinant 7 ~ 0. It follows that there exists a 
unique contravariant tensor T°” satisfying the equations 


(7.7) T* To, = T Tag = 83. 

By means of T's we may associate with any point P® two hyperplanes, namely 

(78a) pPg = Toy P®, oPo = Tz9P"; (p, ¢ any functions ~ 0). 
1 2 


ee a 
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Because 7'9x * Tz we have in general *pPo # *oPo for any *p,*c. By means 
1 2 
of T°” we may associate with any hyperplane Re two points namely 


(7.8b) \R* = T** Ro, uR* = T"Ro; (A, » any functions = 0), 
2 


Because 7°* ~ T*° we have in general "aR oa “aR” for any *\, *u. The equa- 


tions (7.8) define a correlation which is not a polarity because Tex ¥ Tg. For 

this reason we shall refer to Tox as a correlation. It is of rank n + 1 (ie. T = 

det | Tos | ¥ 0); hence not singular. If Po is incident with P* then Pg also is 
1 2 


incident with P* as follows from (7.8). The geometrical locus of such point is 
obviously the quadric 

(7.9) Qos P* P* = 0, [Qoz = (Tox + Tro) 
This is one of the two fundamental quadrics of our correlation (the other being 
Q°* RoR: = 0, where Q*” = 3(T°* + T*")). Because 


(7.10) Qe = F(T + 7rd) = Qs = O, 
as follows from (7.5), the determinant 
Q = det |Q,, |, where Q, = U2 U? Qoz 
is 
@, Ciichnid ty anlel 
LQ, Kit» +++, Bisen »> Mis | 
(71) Geli: det [kaa = 3(hos + hae)], 
| 0, kein, --+ » ha-aa-i, Dsnrs| 
|, Bas a -++ , Bey Bas 


and consequently the fundamental quadric (7.9) is degenerate.—Recapitulating 
our results we have the following theorem: 

With any point of our X%_, there is associated a correlation of rank n + 1 which 
is not a polarity. Its coefficients Tax given by (7.1), are intrinsic of degree 1 and 
of order (2). One of the fundamental quadrics of this polarity is a degenerate one. 

If there exists a *p and *s such that the hyperplanes given by (7.8a) are 
identical (“Po = *gPq) then we say by definition that the point P” and the 

2 


correspondiag hyperplane are in involution. We shall see that E” and to are in 
involution. Indeed we have, according to (7.3), 


(7.12) To: E* oe CTox = Cet ’ Tak = CT x0 = —Cets ; 


which proves our statement. Hence 
The point E° and the hyperplane tg are in involution with regard to our correlation. 
The following theorem can be easily proved: 
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In order that a point P* in X%._. be incident with its corresponding hyperplanes, 
it is necessary and sufficient that it lie on the asymptotic cone. 
The proof follows from the equation of the asymptotic cone, namely 


h»P*P’ = 0, 
and from the formula 
(7.13) has = ULUST ox. 
8. Projectivity in the non-holonomic case 
Writing 
(8.1) To =TosT, T'g = T*T 4p, 


we get two new projective tensors related by 
To‘T*, = Tor TT Te, = TorT” = 83, 


(8.2) a 
Pu ae ot ae ee oe et ee 


Because 7'gs is not symmetric in QE these tensors 7')”, T”g are not proportional 
to 6. Moreover, the determinant of 7’9x and the determinant of T°” being 
different from zero, the determinants of T'p” and Tg are also different from zero. 

These projective tensors occur in the equations which we get easily from 
(7.8), namely 


oR* = T," R*, kR” = T*oR*, 
2 1 1 2 
(8.3) a) P b) . 
vPg = T’oP3s, ~Po = To Ps, 
2 1 1 2 


where $, Y, x, v are arbitrary fuctions ~ 0. Hence the correlation (7.8) induces 
a projectivity (8.3 a) [and its inverse (8.3 b)] of rank n + 1. We will only 
consider the case in which the characteristic matrix of this projectivity has 
smple elementary divisors. Hence there are at least n + 1 linearly independent 
self-conjugate points with regard to this projectivity. From the manner in 
which this projectivity was obtained it is clear that any self-conjugate point R° is 
in involution with both coincident hyperplanes which correspond to R® in the 
correlation, and, conversely, any such hyperplane is self-conjugate with regard 
to the projectivity. Thus the point E* and the hyperplane tz; being in involution, 
they must be self-conjugate by (8.3). Indeed, we get first from (7.12) 


84) To, B°T?4 = BX =CotysT, = Tyg ET = B® = —Cot,T"’, 


and consequently, according to (7.12) 
E°T,” = E°T,,T*” = Ca, T** = —E’, 


i 
Ce 


(8.5) 


tyTs* = tT Tro = = E° Tra = —tz, 
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and these equations prove our statement. It follows from this that at least n 

linearly independent self-conjugate points must be incident with tg and con- 

sequently at least one of the n + 1 self-conjugate points must not be incident 

with tg. Let U*° = U® be the linearly independent self-conjugate points inci- 
A 


dent with tg and U$ a self-conjugate point not incident with ép and normalized 
by the condition U%tg = 1. The points U? (a = 0, 1, --- , %) being linearly 
independent, there is a unique set of linearly independent hyperplanes U%, 


(e = 0,1, --- , %) satisfying the equations - 

(8.6) UG Ua = &. (a,e = 6,i, ... , 2). 
Obviously U9 are self-conjugate with regard to (8.3) and moreover 

(8.7) Un =tg and Uj = E°, 


It will be convenient to investigate the projectivity (8.3) in the frame U?, U} 
where its coefficients are 


(8.8a) te’ =ULUSTo”, = t's = USUTT" 9 

and any point R” has the components 

(8.8b) ep = R°Us, (R® = p'U2). 
Consequently the projectivity (8.3a) may be written in the following way: 


(8.3¢) gp =. p. 
2 1 


Because the elements U? , Uj of our frame are self-conjugate, it follows that the 
coefficients 7,° reduce to 


(8.9a) 7, = 0 for a ¥e, Tt, =r ~0 (not summed). 
On the other hand, we get from (8.5), (8.6) and (8.7) 

te = USU$T9” = E°T,.’ US = —E* US = —65, 
(8.9b) ee ea he apie 
ta” = ULU3T 9” = tzTo’ Ut = —taUs = —8. 
The equations (8.9) reduce (8.3c) to 


(8.3d) ep" =— e ep = r*p ep" = —p" (not summed). l 


From these expressions it follows that any point with the coérdinates 


(8.10) =0 W 
. 4 th 
is preserved (self-conjugate) by (8.3). The components R” of (8.10a) are 0 


z Q Q 7 ; 
R* = ip . a Une’; Ut 
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or 
(8.10b) R* =ak’ +r, *® 


. 
~ 


where a = p° is an arbitrary function and r*> = Up" is one of the preserved 
points. Obviously r’ is not incident with tz (because r°to ~ 0). Hence we 
have the following theorem: 

The projectivity (8.3) induced by the correlation is of rank n + 1 and its coeffi- 
cients, given by (8.1), are of order two and intrinsic of degree 0. It preserves point 
by point at least one direction through E* not incident with to. This direction is of 
order two. 


9. Continuation 


The question arises if there are other points not incident with tg and not 
contained in the set (8.10b) which are preserved by the projectivity. In 
order to investigate this question let us suppose that there is a point X° pre- 
served by (8.3), which is not incident with ¢g and not contained in the set (8.10b). 
Because our projectivity is not the identity the point X * must be incident with 
one of the hyperplanes UG, ---, Ug’, say Ug.’ But there are at least n 
linearly independent self-conjugate points in Uj namely U?, U?, Uf, ---, ---, 
U3. In the same manner as used in the foregoing footnote, we can easily show 
that the projectivity in Ug must be an identity” and consequently any point B® 
incident with Uo is self-conjugate by (8.3). Let B® be such a point which is also 
incident with tg i.e. 


(9.1) B° tg = B° UZ = 0, 


but not coincident with E°. Because E° is also self-conjugate and contained in 
Ua where the projectivity reduces to identity, then any point 


(9.2) Y° = XE” + uB" 





'' In order to get r>(4E7) one has to calculate r’ # 0 from 
w= Torr =r, Tr =0, 


where \ = —1 is the double root of det | hoz = Tz | = 0. 

“X* is not incident with U . according to our assumption, and it cannot be incident with 
Up as can be easily shown: In ud there are n linearly independent self-conjugates point 
Uf, Uf ee || - the first n — 1 being incident with tp = U : and the last one contained 
in the set (8.10b). If X® should be in U $ , then according to our assumption X® must not 
coincide with any of these points, and consequently we should have in Ut, n + 1 self-con- 
jugate points, namely Uz, Uf, tee ut; incident witht, , and u% and X® # ue not incident 
with fg. Consequently the projectivity in us, would be an identity. From this and from 
the last theorem it follows that the projectivity (8.3) would be the identity which is in 
tontradiction with our statements. 

.’ It does not follow from this statement that the projectivity (8.3) is an identity, because 
Up contains the set (8.10b). 
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is self-conjugate, \ and u being any functions whatever not both equal to zero. 
From this statement it follows that both hyperplanes corresponding to Y° by the 
correlation must be coincident. Those hyperplanes are, according to (7.8a) 
and (7.12) 


TxoY° = (\E* + wB")Trq = —dCetz + wB*T 29, 
ToxY" = (AE° + uB*)Tox = dCctz + uB" Tox. 
Hence there must be some function £ for which 
tTaxY° = TzaY* 
and this equation is equivalent to 
(9.3a) ACcts(1 + £) + uB"(EToz — Tze) = 0 


which must be an identity with regard to \ and yw. From this it follows first 
that § = —1 so that (9.3a) reduces to 


(9.3b) B°Qoz = 0, where Qoz = (Tox + Tra). 
Using the frame U?, Ug we may write for (9.3b) the equivalent equation 

(9.3¢) B' Qe = 0, (a,e = 0,1, ---, n), 
where 


B* = UnB*, Qe = UrUe Qaz. 


According to (9.1) we have B” = 0 and moreover we have 2), = 2.5 = 0 (see 
(7.10)), and 


Qa = UUs Qaz = 3(hav + hoa) = kav. 
This reduces (9.3c) finally to 2;,6’ = 0 and 
(9.3d) ka = 0. 


If the asymptotic cone is not degenerate (which we shall always assume), 
then the determinant of k, is different from zero. Consequently there is only 
one solution of (9.3d), namely p’ = 0 so that 


B® = usp 


i.e., B’ is coincident with E®, which is in contradiction to our assumption. It 
follows from this that the assumption of the existence of the point X * leads toa 
contradiction Hence: The projectivity (8.3) induced by the correlation preserves 
point by point the set (8.10b), and if the asymptotic cone is not degenerate, then 
this is a unique set of points preserved by (8.3) which are not (with the exception of 
E”) incident with tg. This set of order two constitutes the field of projective “normal 
directions’’ to X*_,. 
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10. Canonical plane, normal point 


If r° is the point which we have obtained as described in footnote 13, then it is 
obviously an intrinsic point of degree zero, not incident with to. It follows 


from this that 


Q Q 
Q F r 


n= i seen 


r ty 3 rth 

is intrinsic of degree —1 and satisfies the “normalizing condition” 
(10.1) nto = 1, 
and so does any point of the set 
(10.2a) N ° — pE* + n®, (p = any scalar function, intrinsic of degree —1), 
constructed by means of n® and belonging to the normal direction 
(10.2b) N°t=1, MN =N*f". 
The point N° is a self-conjugate one by the projectivity and consequently both 
the hyperplanes corresponding to it must coincide, i.e., 

N°Tszo is proportional to N° Tor, 
so that we may restrict ourselves to one only of these expressions, say 
(10.3a) Kz = N°T xp. 


Because p in (10.2a) is any function whatever, (10.3a) defines a family of 
hyperplanes, for we have, according to (7.12) 


(10.3b) Kz = (pE* + n°)Txq = —pCetz + n°Tx0. 


Because N° is not incident with tg there is no hyperplane in the family (10.3b) 
which is different from fg and incident with E*. On the other hand, any of the 
hyperplanes (10.3b) is incident with any point of the plane 


(10.4a) K, = Ky U2 = n° U2 7 sq = N°U2T 29. 


In other words, all the hyperplanes (10.3b) pass through this plane which is 
the intersection of tg and the family (10.3b). This plane is not incident with 
E’ because, according to (7.12) and (10.2b) 


(10.4b) Kj = N° U3 Txo = N° TC = CcN* te = Ce ¥ 0 


and moreover it is intrinsic of degree 0 and of order two. 
Allthe hyperplanes corresponding by the correlation to the points (10.2) of the nor- 
mal direction pass through a plane, as given by (10.3b), which is called the canonical 


pie It is not incident with E®. Its components are of order two and intrinsic of 
egree Q, 


eis 


The components U : are not now restricted to represent the self-conjugate points in fo. 


——————————————————— 
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All points of the set (10.2) have the same last n components, namely N’ = 7’. 
Two points of this set differ only in the 0-components” and this difference is 
C(p — p) if p, p are the corresponding functions in (10.2). We use this fact to 

1 2 1 2 


select one of the points of the set (10.2) in prescribing the convenient condition 
which enables us to fix the 0-component of this point. From (10.2a) we have 


(10.5) N% = Ebp + (Oop)E* + nig = pES + nb, 


and consequently the point 


z z 
10.6 M° = % @:— ne poy 9 _ 7 Q: — 2 50 
ney EX, — E*Q: c(n — zs Be adn 
which belongs to the set (10.2a) has the property 
(10.6b) Mo = M* Qo. 


It can be easily shown that M ® as given by (10.6a) does not depend on the 
particular choice of the point n® on the normal direction.” 

The point M® defined by (10.6) will be referred to as a normal point. It is of 
order 3 and intrinsic of degree — 1. 

There is a unique point called the normal point on the normal direction, satisfying 
(10.6b). Its components are given by (10.6a) and are of order 3 and intrinsic of 
degree —1. 

The plane (10.3a), where now N° = M° is given by (10.6a), will be referred 
to as M zy 


(10.7a) Ms; = ie 
It is well defined and belongs to the set (10.3b) with the particular value 
i _ mA + n*Qa 
Ce(n — 1)’ ) 





17 The geometrical meaning of this statement is that two different points of the set 
(10.2) are linearly dependent upon E®, but incident with two different hyperplanes. This 
follows from the fact that if So is not incident with tg (i.e. E°Sg ¥ 0) there is only one point 





in (10.2) which is incident with Se, namely the point N® for which N°Se = Oi.e. ( 
eo 
N° = —~ Pe C 
So 
18 If *n® = gE® + n° is a point on the normal direction and ( 
Kyu <. tam tl 
+*y2 ae * Qs nz 52 + #72 
c(n-—1) ° ; (1 


‘ then one gets immediately a 


Q;(cE* + n*) — oE% — 
c(n — 1) 


+? = ms 50 4 oE® + n® = M®, 
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i.e. 
= | 
(10.7b) Mz = or tz + n°T xa. 
Especially we have 
(10.7¢) My = n° To. = M° Top = cM to = c ¥ Oz 


This hyperplane is of order 3 and intrinsic of degree 0. Of course its intersection 
with fg, namely Mz U i is again the canonical plane 


(10.74) K, = MzU%. 


Later we shall use the components n°, h® and h®® which are not yet defined. 
Bui using K, and writing 


(10.8a) h®4K,=0, h® = h”, 
we easily get 
' h’ K h”’ K 
60 pre 0b ae ake Oe la al a 
“ P Ki Ce ’ 
n° ‘ad h” KK, i h” KK 
(Ko)? Cc? 


Hence h” = h°* and h®® defined by (10.8) are of order two and intrinsic of order 
—1,s0 that we may say h“” is intrinsic of degree —1. 








(10.8b) 





11. Polarities in the general case 


Let us now reconsider the general case of a X‘",. We shall try to associate 
with any point E° of X‘™, a polarity with the following properties: 
a) its rank ism + 1, 
b) by it the hyperplane tg corresponds to EZ” , and furthermore 
¢) itinduces in ¢g the polarity with regard to the asymptotic cone. 

If gaz = gzq are the coefficients of the polarity to be obtained, then by b), 
E"gza(= E"gaz) must be proportional to tz and therefore we may set 


(11.1a) goa = Jao = cla. 
On the other hand, if we put 

(11,2) kaw = (has + hea) 
then we must have by c) 

(11.1b) goxU1Us = kas.” 


ee 
* According to (11.1a), this equation can be written 


IU, UG = ap 


mun 
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If ‘gox is any solution whatever of (11.1b) then the most general solution can 
be put in the following form, 


(11.3) gaz = “gaz + toa: + tzao + (*)tets. 


Here (and throughout this paper) (*) stands for any scalar function whatever, 
intrinsic of degree —1, while ay is any hyperplane which by (11.1a) and (11.3) 
must satisfy the following condition 


clo = clo + tod 
and consequently 


(11.4) a = 0. 


Hence a, is a covariant affine vector and the hyperplane az must be incident 
with E”. 

In order to choose conveniently this arbitrary hyperplane az let us first intro- 
duce the following mixed projective tensors 


gaos = U4gaz,, + Qagaz, 
(11.5a) p or ‘ 
gaoz = U4 goz.a + Qs gaz, 
and then the projective tensors 
(11.5b) Japp = US Usgaaz, *gaBp = US U5 ganz; 
which are connected by a relation 
(11.6) JaBp = *gaBp + hasdp + havQs, (ap = Up aa), 


as follows from (11.3) and (5.3a). 
First of all, we have, according to (6.13b) and (3.6b) 


(11.74) goaz = Cgazo + Qigax = C(—Maogaz — Wzogaa) + 2Cegaz 
=0= "goazy 
gaio = gavs = ULUDCgor,4 + CQ Uo gor 
= CULU 5902.4 
= CU5(dagoz — Woagaz U4 — Wa goa U4) 
= CcUpU‘Sts,, — CcUp U4 gaz 
= Cc(hav — kpa) 


= "gain = "Jani; 
Setting 
lap = 4(hap a: hpa), 


we may write for the foregoing equation 


(11.7b) Jaip = Jari = “gasp = *gavi = Cela 


to 


80 





it 


a); 
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(and consequently, if our X ‘™) isa Xn-1, we have 
(11.7¢) gasp = 845585 gea,  “Ganv = 845455, "gasa). 
From (11.4) and (11.6) we have . 

gasoh*? = “gash” + h** hasan + h*” hava 


11.8) 
( = *gasph*” + nap hy 


We want to define the arbitrary plane ap in such a way that 


(11.9a) Jasph*” a Kplazh*’, 


where in the non-holonomic case K, , the canonical plane, is defined by (10. 4a) 
while in the holonomic case 4g = 0 (and K, is not defined). We get from (11.8) 
and (11.9 a) 


21 


1 

(11.10) ap = _ olan = “gaan h**. 

If we write “ay for a solution of 

22 

(11.11a) az U3 = (Kolin — “gasvlh*” (= ap), 
then the general solution of (11.11a) may be written 
(11.11b) az = “ay + (*)tz. 
Substituting this expression in (11.3) we get 
(11.12) gaz = “gox + teas: + tz°ao + (*)tats , 


where now “as is a solution of (11.11a). 

Starting with a particular solution °ggz of (11.1b) we have (11.12). Let us 
now consider the influence of this particular choice of °gax to the result (11.12). 
In order to do that, let us start with another particular solution, "gaz of (11.1b). 
Then “gos and °gox must be related by 


(11.18) "gos => “gaz a to Xz a ts Xo + (*)ta tz b 





~n°4 — 749 is not defined in the case of an X,.,. But in this case gasp, gasp reduce 
to(11.7c) so that in the holonomic case h°4 = h4° occurs neither in gasph“* nor in gasph4*. 
* Using (10.4b) and (11.7b) we have from (11.10) 
1 
a, = - [Cclaz — Cclas)h** = 0, 
n 


80 that ap U? = Cap = a; = 0 (see (11.4)). 
* If we are dealing with the holonomic case, then (11.11 a) reduces to 


1 
7z ab sd 
as U5 = 4 9 ra dp- 
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where Xq is a hyperplane incident with E” (i.e. Xo = 0). From this we get first 
(11.14) “gasp = “gasp + hanXv + havXn, 
where 
Xp = U5X2, — “gaso = ULUBUD"gaz.s + Qaken 
and consequently 
(11.15) “gaavh*” = “gapnh*” + nXp. 


If we designate by ap the plane defined by means of (11.10) where °g, 2p is to be 
substituted by °gi zp , then we get from (11.10) itself and from (11.15) 


(11.16) ap = ap — Xp. 

Thus, if °az is a solution of 

(11.17) az U5 = ap, 

we may write 

(11.18a) °as = “ay — Xz + (*)tz, 

and the most general solution of equation (11.17) may be written 
(11.18b) az = ‘ay + (*)tz = “ay — Xz + (*)tz. 
On the other hand the projective tensor | 

(11.19) gaz = ‘gaz + teas + tzan + (*)tats 
satisfies a condition analogous to (11.9a), namely 

(11.9b) gaspoh*® = Kplagh*”. 


Substituting (11.18b) in (11.19) we get, according to (11.13) 
gaz = gor + taXz + tz Xo + toCaz — Xz) + teCae — Xo) + (*)tots 
= gaz + (*)totz. 


Hence, choosing arbitrarily the solution °gaz we get one of the tensors of the 
family (11.20) and any tensor of this family satisfies the corresponding condition 
(11.9b). If we choose a point U% (with the normalized condition U?ts = 1) 
in such a way that U?, (a = 0, 1, --- , %) are linearly independent, then the 
rank of the determinant of 


(11.20) 


Yee _ US U? gaz, (a, e = 0, i, ves, Mi), 


is obviously the same as the rank of the determinant of gaz . But since 


* * Q 77d * n 
Ved = Vor = US UT gaz = CUF gos = Cod? = ves = Vie: 


oc * yQyyd _* 
78> Tu = U,Usgas = kz = Yas = YBA; 


vie = yea = ULUZ gas = Vie + (*)8 = Yes + (8, 


th 
ac 
fol 


80 | 
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Hence if the asymptotic cone does not degenerate, then det | yz, | = det | y.. | = 0 
and consequently any of the tensors (11.20) has the rank n + 1. Hence we see 
that the polarities defined by any of these tensors have the rank n + 1. From 
be the manner in which the family (11.20) was obtained, it is obvious that any 
gaz, (for an arbitrary function (*)) is of order 3, (2) and intrinsic of degree 1. 

Any polarity associated with E* and satisfying the conditions a) , 6), c) is given 
by a projective tensor gas = gza satisfying (11.9). Any such projective tensor, 
satisfying (11.9) belongs to a family (11.20) of tensors. Any tensor of this family 
is of order 3, (2) and intrinsic of degree 1. 





12. The canonical plane of X‘"’, 


In the next section we choose one of the polarities (11.20) by prescribing some 
additional intrinsic and projective conditions. In order to do that we need 
first some new notions which we introduce in this section. The projective tensor 
g.ep belonging to gaz as given by (11.20) is independent of the particular choice 
of the function (*) in (11.20) 





(12.1) gisp = Japp. 


This tensor does not vanish identically,” and consequently we can restrict our- 
selves to the case gasp ~ 0. Furthermore, the scalar 


(12.2) P= Ganogarah he? h?* a gisotteak**hP* h?* 24 


(which in the holonomic case does not involve h°“) does not vanish identically” 
and consequently we can restrict ourselves to the case P ¥ 0. P is intrinsic of 





fats degree —1 (and does not involve h°“ in the holonomic case). 

After having defined P, we may define the canonical plane K, of our X‘" 
the in the following way. 
ae 1) If our X%™, is a X%_,, then K, is defined by (10.4a) and consequently is of 
ae order (2). 
. the 


2% : , ° ais Q oe , 
The requirement g asc = 9gac imposes a special condition on Pr, Which in general is 


hot satisfied. Therefore gasc does not vanish identically. 
. n), * We purposely use the same letter P for this scalar as in (5.7). 
* If, for instance, our subspace is an X»-; and our point E* of Xn-1 is an elliptic one, 
then we may choose a coordinate system at this point in which h* = 6 and consequently, 


— to (11.7c) the sealar P can be expressed in this special codrdinate system as 
OuOWws 


P = X(gase)? at E°, 
80 that, if garg 0, we have also P ¥ Oat E®. 
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2) If our X" isa X, 1 then K, is defined by 
(12.3) Ka = (Qa — O4 log PF, 


where in the general case P is defined by (5.7) and in the special case is defined 
by (12.2). But in any case we have 


Ki = Ce, 


and consequently the canonical plane is not incident with E*. From the 
manner in which K,4 was obtained it is clear that K 4 2s intrinsic of degree 0 and 
furthermore of order 3, 4 (2).” ) 

We use K, for defining the components nos =n” saying that h’* = h*° is 
always defined by (10.8b) where it must be understood that K, is defined in the 
manner just mentioned. It follows from this that h’* = h*° are of order 3, 4, (2) 
and intrinsic of degree —1. 


13. The privileged polarity 


The projective tensor (11.12) belongs to the family (11.20), where (*) in 
(11.12) is not related to (*) of (11.20). In this section we shall choose for (*) 
in (11.12) a function designated by w, and we shall keep the symbol (*) for an 
arbitrary function in (11.20). Hence we shall write for (11.12) and (11.20) 


(13.1) gaz = “gaz + to°ax + tz"ag + wtats , 
(13.2) gaz = gaz + (*)tatz, 


and prescribe an intrinsic condition for (*), starting with w. In order to do that 
let us introduce first the mixed intrinsic tensor of degree 1 


(13.3a) Taz = Uitzo + Qats 

(so that we have in the non-holonomic case, according to (7.1) 
(13.3b) Taz = USTox, 

and in any case 

(13.3¢) Us Tao = has). 


From (13.3a) one easily gets 
Tiz = Ctzo + Qitz = Cetz, 
Tso = Uiitoo + Qats = 0. | 
The tensor 7's appears in the equation which we get easily from (13.1) 
Ganz = “ganz + ap Tax + “azhas + tz(whas + Us U5" aa.) 
(where gauss = U$gaox, ‘Gaz = Us ganz). 


(13.3d) 


(13.4) 





*6 The first number always refers to the holonomic subspace in the general case, the second 
number always refers to the holonomic subspace in the special case, and the number in 
brackets refers to the non-holonomic subspace. 
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Let us now consider the hyperplane 


(13.5) Az = (ganz + aeTaz + “azhas)h*’. 
Using the foregoing formula (11.10) we get 
(13.6) Up Az = “gasp h*” + nap = Kol sh*". 


From this it follows that we may choose the hyperplane °ay (which is a particular 
solution of (11.11a)) in such a way that 


(13.7) Az = Mzlash*’, 


where Mz in the non-holonomic case is defined by (10.7b) (and satisfies (10.7c, 
d)) while in the holonomic case 14, = 0. In order that this equation hold it is 
necessary and sufficient that i 


(13.8) ‘ay = — [Mslas — “gauss — as Tas)h*”. 


Substituting this expression in (13.4) we get 

(13.9) gavzh*” = [Mzlaz + tz(whas + Ui U5‘aya)|h”. 

On the other hand, one gets easily from (13.2) 

(13.10) ganz = gasz + (*)haste 

and consequently, in accordance with (13.9) 

(13.11) giezh“® = {tz[(w + (*))has + ULUS ana] + Mz las} h*’. 


From this equation it follows that we may choose the arbitrary function (*) 
in such a way that 


(13.12) Gast al = Ms las i. 
In order that this equation hold it is necessary and sufficient that 
(13.13) (*) = ——*— U2U Sano — u, 





n—1 

where "ay is defined by (13.8). Hence the tensor defined by (13.2) and (13.13) 
satisfies (13.12).—Let us now consider the influence of the particular choice of 
wand "gos (in (13.1) on this result. It was shown” that starting with another 
tensor “gos , say °g, the corresponding tensor gaz is related to go by 


Gas = gar + What:, 


where now # is a function, which is in general different from w. It follows from 
this that in studying the question mentioned above, we may confine ourselves 
to the case in which "gos stays fixed, and only w changes. In order to do that 
ee 


* In a slightly different notation; see (11.13)—(11.20). 


Ss ee 
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let us start with another function w and let us denote by the index 1 all the 
1 
notions belonging tow. First of all we have, in accordance with (13.8) ‘ay = °a 
1 1 


because this definition does not involve w at all. Then we have from (13.1) 
and (13.13) 





(13.14) oe _ ULU Sasa — w= (*) +0 w, 
1 — 1 


n 


(13.15) gaz = gas + ta'as + tz "da + wlate = gox + (w — w)tets. 
1 


Substituting from (13.14) and (13.15) in 
gaz = gaz + (*)tats, 
1 1 1 


we get 
gaz = gox + lots (w —w) + fotz[(*) + w— w] = gaz 


and consequently the tensor defined by (13.2) and (13.13) which satisfies (13.12) 
is independent of the particular choice of the tensor (13.1) from the family 
(11.20). From the manner in which it was obtained it is obvious that it is of 
order 4, 5, (3) Hence: 

In the family (11.20) there 1s a unique projective tensor which satisfies (13.12). 
This tensor is defined by (13.2) and (13.13) where gox is any tensor of the family 
(11.20). It is of order 4, 5, (3). The corresponding polarity, defined by this 
tensor, will be called the privileged polarity. 


CuHapTeR III 


14. Connection in X‘”, 


Let us suppose that we have a connection Z%p in the X$”,. Then (5.8a) 
must hold and consequently the requirement (5.8b) is invariant under (5.1). 
Using both connections, namely 11°, and Zé , we may define the mixed covariant 
projective derivative ¢,4 of any projective tensor ¢, mixed or not. This con- 
struction of ¢:4 is the same as in affine case” so that we have for instance for 
¢ = Us 





(14.1a) US.. = 0.Us + 2. US - 2 a 
Setting 
(14.2) Ut, = a4Up+Ug2UiUs, Hin = Uda 
we may write for (14.1a) t! 
(14.1b) His = UX, — ZpaUp. ° 
B 
28 See J. A. Schouten-D. J. Struik “Einfihrung...’? (Noordhoff, Groningen 1935) 


pp. 93-97. 








2) 
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2). 
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1935) 


(14.7) US = WizUF US = CcU* = VS, 
B 0 
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H°,,is a mixed tensor which satisfies the equation 


(14.3) Hist = Usate = —UiU Stan = —has 





ee! 


% ee 
7s - 





and consequently can be written | 
(14.4a) H’ = —hasH* vee KisU3, 


where Ki» is a projective tensor in X\”, and H® is a point not incident with 
to which satisfies the equation 





De ee = Sp 
ae ee eee 


(14.4b) H° to = 1. bi | 
i 

Hence the equation (14.1b) can be written i 
m | 

(14.1¢) —hasH® — K2,U$ = Un — EeaUp. | 
i 

Setting Hi | 
(14.5) pa = Epa ate Ks ny | 


we get another connection in X{", with the coefficients IT}, and we may write 


for (14.1¢) 
(14.6a) —hH® = U*, — 13,U2. 
B 


ge 
— 


AES in eize2 
Ses 
A 


Remembering that 





B 
we get from (14.6a) in accordance with (5.3b) 
(14.6b) Tp, = 11% = C082." 


If the point H® is given, then we may calculate the 1124 by means of it from 
(14.6a). In order to do that let us introduce first a new mixed tensor ' 


(14.8a) haz = Taz — Katz, 


where 7'4y is defined by (13.3a) and K, is the canonical plane, defined in §12. 
Because we have 


hao = T 40 7 Katy ™ 0, 
hz = Tix — Kitz = 0, 


(14.8b) Ushaz = has, 





* Using the law of transformation for the coefficients of a connection y4, which satisfy 
a 1 : = 
the equations 146 = Cen it can easily be proved that y4,, 3 744 is a plane not incident 
with B®. 
* From (5.8b), (6.8), (14.5) and (14.6b) we get a condition for K? zg » namely 


KP; = K?, = —Cc. 
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we get from (14.6a) 
—hasH” hoo = —hasH” how ~ US how Tr Isa hor 
B 


and consequently 
(14.9a) Wa = (Us + hasH*Yhogh” = hagh®(U%, + has Ht”). 
B B 


On the other hand, we have from (14.6a) 
—hasH’ = ‘tied —_ a ip = ia ae Ilpa u° _ 1°,.C. 
B B 


Substituting from (14.9a) in this equation we get 

(14.9b) ys = 5 (U2 + hawH®)(65 — Urdi hah"). 

Both the equations (14.9a, b) may be condensed into one, namely 

(14.9c) Waa = (Ura + haw") | 6 hah + : (60 — Usithat) | 


If a connection IT}, is defined by (14.9) we shall refer to it as a “connection 
induced by the point H*.”’ On the other hand, starting with a given connection 
112, which is related to H® by (14.6 a) we may express H ® by means of it from 


(14.6a) and we get 
nA? 


n—1l 





(14.10) H® = (US, — W24U5) 
B 


and this equation reduces according to (14.7) and (14.6b) to 


ab 
(14.11) H® = —~"_ (U2 — 1.U?). 


If a point H® is defined by means of (14.11) we shall refer to it as a “point 


H® induced by the connection IT} 4.” 

If a point H® and a connection II}, are related by (14.6) we refer to both 
objects as being “in involution.” If H® and 113, are in involution, then Is. is 
induced by H® and satisfies (14.9 c), and conversely H® is induced by IIz4 and 
satisfies (14.11). 


15. Normal direction; normal connections 
Let us consider the set of equations 
(15.1) N* hax = 0, 
which is equivalent to 


(15.2a) N*ha = 0, 
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and also to 

(15.2b) N*Ta = Nt Ka. 

If Nt, = 0 then the plane 7, = N *T 4x should have the components 
(153) Te=N?T2 =NT =0, TT) = N* Tix = CcNt, = 0. 
But the rank of the determinant 


| T ix ’ Tis y°%%y Th 


(15.4) t 


Pain Dinhds +>. Veaha 
| ty ’ ls eo tn 


being n°” there is only a unique solution of (15.3), namely N* = 0 and con- 
sequently NV ® coincides with Z°. If, on the contrary, N*, ~ 0 then we may 
suppose, without loss of generality 


(15.5a) Nt = 1 
and consequently (15.2b) reduces to 
(15.5b) N*Ta = Ka. 


~The determinant of the system (15.5a, b) being ¢ ~ 0, this system admits a 


unique solution N* 0. 
It follows from this discussion that the most general solution of (15.1) is 


(15.6a) *N° = (*)E* + °N®, (A = any scalar function), 


where "NV" denotes a point whose last n components are solutions of (15.5) (ie. 
'N’ = N’) and °N’ is arbitrary, and furthermore (*) denotes any scalar function 
intrinsic of degree —1 (and (*)E” is the solution of (15.3)). Without loss of 
generality we may require 


(15.7) | *N* ts = 1 
80 that 
(15.7b) *N° = (*)E* + °N®, 


It follows from (15.7a) that the set of points *N" constitutes a direction which 
isnot incident with tg. This direction will be referred to as a “projective normal 
direction.” Remembering (10.4) and (13.3b) we see that for the non-holonomic 
case this definition is identical with the definition introduced in §9. From the 
manner in which the set (15.7b) was obtained, it is clear that the normal 


ot is of order 3, 4 (2) and any point of (15.7b) is intrinsic of degree —1. 
ence 





" One can easily see this using the frame U® with U® = U®, U® = U8, U% tg = Las we 
e a n 


did before on other occasions. 
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Any point +*N® satisfying (15.1) and (15.7a) is contained in the set (15.7b) 
on the normal direction, which is of order 3, 4, (2). Furthermore *N® is intrinsic 
of degree —1. Inthe non-holonomic case, the actual definition of projective normal 
direction is identical with the definition introduced in §9, and consequently this 
normal direction is preserved point by point by the projectivity, considered in 


§§8 and 9. 
If we denote by °II34 the connection induced by the point °N® of the set 


(15.7b) then we get from (14.9) and (15.1) 
(15.8) “Mba = Utshah™, = "Maa = alU% + has’N° — UU“ hash. 
B B 


Hence °II, contains neither °N° nor U®, and is of order 3, 4, (2). Any connec- 
B 


tion induced by a point of the set (15.7b) will be referred to as a “normal con- 
nection.”’ Hence (15.8) is one of the normal connections. If *II}4 denotes the 
normal connection induced by *N* then we have 


(15.92) 1) "Wa = "Wha, 2) "a = Tha + (Van 


If we denote by E* the components of E” in X{” 

EB’ =UiE‘, E*=¥%, 
then (15.9a) may be condensed inte. 
(15.9b) *TIpa = “Iba + has(*)E”. 


Hence the set (15.7b) of points induces a set of normal connections (15.9b). 
The components *IIz4 of any one of them are of order 3, 4, (2), the components 
*II',4 are of order 4, 4, (3). 

The normal connection °II3 4 induces a point °X° which is given by 

oye —. yo 

(15.10) X° = ——— (Us — "M.Us) 
and the normal connection *IIz, induces the point *X® which is related to 
ty 
xX by 


(15.11) *X° = °K? 4 (*) FF", 
On the other hand we get from (15.8), (15.10) and (14.8) 


h® 


hn” 
j (Ua — "Tb. Ub) hao = “see (Tiahde — “Htahae) = 9, 





Ow 
X ha = —_ 
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°X te = 1, 
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and consequently °x” = °N’. Setting 2 = Oin (15.10) we have, on account of 
(15.8) 
h” 
0 
x n—1 
zy 
h — 





ll 


[Use — ¢.U* — 3.0) 





7 [u*, — Urahanh™ U2 — U, + Uhah* Uo — haN*] = °N’, 
b b b 


and consequently °X° = °N®. It follows from this and from (15.11) that 
*x° = *N®. Hence: 
The set (15.9b) of normal connections induces the set (15.7) of normal points 





ab 
(15.128) oy? = —_*_(u2 — m2U%, 
n—l b 
where 
ab 
(15.12b) *N* = °N” = 4 US(8, — hawh® U2). 
id b 


The last equation gives us the explicit formula for the solution (15.7) of (15.1) 
(while (15.12a) reduces to identity for Q = 0). 

Let us now consider the normal connection "134. In the same manner as in 
$14 we may show that there is a point Y° normalized by Y°tp = 1 and a mixed 
projective tensor Zin = Z2 2U8 with Z'% stg = 0 which satisfy 


(15.13) —hap y® re Kr = U*, wad ¥ oe U2. 
B 
From (15.12a) and (15.13) we get 
ab 
(15.14) yo4_" 70 _ oy 
n—1 
On the other hand, if we multiply (15.13) by hag we get 


—hasY" hao — Zishen = 0, 


and this equation reduces on account of (15.14) and (15.1) to 











h® 
has Ziv hae = Zishae, 
n—1 

80 that 
(15.15a) (n — 1)Z4e = hash” Zin, 
and consequently 
(15.15b) a = 1 haph®ZU* = a es 

n—1 n—-1 
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On the other hand we get from (15.13) for Q = 0 and from (15.8) 
—hanY° — Zs — U", + Us U», hanh® =-C .. 
B B 


Comparing this equation with the second one of (15.8) we have 
hap i + Zip “a haz’N° 


and this equation compared with 








ab 
haa( ¥" + Zs) oe hap N’, 
n—1 
which we get from (15.14) for 2 = 0, gives us 
(15.15¢) => = x j hash Zoo. 


From (15.15b, ¢) it follows that Z'‘{» is of the form 
(15.15d) Zs = Zhas Z' to = 0, 
and consequently, in view of (15.14) 
y® oe Va — on? 

It follows from this that (15.13) reduces to 
(15.16a) —haz’N® = UX, — “W134 Ud.- 

B 
Hence °N® and 1134 are in involution. From (15.9b), (15.7b) and (15.16a) 
we get 
(15.16b) —has*N® = U*%, — *134U5. 

B 
Hence: 

The normal point (15.12a) and the normal connection *11? , induced by it are in 


involution. 
Nore. From (15.16) we get 


(15.17) a? = 75 = TP, = 5 =Ccd. 


16. Privileged normal connection 


In order to choose conveniently the arbitrary function (*) in (15.9b) we may 
proceed in two different ways. We may first choose conveniently one of the 
points (15.7) and get in this way a fixed connection. Or we may prescribe some 
condition on the connection *II% s itself which gives us the function (*). Let us 
initially apply the first method. In §13 we defined a privileged quadratic 
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tensor, of order 4, 5, (3). Let us denote it here by Goz and let us choose such a 

point +N" in the set (15.7) that it will be incident with the corresponding quadric 
*N°*N* Gox = 0.” 


This equation gives us 


*N’ = —1 «NG, 
2c 


or, according to (15.12b) 
h® h@ 
~ 2c(n — 1)? 


Substituting these values in the expression for +11, , (analogous to the second of 
(15.8)) we get 


(16.1): *N° = » Om Ue Ur (5. — heah’ U})(85 — high" U). 


Th. = | Ut —-U: Uv haw hh” 
B 


(16.2) Per 
— has pig G) U's . Ure(Sa — heah’ U?)(8§ — high" v7) | 
2C(n — 1)? ™ , 
while *II;4 = °IIg4. The corresponding induced point in involution with 


*IIp4 is defined by (15.12b) and (16.1). From the manner in which *IIj,4 and 
*N’ were obtained, it is clear that both objects are of order 4, 5, (3). Hence: 
In the set (15.9b) of normal connections, there is a privileged one, namely the 
one induced and in involution with the point *N® of (15.7) which lies on the quadric 
defined by means of the privileged projective tensor of §13. This connection is 
gwen by the first set of (15.9a) and by (16.2). Its coefficients *IIz4 are of order 
3, 4, (2) while *II%4 are of order 4, 5, (3). The corresponding normal point is 
given by (15.12b) and (16.1). *N” are of order 3, 4, (2) while *N° is of order 

5, (8). 

Let us now apply the second method which consists in prescribing a convenient 
condition on the desired connection. In order to do that we confine ourselves 
to the holonomic case of an X,-;. Then we may introduce the curvature 
projective tensor °P4», of °IT? 4 


(16.3a) *ps, mt Or Tike > O0°Me, + Me, Te — “Wh, Mee 


and the contracted projective tensor 


(16.3b) "Pas = Pian 
which, in consequence of (15.17) satisfies the following equation 
(16.3¢) "Pap = 54 5% "Pa. 








= We confine ourselves to non-trivial solutions of this equation and exclude also the 
point E* taking for *N* the values (15.12b). 





‘ 
t 
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If we denote by *P.z the contracted projective curvature tensor, defined by an 
equation analogous to (16.3b), this tensor obeys the equations analogous to 
(16.3c) and moreover we have, according to (15.9b) 


(16.4) *Pap = "Pas — Ce(n — 2)(*haa. 

Now we choose the arbitrary function (*) in such a way that 

(16.5) *P sh” = 0. 

The necessary and sufficient condition that this equation be satisfied is 


?P. h@ 


(@) = Ce(n — 1)(n — 2) 





and this equation may be written according to (6.8) in the following form 


0 ab 
Pah 
*) et ee 
(16.6) (*) Jan 2 ®: 
Substituting this value in (15.9b) we get the corresponding *II3, which we 
denote now simply by IIs. 


D 0,,D D Pa h” 
(16.7) Iza = ITpa + hasE c’n(n — 2)" 

The contracted projective curvature tensor of II34 will be denoted also simply 
by Pas. It satisfies the equation 


(16.8) Pyzh*® = Pah” = 0 


which is equivalent to (16.5). It can be easily shown that this connection, 
defined by (16.7) does not depend on the particular choice of °IIg4. Moreover 
from the manner in which it was obtained it is clear that its coefficients Is. 
are of order 4, 5. Denoting by N® the point in involution with (16.7) we get 
from (15.7) and (16.6) 


0 Pw h” 


si 2 Oar2 
Tila * Fir 


(16.9) N° 
It can easily be shown that this result does not depend on the particular choice 
of °N° (the remaining components °N’ of °N® being given by (15.12b)). Obvi- 
ously N° is of order 4,5. Hence we have the following theorem in the holonomic 
case: In tne set (15.9b) of normal connections there is one privileged in the sense 
that its contracted projective curvature tensor P 4x satisfies (16.8). This connection 
IIp4 is given by (16.7) and its coefficients Il; 4 and 1°, , are of order 3, 4 and 4, 5. 
It is in involution with the point (16.9), whose components N*are of order 3, 4 
while N° is of order 4, 5. 
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17. The absolute connection 
The equation (16.4) enables us to eliminate (*) from (15.9b). For we have 


*Prap "Pes 
(17.1) (*)has Cia a) om 
Substituting this value in (15.9b) we find that the connection 
0 
D _ 0yD Pas D _ enP *Pap D 
(17.2a) Qa = II pa + Cc(n — 2) ie 2) E = II pa + Ce(n — 2) E 


is independent of the particular choice of (*), i.e., is independent of the particular 
choice of the normal connection by means of which it is defined. This con- 
nection will be referred to as an “absolute connection.” From (17.2a) and 
(16.3c) we get 


(17.2b) 22, = 225 = Cos. 


The absolute connection induces a point 


nh” Zz D z 
— (Ua — 98.03). 





(17.3) A? = — 


Using (17.2a), we may write for (17.3) according to (16.9) and (6.8) 
h”"P, D772 _ Oar Pah” 
(n — 1)Cc(n — 2) ae ey ce’ n(n — 2) 


Consequently the absolute connection induces the same normal point as the 
privileged normal connection, but is not in involution with it. Indeed, using the 
fact that Ig, and N® are in involution 


—hasN® = U*, — 13,U3 
B 


(17.4) A® = °N® + E® = N°. 





we may write, making use of (16.7) and (17.2a) 


0 ab 
hasN*® + u* = > US + hype? oh 
B c’n(n — 2) 
re 9? ye a °Pas E® 4. h E® Pash” 
Ps Cela = 2) “a” n(n — 2)’ 


and this equation is equivalent to 

0 

Pas | Q a D Q 
pe. a EY = U4 — a UD. 
Ce(n — 2) SEsAigudeh of Tua 


This equation shows us that N° and 92, are not in involution. On the other 
hand we get from (16.4) 


b h” 0 a gb h” 
*Pa( 20h — hap :) = Pas( sus on has ’ 


nrn— 


h® 





(7.5) —hapN® — E ah — has 
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so that (17.5) does not depend on the particular choice of the normal connection 
whose contracted projective curvature tensor appears in it. Hence, recapitu- 
lating, we have the following theorem: 

The absolute connection Q24 given by (17.2a) is independent of the choice of the 
normal connection which appears in its definition. Its coefficients Q% 4 and 0, , are 
of order 3, 4 and 4, 5. It induces the same point as the privileged normal con- 
nection (16.7) but is not in involution with it, as equation (17.5) shows, this equation 
being independent of the choice of the normal connection whose contracted curvature 
tensor appears in tt. 


18. Weyl’s projective connection 


The connections considered up to this point were constructed by means of 
U*,. But we may construct a projective connection without this object. In 
B 


order to do that let us again confine ourselves to the holonomic case and let us 
denote by [4 = I'4z the components of the desired connection. If k is any 
real number, and g4szp denotes the projective tensor defined by (11.5b), which 
obeys the law (12.1), and Q, is defined by (6.13b), then obviously 


(18.1) dahen — Veahen — Toahsr + Qahsn — kgasp = 0* 


is an intrinsic and covariant equation. Proceeding in the usual manner we get 
from (18.1) 


Tp = 55% Fy a + 3(Qa 5. + Qs 54 re Qvh”* has) 
(18.2a) . 
3 5%.5%(Gara + Goda — gaas)h”, 
where 


hd = Lh” (dq hoa + Ovhaa aa daha). 


From (18.2a) we get 
Toa = Tos = 3Q564 = Cod’. 


It follows from the transformation law for [34 that T'?, (= I'4s) is a projective 
tensor. Therefore we may complete the foregoing equation, writing 


(18.2b) Tr), = Ps = Ccsr. 


In order to define the remaining coefficients T°, let us first introduce the 
curvature tensor Gzrs of Ibs 


Gore = Orl'Sz nia dsl br + roy Tor = Tos Ise 





88 According toh,, = 5% 5%,h,, the coefficients F,, do not appear in (18.1). 
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and its contracted tensor 
(18.3a) Gre = Gire, 
which satisfies the following equations 
(18.3b) Gre = 57d5Gp, 
where Gy» is given by 
Gp = OTe — OT Sy + VosT ba — Toa by 
= a;Tta — OaV3y + VayTta — Vaal ty + Ce(2 — n)r?,. 
In this formula the only unknown expressions on the right hand side are T°, . 
We may choose them in such a way that Gj; = 0. From (18.3b) it follows that 


this requirement is independent of the choice of the y’s. The foregoing equation 
is satisfied if we choose Iya according to 


ee ae 
Ce(n — 2) 


and this equation is independent of the choice of the y’s. Because Ti, is of 
order 3, 4, [3a is of order 4, 5. If we denote by ¢|, the covariant derivative of 
with respect to 'g4 , then (18.1) may be written 


(18.4) | Reva - —(Qahsp oni kg asp). 


We see from (18.4) that for k = 0 we get a projective connection which is 
analogous to Weyl’s affine connection. Therefore we refer to 4 as “Weyl’s 
projective connection.” 

If k is any real number, then the requirement (18.4) and Grz = 0 cnttles us to 
construct a set of projective Weyl’s connections (one for any k). Its coefficients are 
given by (18.2). Gq are of order 3, 4 while Ta are of order 4, 5. 


(18.3¢) 


(18.2c) r’, (a,Tt; — a0%. + TET — 14.7%) 
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HYPERSURFACES OF A SPACE OF CONSTANT CURVATURE! 


By Aaron FIaLKow 


(Received February 14, 1938) 
1. Introduction 


In this paper we study the geometric properties of those real Riemann spaces 
which may be imbedded as hypersurfaces of a real space of constant curvature. 
In particular, the results obtained apply to hypersurfaces of a flat space, i.e., 
to spaces of class one. Several of the geometric properties which are derived 
are individually characteristic of spaces of constant curvature in the sense that 
if any one of these properties is enjoyed by all hypersurfaces of a Riemann space, 
the enveloping space has constant curvature. 

The elements of the theory of hypersurfaces which are necessary for our work 
are stated in §2. It is assumed that the functions defining the imbedding have 
enough continuous derivatives to insure the validity of the Gauss and Codazzi 
equations. Furthermore, we assume that all the principal normal curvatures 
of the hypersurface are real and that none of the lines of curvature is tangent 
to a null vector. Of course, if the first fundamental form of the enveloping 
space is definite, this last assumption is always satisfied and is no restriction. 

It is known that if a hypersurface’ Vy is a space of constant curvature Sy. 
admits N real orthogonal congruences of lines of curvature, their tangents are 
Ricci principal directions for Vy. For N > 2, we prove in §3 that, conversely, 
only if the enveloping space is an Sy; do all its hypersurfaces have this property. 

In §4, some simple properties of a subspace Vp of a Vy immersed in a V » 
are obtained which are of use in later sections. In §5, some general properties 
of the lines of curvature of the hypersurfaces Vy of an Sys; are derived. Thus 
we show that in general if P (1 < P < N) congruences of lines of curvature of 
Vy lie in ©” *V,, these congruences are also lines of curvature of the Vp. 
A similar relation holds for the Ricci principal directions of Vy. If several of 
the principal normal curvatures are equal, the corresponding properties of V» 
are found in §6. 

In the following section, we give a complete classification of the Einstein 
spaces Ey in an Sy, subject to the restrictions of §2. This problem is com- 
pletely solved since both the first fundamental forms and the equations of im- 
bedding of all such spaces are found. Finally in §8, the algebraic characteriza- 





1 Most of the results contained in §§3, 6 and 7 of this paper were obtained while the 
author was a National Research Fellow at Princeton University and the Institute for 
Advanced Study. 

? We denote an N-dimensional Riemann space, Einstein space and space of constant 
curvature by Vy , Ey and Sy respectively. 
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tion of the Zw’s in an Sy4; is discussed. References to other writers on these 
subjects are given below. 


2. Hypersurfaces of a Vy., 


We first give a short summary of those parts of the theory of hypersurfaces 
which are necessary for what follows. Let V y+; be a real Riemann space whose 
first fundamental form is* 


(2.1) ds* = fagdy" dy’. 
Any real hypersurface V y immersed in V y,; is defined by a system of equations 
y* ai y*(2', #, °F _#’), 


where the rank of the functional matrix || ay*/az'|| is N. The first fundamental 
form of Vy is 


(2.2) ds’ = g;;dx'dx’ 
where’ 
(2.3) Gi = fasy iy. 


We assume that codrdinate systems {y*} and {2} and an open simply con- 
nected region St of the N-dimensional arithmetic number space {2‘} exists such 
that fag(y”) are real functions of class C’ and y“(z‘) are real functions of class C* 
fora CR. Since the rank of || ay“/az" || is N, (2.2) is non-singular for  C RK 
although it may be indefinite. Of course, instead of the particular coérdinate 
systems indicated above any other 3-systems’ may be used; i.e., codrdinate 
transformations must be real and possess continuous partial derivatives up to 
the third order inclusive. In the remainder of the paper it is to be understood 
that the codrdinates y“ ; x‘ refer to points of the region . The properties of 
Vy which we derive are valid throughout &. 

Under these conditions the Gauss equations 


(2.4) Rijn = e(QuQpx — MQ.) + Resyyi ys yry 





* Unless it is stated otherwise, throughout this paper the indices a, 8, y, 6; 7, j, k, l, m,n; 
P, 4,7, 8; a, b, c, d; o have the ranges 1, 2, --- ,M;1,2, ---,N;1,2,---,P;P+1,P +2, 
‘*,;NandN+1,N 4+ 2, --- ; M respectively. In all sections except §4, M = N + 1. 
It is to be understood that a tensor equation in which an index is not summed is valid for 
each value of the index within its range. A covariant or contravariant index which ap- 
pears twice in an expression is to be summed over the appropriate range. 

‘The comma denotes covariant differentiation with respect to the y’s and the form (2.1) 
or the z’s and (2.2) or the w’s and (4.1) according as the range of the covariant index fol- 
lowing the comma is 1,2,--- ,Morl,2,---, Norl, 2, --- , P respectively. 

? For the definitions and properties of an m-system, cf. Duschek-Mayer, Lehrbuch der 
Differentialgeometrie, 1930, vol. 2, pp. 1-2. 
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are satisfied. In these equations, Rij and Rasy are the Riemann curvature 
tensors of Vy and V w+; respectively, Q;; are the coefficients of the second funda- 
mental form of Vy and e is +1 or —1 being defined by 


(2.5) e = fas to 


where £* are the components of the unit normal to Vy. The functions R;;, 
and Rasys are of class C°, 9;; of class C’ and £* of class C”. 
The directions of the lines of curvature of Vy are given by the vectors ,,,)\*° 


which satisfy 
(2.6) (Q3; —- PmGii)im) = 0, 


where p» is a principal normal curvature and is a root of the determinant equa- 
tion 


(2.7) | 25 — pgiz| = 0. 


The p» need not be real if the form (2.2) is indefinite. If the elementary divisors 
of (2.7) are simple (as is always the case if (2.2) is definite), there is at least one 
orthogonal ennuple of unit vectors (m)\’ which satisfy (2.6). When one or 
more of the elementary divisors are not simple, the tangents to some of the lines 
of curvature are null vectors.’ If the principal normal curvatures are real and 
none of the lines of curvature are tangent to null vectors, we call Vy a proper 
hypersurface of V ys; and term the imbedding a proper imbedding. Similarly 
we use the word improper to denote not proper in the above sense. If the first 
fundamental form of the enveloping Vy; is definite, it follows that every 


_ hypersurface is proper. 


3. A characteristic property of an Sy: 


It was shown by Schouten and Struik*® that the lines of curvature of a Vx 
in a Euclidean Sy4; are also Ricci principal directions of Vy. Eisenhart’ 
showed that this theorem is true for a proper Vy in any Sy4:. In this section, 
we prove the converse of this theorem. The direct and converse results together 
constitute a characterization of wpaces of constant curvature by means of their 
hypersurfaces. The complete theorem is stated in 





® Here m denotes the vector and 7 the component. 

7 For the algebraic details of this theory, cf. T. J. ’ A. Bromwich, Quadratic forms and 
their classification by means of invariant factors, (1906), chapters 3 and 4; M. Bécher, /ntro- 
duction to Higher Algebra, (1929), p. 305. For the geometric aspects, cf. L. P. Eisenhart, 
Riemannian Geometry, (1926), pp. 107-113. 

8 J. A. Schouten and D. J. Struik, On some properties of general manifolds relating to 
Einstein’ s theory of gravitation, American Journal of Mathematics, vol. 43 (1921), p. 214. 

* Eisenhart, loc. cit., p. 199 and p. 219 ex. 7. 
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THEOREM 3.1. The tangents to the lines of curvature of a proper hypersurface 
Vy of an Sy41 are Ricet principal directions for the Vy". Conversely, if every 
proper hypersurface of a Vyii (N > 2) has this property, the Vy. is an Sys. 

The converse statement in this theorem contradicts an erroneous theorem 
due to Struik” which states that the hypersurfaces of any Einstein space whose 
first fundamental form is positive definite have the above property. For N = 2, 
every direction of the V y is a Ricci principal direction so that the directions of the 
lines of curvature of a V2 in any V; are always tangent to Ricci principal direc- 
tions of Ve. This explains the hypothesis N > 2. The proof of the theorem 
follows. 

The Ricci tensor R;; is defined as g" Rij. It follows from (2.4) that 


(3.1) Rix = eg" (Qu Qn — MM) + Rasy yr yryig”. 


Since Vy is proper, at any point A there is at least one set of N mutually orthog- 
onal unit vectors (mA* which are tangent to lines of curvature at A. These 
directions may be chosen as coordinate directions by a suitable real transforma- 
tion. We denote the corresponding coérdinaté system {z'} by X. It follows 
from (2.6) that, at A, in the codrdinate system X, 
3 = 4; % = 0; yr’? = 1; 
(3.2) ci i 9 ik (i) (j <b, 
@ = 0; Q =e;p; x = 0, 


where 
(3.3) Cm = Jii(md' md’. 
If these results are substituted in (3.1), we have 


Rij = €¢;0; Do re + Reswys yy tyig’, 
(3.4) kj 
Riz = Reapyiysyhyng' (j # k). 
From (3.2), it follows that the tangents at A to the lines of curvature of Vy 
will be Ricci principal directions when and only when Ry, = 0(j ¥ k). This 
characteristic equation, in consequence of the second equations of (3.4), is 
(3.5) Respyiyiykyng = 0, (Gj # k). 
It is easy to verify that (3.5) is true identically if V4.1 is an Sys: which proves 
the theorem of Schouten and Struik. 





° More generally, it can be shown that if the tangent of a real line of curvature of a Vy 
7 necessarily proper) in an Sy; is not a null vector, it is a Ricci principal direction 
of Vy. 

"'D. J. Struik, Grundztige der mehrdimensionalen Differentialgeometrie in direkter Dar- 
stellung, (1922), p. 166. On the same page the result on Ey’s in an Ey, for which Qj has 
tank 0 or 1 is incorrect. Also, the second equation in Schouten and Struik, loc. cit., p. 215 
and the deductions made from it are fallacious. In all cases, the error which is made is 
*quivalent to omitting the term ef#¢? in (3.9). 
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To prove the converse theorem, we proceed to simplify the left hand member 
of (3.5). It is well known” that the metric tensor has the canonical repre- 
sentation 


N 
(3.6) g” = D ememd' md. 


m=1 
If we let cm) * denote the components in the y’s of the ¢m)d* 
(3.7) ome” = cmd’ yf. 
It follows from (2.3), (3.3) and (3.7) that 


B 
Cm = fap (me (me - 


Therefore 
N 
(3.8) Kf = x €m (mé" ome + eg". 
From (3.6), (3.7) and (3.8) we have 
(3.9) yiyig’ =f" — &e. 
In the coérdinate system X, it follows from (3.7) that 
(3.10) (me = Yin- 
In consequence of (3.9) and (3.10), the condition (3.5) may be written as 
(3.11) Rasy at wt" (tf — e&*#’) = 0, (j # k). 


It is easy to show that a proper V y exists the direction of whose lines of curva- 
ture at A is any given orthogonal ennuple.” Since (3.11) must hold for every 
proper Vy, we may think of .,£*, wé* and &* as any arbitrary orthogonal 
triplet of vectors at A. From these remarks it follows that &* may be replaced 
by m)é* where m is not j or k. This gives 


Rasacn fame (f — meme me) = 0, (j, k, m #). 


In this equation, let m range over the (N — 2) indices different from j and k 
and add the resulting equations to (3.11). We obtain 


(3.12) Rasys aye? ant” [ow re oy i 2, Cm me" me * eT = 


Now 
Rapys cné? ant" le; ¥" mt? + ee an€" aot’) = 0. 





12 Duschek-Mayer, loc. cit., p. 26 and Eisenhart, loc. cit., p. 96. : 

13 A simple proof of this statement appears in a paper by the author entitled The Rie- 
mannian curvature of a hypersurface, Bulletin of the American Mathematical Society, 
April 1938, pp. 253-257. 
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In consequence of this equation and (3.8), (3.12) is equivalent to 
(N — 2) Rass int’ at" Sf = 0. 
Since N > 2, (3.11) becomes 


(3.13) Rest" we wt" t’ = 0, 


where £*, (;)€° and @&* are arbitrary mutually orthogonal vectors. - It remains 
to show that the only V y4:’s obeying (3.13) are spaces of constant curvature. 
After a change of notation, this objective is stated in 

THEOREM 3.2. A necessary and sufficient condition that 


(3.14) Riera @ wd" @r' = 0 


for every orthogonal triplet of vectors yd‘ (t = 1, 2,3) ina Vy (N > 2) is that Vy 
bean Sy. 

This result is closely analogous to a theorem due to Scheuten™ which charac- 
terizes conformally flat spaces. The proof follows. By hypothesis 


gij(yd' qd’ = 0, (t ~ u), 
(3.15) itt (t, u = 1, 2, 3). 
Jii(md (mW = et, 
If Vy is a space of constant curvature, 
Rij = KQxgi — Gig ix) 


and (3.14) is a consequence of (3.15). 
Conversely, let (3.14) be satisfied for every orthogonal triplet of vectors 
wd’. Since aad‘, (€2)A* + esd"), (—~@d* + A’) is such an orthogonal triplet, 


(3.16) Ri jnrayd‘(e2@’ + €s@d*)ay*(— @d’ + wd’) = 0. 


Since the Riemannian curvature of Vy determined by two vectors yu", v’ is 





oa Rieu’ v’ pv! 
(3.17) sisal (Gik Gin — Girgin) mv? wv!’ 
it follows from (3.14), (3.15) and (2.16) that 
(3.18) [wd @‘] = [ma‘, @d'] = Ki. 


“ae orthogonal to qd‘, two vectors .»)d‘, qa‘ exist which satisfy 
(3.15) such that 
f° = aad’ + bad. 
From (3.14), (3.17) and (3.18), 
(3.19) [wr', o] = Ki 
ehaicnsaniaaeiala 


MJ. A. Schouten, Uber die konforme Abbildung n-dimensionaler Mannigfaltigkeiten mit 
quadratischer Massbestimmung auf eine Mannigfaltigkeit mit euklidischer Massbestimmung, 
Mathematische Zeitschrift, vol. 11 (1921), p. 84. 
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Since the assumption that ¢' is orthogonal to qd’ is no real restriction, the 
Riemannian curvature is the same for all orientations which contain any given 
vector «)\'. By repeated use of (3.19) we have 


I, o) = 2, w'] = fH’, ] = [ay vl, 
where the four vectors are arbitrary. Hence Vy has constant curvature. This 
completes the proofs of Theorem 3.1 and Theorem 3.2. 
Theorem 3.1 shows that the mad’ are Ricci principal directions as well as 
lines of curvature of Vy in the Sy4i:. Hence the following canonical repre- 
sentations are valid: 


. 
gi = De Gm (mAs (my; 5 
m=1 
N 
Qi = Do &m Pm (mi (mn) 3 
m=1 


N 
Ri; = > €m Km (m)Ni (m)Aj » 
= 
where the pm and km are principal normal and principal Ricci curvatures respec- 
tively. Since 
Rij (my mh’ 
Gis (my* (myd? 


ne 


and 
Rasy = Ko(farfss — fasfar); 
we find from (3.4) that 


(3.20) Km = €Pm p» pr + (N — 1)Ko. 


It is easy to show that if P and only P of the «’s are equal at a point A, then 
P congruences of lines of curvature at A lie in the linear vector space deter- 
mined by the Ricci principal directions corresponding to the equal «’s. In 
particular, if x; does not equal any of the other x’s, the corresponding congruence 
of Ricci principal directions is also a congruence of lines of curvature. 


4, A subspace V>p of a Vy ina Vy 


Some simple properties of a subspace Vp of a Vy immersed in a V » are de- 
rived in this section. These results (in particular, equations (4.6), (4.7) and 
(4.12)) are used in the subsequent sections. The Vy is defined by the system of 
equations, y* = y°(2x'), and Vp by 2’ = x‘(w’). The first fundamental forms o! 
Vu, Vy and V>p are (2.1), (2.2) and 


(4.1) ds” = hy,dw? dw* 
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the respectively. 'We make assumptions concerning the ranks of the functional 
% F ry ; ; . » 
ven matrices || y% || and || 2, || and the classes of fas(y”), y*(2') and 2x‘(w”) similar p 





to those in §2. Under these conditions the Gauss and Codazzi equations of the 
V, in Vy and Vp in Vy and in Vy are valid. We denote the components of 
any M — N mutually orthogonal unit vectors in V » perpendicular to Vy by 


PS, 


ea is 





























This ot. The components in the y’s of any N — P mutually orthogonal unit 
normals to Vp in Vy are written (yé". The corresponding components in the | 
l as 1’s of these normals are (a)¢* so that ( 
ed t @ 
cul (4.2) @e = @f Yi- i 
Now it is known” that the following equations hold for the imbedding of the 0 


Vyin Vy, Vein Vy and V> in Vy respectively: 


- a * 
Yi {oh vat + De C6 (oink, 


< 


Fea 
a 


« a eh? (i rr 
(4.3) Oe ea y’, Ya + i Co (a) Qpq(a& + pm €a (a)2pq (ay 
By tf o a 
i a - - 
spec- Lipq = -\i) ae + > €a (a)2pq (ayé : 


Here the pi and 13 are the Christoffel symbols of the second kind formed 
f 9 

with respect to (2.1) and (2.2) respectively and 
Co = fast" (ts Ca = fast wt = gis wsi, 


and the 2’s are tensors from which the second fundamental forms of the spaces 
are constructed. Since 





a ay* i 
(4.4) ys = a, 


hen ; . ‘ eid , , 
. it follows by covariant differentiation with respect to the w’s and (4.1) that 
4, e =(y%; i) Zip Tq + Yi, 
jence (45) Vine (us pi tah, vi) «gin Bethea 
Kivi. equations (4.2) to (4.5), ° 
x C4 (a) pg (one” + Do Catatpg aye” = Dy Ce (e)ij Lip Lig nt” + Ly Caer pe ant” 
re a Since the normals are mutually orthogonal, these last equations give the funda- 
‘ wat mental relations 
ms of (4.6) (a) pg - (a) Xp ’ 


(4.7) 


o~ Fy i 
(e)Qpq = (0) QizL pLiq- 


* Eisenhart, loc. cit., p. 160. 
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We now find a useful connection between the coefficients of rotation of certain 
orthogonal ennuples in Vw and the tensors (@)Qpg. Let (mg* and (m¢; be 
the contravariant and covariant components respectively in the z’s of an 
orthogonal ennuple in Vw which has the property that the curves of the P 
congruences (»)¢° which have a point in common with Vpliein Vp. Of course, 
the remaining vectors («)f’ at points of Vp are orthogonal to Vp. At points of 
Vp, the components in the w’s of (»f' are written (»)u* so that 


(4.8) wt = wit"Ze- 
The coefficients of rotation of the ennuple are defined by 
(4.9) Yeim = wSi.i ot" mo”. 
The coefficients of rotation are skew-symmetric in the first two indices, that is, 
(4.10) VYiim + Yiem = 0. 
It follows from (4.8) and (4.9) that at points of V>, 


0 ria rk a ee 
Ypaq = EB (pet) + qu’ hy a Jor i(Q Lis 
g 


Ox? 
Upon simplification of these equations by means of the relation 
(4.11) Xie nfi = 0, 


the equations for the Ypa, become 


ex" ri )t | psig be) 
= M 4 rv 8 . a i. 
Ypaq E at ert, a} (mH CK @s 


It follows from these equations, (4.11) and the last set of equations of (4.3) 
with p, g replaced by r, s that 





(4.12) Ypaq = (a)Srs (ph (a) 
at all points of Vp. 
5. The lines of curvature of a proper Vy in an Sw. 
The Codazzi equations of a Vy ina Vy. are 
Qin — ng = Reswyiy iy re 


It follows easily from the remarks following (3.11) and from Theorem 3.2 that 
these equations assume the form 


(5.1) Q55,% — Qik, 7 —_ 0 


for every Vy if and only if Vyi; is an Syi,. We assume this to be the case. 
If Vy is a proper hypersurface, the second fundamental tensor may be written as 


- 
0; = 2; Cm Pm (m) Ai (m)Aj y 


m=1 
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where, as in §§2 and 3, the cmd’ are the tangents to the lines of curvature of Vy. 
If one of the pm does not equal any of the others, it is called a simple principal 
normal curvature. The Codazzi equations (5.1) become 


N 


DY em [lm (cmp Disk Gm) Az (omy Ai (my Aj, — (mm) Vi,j (om) Ne — (mya (my, 3) 
m=) 
+ (om, (my Xi (mj — mj (mi (myAn)] = O. 


We multiply these last equations successively by (nyA‘ (yA? (mA* and ¢nyA‘ (ny A? cy" 
and sum for7,j and k. This gives 


(5.2) Yinm(Pn nes pi) = Ymni(Pn -— Pm); (n, l, m #), 


Opn 


2 Ag (po: — Pn) inn, 


(5.3) Cn 
where dp,/@s; is an intrinsic derivative and is equal to pn.;;y\’. The two rela- 
tions (5.2) and (5.3) will be used frequently in what follows. Since the (m)d‘ 
are an orthogonal ennuple and Q;;, — Qix,; is skew-symmetric with respect 
to the indices j, k, it follows that (5.2) and (5.3) are equivalent to (5.1). This 
fact and the remarks at the beginning of this section prove 

THEOREM 5.1. The only Riemann spaces in which (5.2) and (5.3) hold for 
every proper hypersurface are the spaces of constant curvature. 

We now suppose that P(1 < P < N) of the congruences ;,)\'‘ lie in ©” Vp 
and the corresponding p, do not equal any of the remaining p.. Of course, the 
@A are normal to the Vp. The equations of imbedding of the Vp are x’ = 
x'(w’, c’) where the c’ are arbitrary constants. If the components in the w’s 
of the ;A* are written 7%, it follows from (4.12) that 


(5.4) Ypag = (a)Qre (1 (7 
throughout Vy. It follows from (5.4) that 
(5.5) 


Ypaq = Yaap - 


Indeed (5.5) is equivalent to the hypothesis that the ‘aA’ are orthogonal to 
«* Vp as was shown by Levy.”* It follows from (5.5) and (5.2) with 1, n, m 
replaced by p, a, g respectively that either 


(5.6) Yraqg = 0, (p ye q); 

« Pp = py, Since pa is different from p, and p,. But if pp = p,, we have from 
(5.2) with l, n, m replaced by a, p, q respectively that (5.6) also holds. Hence, 
from (5.4) and (5.6) 


P 
(5.7) (a) Qrs = 2. Yoaq (a) Mr (a) Ns - 
q= 


—___ 


'°H. Levy, Normal congruences of curves in Riemann space, Bulletin of the American 
Mathematical Society, vol. 31 (1925), p. 41. 






























772 AARON FIALKOW 


Thus the «7 and (m’ are lines of curvature of the Vp for the normals wr! 
and hence for any normal in Vy. This proves 

TueoreM 5.2. If P congruences (q)d' of lines of curvature of a proper Vy in 
an Sy41liein ~* “Vp, where 1 < P < N, and the corresponding p, do not equal 
any of the remaining N — P principal normal curvatures, then the (qd are lines 
of curvature for the Vp for any normal in Vy. 

For P = N — 1, this theorem shows that if (~)\‘ ts a normal congruence and 
pw is simple, the remaining lines of curvature of V y are also lines of curvature of the 
V y-1’s orthogonal to (yy\'. This result may be applied to the case where ,y)d' 
is a geodesic congruence and py is not constant. For it will be shown later” 
that in this case :y)\‘ is also normal. 

According to (5.3) and (5.7), 


P 
a Op. 
(5.8) (a)Q,s = y €q =i f (py Pa) “(Nr (@Ns- 
q=1 OS8a 


Hence the Vp of Theorem 5.2 are totally geodesic if and only if dp,/ds. = 0. 
The condition” that a curve .y)\' of an orthogonal ennuple be a geodesic is that 


Yinw = 0 


along this curve. If C is a line of curvature corresponding to py , we note that 
C is orthogonal to the hypersurfaces, py = constant, if and only if dpy/ds, = 0 
(r= 1,2,---,N-—1). From this observation and the last equation and (5.3) 
we easily prove 

TueEoreM 5.3. If C is a geodesic line of curvature of a proper Vy in an Sy 
corresponding to the principal normal curvature py , then either py is a constant or 
C is orthogonal to the hypersurfaces of V y on which py is constant. If py is simple, 
the converse is true. 

The results stated above are all properties of the lines of curvature of the Vy 
and hence depend upon the manner in which Vy is imbedded in Sy. How- 
ever, by means of Theorem 3.1, it is sometimes possible to determine geometric 
properties of the Ricci principal directions from the character of the lines of 
curvature. Such properties are intrinsic necessary conditions that a proper 
imbedding of a Vy in an Sy4; exist. In particular, it gives necessary conditions 
that a Vy be proper and of class one. As an example, we prove the following 
analogue of Theorem 5.2: 

TuroreM 5.4. If P congruences (a ¢' of Ricci principal directions of a proper 
Vy in an Sy lie in ©* "Vp, where 1 < P < N, and the corresponding Ricci 
principal curvatures xq are simple, the (4)¢' are also Ricci principal directions of the 
Vp as well as lines of curvature of the Vp for any normal in Vy . 

The proof follows. By Theorem 3.1, every line of curvature is also a Ricci 
principal direction of Vx. But from the concluding remarks of §3, it is seen 





17 Cf. Theorem 5.3 infra. 
18 Kisenhart, loc. cit., p. 100. 








that 


that 


5.3) 


S vit 
nt or 
nple, 


< Vy 
low- 
etric 
es of 
oper 
tions 
wing 


roper 
Rice 
of the 


Ricci 
seen 


HYPERSURFACES OF SPACE OF CONSTANT CURVATURE 773 


that, conversely, the qe are also lines of curvature (.)\' of Vy and that the 
remaining lines of curvature (a)\° of Vy lie in the linear vector space determined 
by the Ricci principal directions ({' at each point. Since the ,o{'(= ,)A‘) 
liein ©” “Vp, it follows from Theorem 5.2 that the ,.»¢' are lines of curvature 
of the Vpforany normalin Vy. _ 

It remains to show that the (»{* are Ricci principal directions of the V >. 
The Gauss equations for any Vp in Vy are 

N 


(5.9) Roars = p> . €a( (a) pr (2)Qgs r (a) Qype (a) Qgr) + Rix’, site x , 


where Rygrs is the Riemann curvature tensor of Vp. Since the («),. satisfy 
(5.7), a coérdinate system {w”} exists at any point A of Vp such that the co- 
ordinate directions are tangent to the (»)\‘ and 


hop = €p; Rye = 0,7 
(5.10) wale A (p~q;a=P+1,P+4+2,...,N). 
(a)Qpq = 9, 
From (5.9) and (5.10), we obtain at A in the codrdinate system {w”} 
(5.11) Re = Rit’, v7, 2 2',h™, (q ” r), 


where Ry = h”* Roore is the Ricci tensor of Vp. Proceeding as in the deriva- 
tion of (3.9), we find 


N 
aah? =g" — Do eaad' cdr’. 
a=P+1 
Hence (5.11) becomes 
N 
(5.12) Ro = Rik @ wo — > a Ca Riki @ Ow; (q ~1r), 
a=P 


since z', = (» A’ in the codrdinate system {w”}. 
The Gauss equations for Vy in Sya1 


(5.13) Rijer = eC(QUQ i — QuQ ye) + Kol(gugit — Gig ix) 
show that 
(5.14) Rijei@' @ wm @ = 0, 


since Q;;¢myA‘ @yd’? = O when m ¥ n. By hypothesis A’ and wa’ are Ricci 
principal directions of Vy. Hence 

(5.15) Riz@ md = 0. 

It follows from (5.12), (5.14) and (5.15) that 


Rw = 0, (q # r), 


which shows that the coordinate directions ,.)\° are Ricci principal directions 
of Vp. 
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Thus the (7 and pd’ are lines of curvature of the Vp for the normals ,,)\' 
and hence for any normal in Vy. This proves 

TuroreM 5.2. If P congruences (d' of lines of curvature of a proper Vy in 
an Swyiiliein o* "Vp, where 1 < P < N, and the corresponding p, do not equal 
any of the remaining N — P principal normal curvatures, then the (@d’ are lines 
of curvature for the Vp for any normal in Vy . 

For P = N — 1, this theorem shows that 7 , yd’ is a normal congruence and 
py is simple, the remaining lines of curvature of V y are also lines of curvature of the 
V y-1’s orthogonal to ,y)d'. This result may be applied to the case where ,,)\' 
is a geodesic congruence and py is not constant. For it will be shown later” 
that in this case :y)\‘ is also normal. 

According to (5.3) and (5.7), 


> 


= Op, 
(5.8) (a)Qrs ™ Le 122 [| (04 = Pa) * *(q) Nr (@)Ns - 
- 


Hence the Vp of Theorem 5.2 are totally geodesic if and only if dp,/ds. = 0. 
The condition” that a curve ,y)\' of an orthogonal ennuple be a geodesic is that 


Yinw = 0 


along this curve. If C is a line of curvature corresponding to py , we note that 
C is orthogonal to the hypersurfaces, py = constant, if and only if dpy/ds, = 0 
(r = 1,2,---,N-—1). From this observation and the last equation and (5.3) 
we easily prove 

TueoreM 5.3. If C is a geodesic line of curvature of a proper Vy in an Sy+ 
corresponding to the principal normal curvature py , then either py ts a constant or 
C is orthogonal to the hypersurfaces of V y on which py is constant. If py is simple, 
the converse is true. 

The results stated above are all properties of the lines of curvature of the Vy 
and hence depend upon the manner in which Vy is imbedded in Sy4:. How- 
ever, by means of Theorem 3.1, it is sometimes possible to determine geometric 
properties of the Ricci principal directions from the character of the lines of 
curvature. Such properties are intrinsic necessary conditions that a proper 
imbedding of a Vy in an Sy,; exist. In particular, it gives necessary conditions 
that a Vy be proper and of class one. As an example, we prove the following 
analogue of Theorem 5.2: 

ie 5.4. If P congruences (a ¢' of Ricci principal directions of a proper 
Vy in an Syx lie in o* *Vp, where 1 <P < N, and the corresponding Ricci 
principal curvatures x, are simple, the a ¢* are also Ricci principal directions of the 
Vp as well as lines of curvature of the Vp for any normal in Vy . 

The proof follows. By Theorem 3.1, every line of curvature is also a Ricci 
principal direction of Vy. But from the concluding remarks of §3, it is seen 





17 Cf. Theorem 5.3 infra. 
18 Kisenhart, loc. cit., p. 100. 
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that, conversely, the @s* are also lines of curvature (\‘ of Vy and that the 
remaining lines of curvature (a)\’ of Vy lie in the linear vector space determined 
by the Ricci principal directions ()* at each point. Since the (»{‘(= A’) 
lie in 2” “Vp, it follows from Theorem 5.2 that the ,«{" are lines of curvature 
of the Vp for any normal in Vy. 

It remains to show that the ,~¢* are Ricci principal directions of the Vp. 
The Gauss equations for any Vp in Vy are 

N 


(6.9) Rog = p> ; €a((a)2pr (a) ge — (a)Qpe (a) Qgr) + Rijnrr'y xi, 2'y 2, 


where Rygrs is the Riemann curvature tensor of Vp. Since the ()2,, satisfy 
(5.7), a codrdinate system {w”} exists at any point A of Vp such that the co- 
ordinate directions are tangent to the (»)\* and 


hop = @p, hpqg = 0, 


(5.10) (pAq;a=P+1,P+2,---,N). 
(a)Qpq = 0, 


From (5.9) and (5.10), we obtain at A in the coédrdinate system {w”} 


(5.11) Ro _ Rix’, 2,22 h™, (q # r), 


where R,, = h”* Rygre is the Ricci tensor of Vp. Proceeding as in the deriva- 
tion of (3.9), we find 


N 
#28" = g’ ao py €a (a) @). 
a=P+1 
Hence (5.11) becomes 
N 
(5.12) Re = Rix (@\’ wr — > a Rizx (aA @r’ wr‘ @, (q # r), 


a=P+1 


since z', = (\’ in the coérdinate system {w”}. 
The Gauss equations for Vy in Swa1 


(5.13) Rij = (Qu Qj — QuQ jy.) + Ko(gugi — GG ix) 
show that 
(5.14) Rijei@d' @’ om wd = 0, 


since Qs i¢myA* (ny? = 0 when m = n. By hypothesis @s' and wr" are Ricci 
principal directions of Vy. Hence 

(5.15) Riz@d’ wd" = 0. 

It follows from (5.12), (5.14) and (5.15) that 


Ry = 0, (q #71), 


er shows that the coédrdinate directions ,,\* are Ricci principal directions 
rV,, 
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6. Several equal principal normal curvatures 
We now consider the case where P(1 < P < N) and only P of the principal 
normal curvatures are equal to the same point function, i.e., 
(6.1) Po = Pp. 


All points of such a Vy are partially umbilical. It follows from (5.2) with 
l, n, m replaced by a, p, q and (4.10) that (5.6) is true. Hence, the conditions 
(5.5) that the (‘ lie in ©” ” V> are satisfied. Since (5.8) is valid in this case 
and the metric tensor h,, may always be written as 


P 

(6.2) hys = > €q (a) Mr (a) Ms 
= 

it follows from (5.8) and (6.1) that 


is dns op fs 
(6.3) (a) Qre = 2 / (p Pa) hrs. 


Hence the Vp are umbilical in Vy. They are totally geodesic in Vy if and 
only if 


(6.4) 


But we find from (6.1) and (5.3) with 1, n replaced by p, q respectively that 


dp 
m5) — == 
(6.5) i 


Hence (6.4) is equivalent to p = constant. Also, from (6.5), we deduce that 
p is constant on each Vp. 

According to (6.1), the coefficients of the second fundamental form of Vy 
in Sy; may be written as 


N 


P 
(6.6) o4 i; = Oj = De egoq@didi + a €a Pa (a)Ni(a)Aj- 


q=l 


From (4.6) and (6.3) we have for the Vp considered as subspaces of Sy41 
ss dp rd 

6.7 oa = — —™ Pa) *llrsy 

(6.7) (ay = (o — pa)-h 

and from (4.7), (4.11), (6.2) and (6.6) 


(6.8) (v4 nQrs = pls . 


Hence the V> are umbilical in Sy,,. They are totally geodesic in Sw41 if and 
only if p = 0. The Gauss equations of the Vp in Sy; become 


N 


vs 2 
(6.9) R pare = ( » Ca (2 /% sai r)) + ep. + ki.) (hpr has ith hys Nar) 


a=P+1 
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after account is taken of (6.7) and (6.8). Therefore, if P > 2 or p is a constant, 
the Vp are spaces of constant curvature. This proves 

TuzorEM 6.1. Let P and only P(1 < P < N) of the principal normal curva- 
tures of a proper Vy tn an Swi be equal to the same point function p. Then the 
lines of curvature corresponding to p lie in ~* Vp which are umbilical in S N41 
If P > 2, the Vp are Sp. The value of p is constant on each Vp. The Vp are 
totally geodesic Sp in Vy af and only wf p is a constant. They are totally geodesic 
in Svs of and only of p = 0. 

Some of the results stated in this theorem and Theorem 5.3 were obtained 
previously by Struik.” As a special case of the above theorem, let P = N — 1 
and p = 0. It follows that the corresponding Vy contains ©'Sy_; which are 
totally geodesic in Sy41. It is known” that these Vy’s are the developable 
hypersurfaces of Sy441. 

The second fundamental form of the developable Vy in Sy4, is 


(6.10) Q3; = enpycnydicny); - 
If the Sw41 is defined by™ 


nee _ 

K,’ 
where the e’s are +1 or —1, the variation of the normal é to Vy in Sw4, is 
given by” 
(6.11) £5, = —O,9""2%., (r =1,2,---,N +2). 
From (6.10) and (6.11), 


12 
€Q:2 + +++ + Cni2z 


a pr’ = 0. 


Since the N — 1 orthogonal vectors ,)d’ lie in the Sy-1’s of Vy, it follows that 
the normal to V y is displaced parallel to itself for all directions in any fixed Sy . 

If Sy is the osculating geodesic hypersurface of Vy at a point A lying in an 
Sy.of Vy, Sy contains Sy_,. Since the normal to Sy is also displaced parallel 
to itself and coincides with £ at A, it follows that normals to Sy and Vy co- 
incide at all points of Sy-1. Hence the osculating Sy is the same at all points 
Sy. This is the well known characteristic property of developable hyper- 
surfaces, 

We now apply the results of Theorem 6.1 to a special case which arises in the 





" Struik, loc. cit., p. 142. 

* Struik, loc. cit., pp. 126, 144 and C. Burstin, Beitrdge zur mahrdimensionalen Differen- 
tialgeometrie, Monatshefte fiir Mathematik und Physik, vol. 36 (1929), p. 98. Levy appar- 
ently overlooked these hypersurfaces in his theorem that the lines of curvature of an Sy 
inan Sy,1 are indeterminate (cf. H. Levy, Tensors Determined by a Hypersurface in a Rie- 
mann Space, Transactions of the American Mathematical Society, vol. 28 (1926), p. 693). 

"If Ko = 0, we use the cartesian codrdinates of the flat Sy,: to obtain equations anal- 
gous to (6.11). 

" Kisenhart, loc. cit., p. 211. 
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classification of Einstein spaces Ey in an Sy4i1. We suppose that two of the 
principal normal curvatures of a proper Vy in an Sw4: are constant and neither 
is simple. Let p and p’ be the two unequal constant curvatures so that” 


Pg = P; 
(6.12) 


Pe = P- 


It follows from Theorem 6.1 that the ,.)A‘ and (od‘ lie in ©” "Sp and «0%? 


So-p respectively which are geodesic in Vy. From (6.9), the Sp and So_p 
have Riemannian curvatures 


(6.13) K, = ep + Ko 
and 
(6.14) Kz = ep” + Ko 


respectively. We shall later show the existence of a codrdinate system {a"} in 
which 


(6.15) a(x’) = 0 
and the equations of the Sp and Se_p become 
(6.16) soz 
and 

(6.17) =e 


respectively. Hence the first fundamental form of Vy is“ 
(6.18) ds’ = gp(x")dx dx? + geo(x*)dx‘ dx” + gui(x’)dx’ dx’ 


where gp_(2") and g.9(x*) are the first fundamental forms of an Sp of Riemann 
curvature K, and an Se_p of Riemann curvature Ke respectively. According 
to (6.12), the coefficients of the second fundamental form of Vy in Sw: satisfy 
(6.19) Qpq = PI pa » Qe = p' Ge, 

Qi» => 0, 


in the codrdinate system {2'}. 





23 The indices ¢, 0, ¢; v; w have the ranges P + 1, P + 2, --- , Q;1,2,-:-,P,Q4+1, 
Q+2,---,N;Q+1,Q+2,---,N respectively. The ranges of the other indices are 
as before. It is assumed that2< P+1<QsSN. 

24 When the first fundamental form of a Vy is 


ds? = gy(x")dx?dxt + gas(x')dx*dz?, 


where g,,(x*) are functions of the variables z* only, the subspaces, z* = constant, are 
totally geodesic in Vy. Cf. E. Bompiani, Spazi Riemanniani luoghi di varieta totalmente 
geodetiche, Rendiconti di Palermo, vol. 48 (1924), p. 124. 
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From (6.18), by direct calculation we find that 
Repog = Q. 
It follows from the Gauss equations (5.13) for Vy and from (6.19) that 
(6.20) epp’ + Ko = 0. 
We consider two cases: , 
(i) K) #0. According to (6.20), neither p nor p’ can be zero and p’ is uniquely 
defined by p. Hence Vy can have at most two different constant non-simple 


principal normal curvatures. From (6.13), (6.14) and (6.20), the corresponding 
Riemann curvatures of Sp , Se_p and Vy are all different from zero and satisfy 


Brrigo Big ft 

K, Ke Ky 

Ifall the principal normal curvatures are constant and none are simple, it follows 
that Q = N and the first fundamental form (6.18) of Vy is 

ofius e(dz')? + ..- + ep(dx”)? 


12 
[1+ Bae” +... + oa"| 


(6.21) 





6.22 
(6.22) epss(dx"™)? + .-. + ev(dx”)’ 


3? 
E A ery? +... + ena) | 





a 


whereeach eis +lor—1. Conversely, a Vy defined by (6.22) may be imbedded 
inan Sy,; whose Riemannian curvature is given by (6.21) by means of the 
algebraic equations 


Qz) + +e. bepye = x 
(6.28) (K, K2Ky 0), 
does ght? £08 + Cie gt? an Le 
Ke 
Where the e’s are +1 or —1 and the Sy, is defined by 
1 
ez" + ese + ons = K 


The z’s are the point coérdinates of Weierstrass.” Since N = 4 and pp’ # 0, 
the Vy is indeformable in Sy4;. The equations (6.23) show that Vy may also 
be considered as the intersection of two hypercylinders in a flat space of N + 2 
dimensions. 

(ii) Ky = 0. According to (6.20), there cannot be two different constant 
non-zero principal normal curvatures which are not simple. If p = 0, it follows 


ee Me 5 om 


* Eisenhart, loc. cit., pp. 204-207. 
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from (6.13) that K, = 0. If all the principal normal curvats7es are constant 
and none are simple, Q = N and the first fundamental form of V y is (6.22) with 
K, = 0. This Vy may be imbedded in a flat space of N + 1 dimensions by 
means of the equations 


= 7! 


ai ous +++ + en20t™ 7 - (Ke # 0), 
2 

where the e’s are +1 or —1 and the z’s are cartesian codrdinates of the flat 
space. Thus Vy is a spherical hypercylinder of the flat space. It is inde- 
formable if N — P > 2. Some of the above results are stated in 

THEOREM 6.2. [If the principal normal curvatures of a proper V y in an Sy., of 
Riemann curvature Ko are constant, not all equal and none are simple, then P of the 
principal normal curvatures have one value and the remaining N — P have another 
value (P is any integer so that! < P< N— 1.) Vy contains »* ’S, of 
Riemann curvature K, and, in to the Sp, ©” Sy_p of Riemann curvature 
K.. 9K. #04424 = sandy K = 0, Ki = Vand Ky #0. The 8, 

Ki, Ke z 

and Sy_p are totally geodesic in Vy. Conversely, each Vy of this kind can be 
imbedded in an Syii. The first fundamental form of Vy is given by (6.22) and 
Vy ts imbedded in Sy41 by means of the algebraic equations (6.23) or (6.24). 

In order to complete the proof of this theorem, the existence of the codrdinate 
system {x'} in which (6.15), (6.16) and (6.17) hold is now proved. From (6.12), 
as was shown in the proof of Theorem 6.1, it follows that 


Yrq = 0, (pq), 
Ye = 0, (e a 6). 


But these relations satisfy the conditions” that the systems of equations 


0 
(6.25) ow = 

Ox 
and 

i Og 

6.26 \r\ == 
(6.26) or a 
each form a complete system. Let f’*t, f?*?,...,f* andg',g’,---,9°, 9° 5 


g°**, --- ,g” denote independent solutions of (6.25) and (6.26) respectively. 
It is clear that f* = c* and g’ = c’ where the c’s are arbitrary constants are the 
equations of the Sp and Se_» which contain the ,»* and jd’. 

By a coordinate transformation, we may write the solutions of (6.26) as 


(6.27) g =a’. 





6 Hisenhart, loc. cit., p. 125 ex. 7 or the first citation to Levy. 
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If R of the f* are independent of these solutions, we may write these as 
r* = ,PH rr er... f° ov 
Of course, R < Q else there would be more than N independent variables. We 


shall show that R = Q. The remaining independent solutions of (6.25) may 
be chosen as functions of the x” only. Hence for these solutions (6.25) becomes 


» F 
(6.28) (p)» an” = 0 


Now, from (6.26) and (6.27), we have 
(6.29) @a = 0. 


t 
i 


Since the matrices 














ms and || (»A' || have ranks Q and Q — P respectively, 
(€) 


it follows from (6.29) that the rank of || ;»)” || is P. Therefore there are N — Q 
independent solutions f(z") of (6.28), i.e., of (6.25), which are functions of the 
r. Since the f*(z’) are also solutions of (6.26), by means of a codrdinate trans- 
formation of the 2’, the f*(x”) may be written as x’, 2°’, ... , 2%. Hence 


R = Q and the independent solutions of (6.25) may be chosen as 
(6.30) f = 2. 


In this codrdinate system {2*}, (6.16) and (6.17) hold. 
Now from (6.25) and (6.30), 


(6.31) (p)r” = 0. 


By hypothesis, gi; eA‘ pA’ = 0. It follows from (6.29) and (6.31) that gog..d° 
wd’ = 0. Since | ~)° | ¥ 0, | ~@aA*| ¥ 0, this last equation is equivalent to 
(6.15). This completes the proof of Theorem 6.2. 


7. Einstein spaces Ey in an Sy4: 


Some of the results of the preceding section are now applied to obtain a com- 
plete classification of the proper Einstein spaces Hy in an Sy4:. Most of these 
results were previously announced without proof.” An Ey is defined as a 
Riemann space V y whose mean curvature x is a constant at each point, that is, 


(7.1) Ri; = —kgij- 


iN > 2, xis a constant throughout the space. The case N = 2 presents no 
problem since every V2 is also an E,. Neither do we consider the case N = 3. 
For every E3 is an S; and the possibility and manner of its imbedding in a given 
S,is well known. We therefore suppose N = 4. 

We note that the assumption that Ey be proper is really restrictive. For 


Einstein spaces EZ, with x = 0 exist whose first fundamental form is indefinite 
LSD 


"4, Fialkow, Einstein spaces in a space of constant curvature, Proceedings of the Na- 
tional Academy of Sciences, January 1938, pp. 30-34. 
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which may be imbedded in a flat space S; so that all the lines of curvature are 
tangent to null vectors. Thus, for example, the H, whose first fundamental 
form is” 


ds’ = 4[dz'da” + dada’ + (2'dz' + x°dz’)’] 
may be imbedded in the flat S; whose first fundamental form is 
ds’ = dy” — dy” + dy” — dy* + dy” 


by means of the equations 

y i x! +> x’, y° - x i‘. a y? oa Po 2. 
y =a —7Z, y=a2—-—-2, 
It is easy to verify that the tangents to the lines of curvature are all null vectors 
in the pencil determined by the null vectors having components (0, 1, 0, 0) and 
(0, 0, 0, 1). 

We begin the classification of proper H'y’s in an Sy4, by recalling a necessary 
condition on the first fundamental forms of Syi: and Ey. If s is the signature 
of the first fundamental form of Ey, it is readily seen” that the signature of 
the first fundamental form of Sy; must be s + e where, as usual, e is defined by 
(2.5). We assume that this condition is satisfied in what follows. 

Since xm = « for an Ey, (3.20) becomes 


(7.2) K = €pm 2. pe + (N — 1)Ko. 
km 


We solve these equations for the p». There are several cases to consider. 
One solution is obtained when all the ‘p» are equal to p. From (7.2), we find 


(7.3) p = (yt rl —_ Ky). 


Since p must be real, this is a solution only if 

(a) ex > e(N — 1)Ko 
or 

(b) k = (N — 1)Ko. 


Since (7.2) is equivalent to 


Pr: Dy Pk = pr Dy Pe = -** = pw 2 me = elk — (N — 1)Kil 
kAl kx2 kN 








28 This EZ, is a member of a set of E,’s of class one which were studied by Brinkmann in 
another connection. Any non-flat E, of this set must be an improper hypersurface of a 
flat S; in accordance with Theorem 7.3. Cf. H. W. Brinkmann, Conformal mapping of 
Einstein spaces, Mathematische Annalen, vol. 94 (1925), pp. 140-141. 

*® For example, cf. Eisenhart, loc. cit., p. 188. A similar result applies to any Vy ina 
Vysi. If the first fundamental form of Vy,: is positive definite, s = N ande = +1. 
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¢ two of the pm are unequal (e.g., p: * pw) it follows that 

(7.4) pe t+pst--+ tpwi=0, pipy = elk — (N — 1)Kol, 

(7.5) pe — (p1 + pw)pe + pipw = 0 (¢ = 2,3,---,N — 1). 
According to (7.5), each p; is equal to either p, or py. If P of the principal 
normal curvatures, pi, p2, --- , pp have the value p and the remaining N — P 


principal normal curvatures ppii1, ppi2,--- , pw have the value p’, it follows 
from (7.4) that 


(P — 1)p + (N — P —- 1)p’ = 0, 


si Sir be (l1<P<N-1), 
(76) Bm —_s Ve WW — 1)Ke — 4), | 





ifx — (N — 1)Ko ¥ O and 
P=WN-1, 
p = 0, p ~ 0, 


~I 
— 


if (b) is satisfied. Since p is real in (7.6), this solution exists only if 
(c) ex <e(N — 1)Ko. 


We call an Hy an Einstein space of type (a), (b) or (c) according as it satisfies 
(a), (b) or (ec). The above discussion proves that a proper Einstein space of 
type (a) in an Sy4; has indeterminate lines of curvature and hence is a hyper- 
sphere whose normal curvature is given by (7.3). If K is the constant Riemann 
curvature of the hypersphere, it follows easily from (a) that eK > eKy. If Ey 
is of type (b), it follows from (7.3), (7.7) and (6.10) that Ey is either a totally 
geodesic or developable hypersurface of Sy4:. Its Riemann curvature is 
also Ko . 

If (¢) is satisfied, Ey has two unequal principal normal curvatures p and p’ 
at each point. Since the normal curvatures are defined by (2.7) and g;; and 
Q;;are continuous functions of the 2’s, it follows that both p and p’ are continuous 
point functions. But there are only a finite number of solutions of (7.6) for 
pand p’ and these solutions are distinct and constant at all points of the space. 
Hence p and p’ are constant throughout Ey and the results of Theorem 6.2 apply. 
From (6.20), (7.2) and the first equation of (7.6), we find that 


(7.8) gm (N= DE .. 
If this value of x is substituted in (c), it follows that 


(7.9) eKy > 0. 
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Also Ey contains ©” ~’Sp of Riemann curvature K, and ’Sy_p of Riemann 
curvature K which are totally geodesic in Hy. From (6.13), (6.14), (7.6) 
and (7.8), 


Ky = Ko, 


Pi 
_ N-2 
' N-P-1 


It is easy to see that if either K, or Ke does not satisfy these relations the result- 
ing Vy isnot an Hy. Thus the Einstein spaces of type (c) are the only Ey’s 
containing o” "Sp and »”Sy_p which are totally geodesic in Ey. We state 
these results in 

THEOREM 7.1. Let Ey(N 2 4) be a real Einstein space of mean curvature « 
which is a proper hypersurface of a real space Sw4: of constant curvature Ky. 
Let the signatures of the first fundamental forms of Ey and Sys: be s and s + e 
respectively. If 

(a) ex > e(N — 1)Ko, then Ey is an Sy of Riemann curvature K where eK > 
eKy. Conversely, each Ey of type (a) can be imbedded as a hypersphere of Sy; 
and has indeterminate lines of curvature and constant normal curvature. 

(b) x = (N — 1)Ko, then Ey is an Sy of Riemann curvature Ky. Each Ey 
of type (b) can be imbedded either as a totally geodesic or as a developable hyper- 
surface of Sw4i. 

(c) ex < e(N — 1)Ko, then eKy > Oand x = (N — 2)Ko. Ey contains «*’S> 
N-—-2 
P-1 
Ko. (P is any integer such that1 < P < N.) The Sp 


Ke Ko ‘ 


of Riemann curvature K, and also, orthogonal to the Sp, ©” Sy_p of Riemann 


N-2 

N-P-1 

and Sy-_p are totally geodesic in Ey. Each Ey of type (c) can be imbedded in 

Sw41. The principal normal curvature of Ew has one constant value on all the 
Sp and another on all the Sy—p . 

The result stated in (a) was recently proved by Thomas” and Cartan” subject 
to the restriction that Sy4: is a Euclidean space. The theorem in (b) was 
proved by Kasner™ for a Euclidean S; and for a Euclidean space of any dimen- 
sionality by Schouten and Struik.* These writers were also in possession of the 
essential facts for type (a). Eisenhart™ showed that the result (b) is true in 


curvature 





80 T. Y. Thomas, On closed spaces of constant mean curvature, American Journal of Mathe- 
matics, vol. 58 (1936), pp. 702-704. 

tT. Y. Thomas, Extract from a letter from E. Cartan concerning my note: On closed spaces 
of constant mean curvature, American Journal of Mathematics, vol. 59 (1937), pp. 793-794. 

2 KE. Kasner, The impossibility of Einstein fields immersed in a flat space of five dimensions, 
American Journal of Mathematics, vol. 43 (1921), p. 126. 

33 Schouten and Struik, loc. cit., p. 215. 

34 Eisenhart, loc. cit., pp. 199-200. 
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any flat space. The existence of Einstein spaces of type (c) is proved here 
for the first time. The possibility of an E, of type (c) in a Euclidean S; was 
first indicated by Kasner.” He asked the question whether such E;’s actually 
existed. It follows from the above theorem or from (7.9) that the answer to 
this question is in the negative, that is, 

ToeorEM 7.2. There are no Einstein spaces of dimensionality N = 4 of 
negative mean curvature which are hypersurfaces of a Euclidean space. 

It is seen from (7.9) that there is an analogous theorem for spaces of constant 
negative curvature whose first fundamental form is positive definite. Another 
immediate result of Theorem 7.1 is 

TueorEM 7.3. Every Einstein space of dimensionality N = 4 which is a proper 
hypersurface of a flat space is a hypersphere, hyperplane or developable hypersurface. 

It is clear that there are only a finite number™ of Ey’s of type (c) in any Sw.1 
(except for a motion in the Sy4:). All of these Einstein spaces have the same 
mean curvature according to (7.8). We note this fact in 

THEOREM 7.4. The mean curvature of a proper Ey which is not an Sy in an 
Syi1 of Riemann curvature Ky is (N — 2)Ko. 

The first fundamental form and the equations of the imbedding of an Ey 
of type (a) or type (b) in an Sy4; are known. According to Theorem 6.2 and 
Theorem 7.1, the corresponding results for type (c) are 

TaeorEM 7.5. The first fundamental form of an E y of type (c) may be written as 


ts e:(dx')* + ... + ep(dzx”)’ 
9 2 2 P 
1 +p (e.x° +-- + epx” | 





P 
epss(dx"*?)’ + eee + en(dx”)* 


N-2 K ; ” 
E + oO ETT (epyi2?™ + +++ + eno") | 


whereeacheis +lor—1. This Ey in an Sy4, is indeformable and is imbedded in 
the Syi1 by means of the algebraic equations 


a 





P—-11 
Q2 +e. beeps = N-—2 K,’ 
N-P-1 1 
erat +. tenet = We, 
where the e’s are +1 or —1 and the Sw41 is defined by 
1? N+22 1 
Zz eee é Zz a 
az + + eni2 K, 


“E. Kasner, Geometrical theorems on Einstein’s cosmological equations, American Jour- 
"a Mathematies, vol. 43 (1921), p. 219. 
* The number of Ey’s of type (c) is }(N — 2) or }(N — 3) according as N is even or odd. 


of 
: 

- 
DA 
BP 
Ag 
ii 
ns 


—— 
ae Se 






ee : 
ae 


Ses 
eons 


“= 
Fer Se 


Se 


= 
oa = 


> 





ae 


Kt; 
i | 


























784 AARON FIALKOW 


Thus an Ey of type (c) is also the intersection of two spherical hypercylinders 
in a flat space of N + 2 dimensions. For N = 4, this situation was discussed 
by Kasner” who showed that the E; whose first fundamental form is 


dx + da” 4 dx” + dx” 


E + z (ac + | E ~ - (a* + 2*y[ 


may be imbedded in a Euclidean Ss by means of equations analogous to those of 
Theorem 7.5. 

He also found that this space is the only E, whose first fundamental form is 
the sum of two forms, one involving only P of the variables, the other involving 
the remaining 4 — P variables. When the first fundamental form of a Vy 
may be written as 


(7.10) ds” = gy (x")dx? dx" + gar(x")dx* dz’, 





the form is called separable and the two forms g,,dx"dz' and gsdx"dz’ are called 
its components. As shown by Bompiani, the necessary and sufficient condition 
that the subspaces x” = constant, as well as the subspaces, z* = constant, be 
totally geodesic in Vy is that the first fundamental form of Vy may be written 
as (7.10). It follows from Theorem 7.5 that the first fundamental form of an 
Ey of type (c) is separable and each component represents a space of constant 
curvature. However, as contrasted with Kasner’s result, if N > 4 other Ey’s 
than those of type (c) exist whose first fundamental form is separable. As this 
subject is not directly connected with the matter now being considered we sim- 
ply state the result without proof. 

THEeorEM 7.6. If the first fundamental form of an Einstein space of mean 
curvature x ts separable, each component is the first fundamental form of an Einstein 
space of mean curvature x. If one component involves only one differential, x = 0. 
Conversely, only the first fundamental forms of Einstein spaces are separable in this 
manner. 

By a repeated application of this theorem, we may obtain an obvious general- 
ization which applies to an Ey whose first fundamental form is separable into 
more than two components. 


8. Algebraic characterization of Einstein spaces Ey in an Sy4+1 


Closely related to the problem of finding the first fundamental form and the 
actual imbedding of an Fy in an Sy4; as considered in the preceding section is 
the algebraic characterization of such spaces. In a recent paper, Allendoerfer 





7h ‘tr, An algebraic solution of the Einstein equations, Transactions of the Amer- 
ican Mathematical Society, vol. 27 (1925), pp. 103-104 and Separable quadratic differential 
forms and Einstein equations, Proceedings of the National Academy of Sciences, vol. 1! 
(1925), pp. 95-96. 

88 C. B. Allendoerfer, Einstein spaces of class one, Bulletin of the American Mathe- 
matical Society, vol. 43 (1937), pp. 265-270. 
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gave such a characterization of the Hy’s with « # 0 which may be imbedded 
ina flat space. He obtained two algebraic conditions which are satisfied by the 
Riemann curvature tensor of Fy if Ey is of class one. We now indicate how a 
similar characterization may be obtained for those Ey’s which may be imbed- 
ded in an Sys: of Riemann curvature Ko. 

The characterization for an Ey of class one was obtained by purely algebraic 
methods from the Gauss equations for Hy and (7.2) which appear in Allen- 
doerfer’s paper as (6) and (1) respectively. The need for differentiating was 
avoided by using a theorem of Thomas” to show that the Codazzi equations of 
Eyina flat space are consequences of the Gauss equations. 

This theorem of Thomas states that under certain general conditions, the 
Codazzi equations for a hypersurface of a Euclidean space are consequences 
of the Gauss equations. It is easy to show, following the procedure of Thomas, 
that this theorem is true even when the enveloping space is not a Euclidean 
space but any space of constant curvature. (In the statement of this result 
in the Proceedings paper, the words “‘Riemann space’ were incorrectly sub- 
stituted for “space of constant curvature’). Hence in the generalization of 
Allendoerfer’s work, it will suffice to follow his algebraic methods. 

If the Gauss equations for Fy in a flat space are replaced by the Gauss equa- 
tions (5.13) for Hy in an Sy, of Riemann curvature Ky, Allendoerfer’s work 


applies in all particulars with the understanding that Rij, 9" R: m(= x ou) 


and g*Ry(= R) are replaced by [Ri jx ona Ko(ging jt ~ 9:19 ix) |, E 4. (N — DK, | 


and [R + N(N — 1)Kol respectively. Thus if these substitutions are made 
in the two conditions obtained by Allendoerfer, we obtain algebraic conditions 
that an Zy be imbedded in an Sy; of Riemann curvature Ky. The restriction 
that x ¥ 0 is replaced by the assumption that x ~ (N — 1)Ko. However, it is 
an open question whether this algebraic characterization applies to any Ey’s 
which were not discussed in §7, i.e., those Ey’s for which the imbedding is not 
proper. 


BROOKLYN COLLEGE, 
Brookiyn, N. Y. 





‘ T. Y. Thomas, Riemann spaces of class one and their characterization, Acta Mathe- 
matica, vol. 67 (1936), p. 191. 
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NON-UNIQUE SOLUTIONS OF SYSTEMS OF FIRST ORDER 
ORDINARY DIFFERENTIAL EQUATIONS 


By O. H. Hamitron! 
(Received May 16, 1938; revised June 14, 1938) 


1. Introduction 


Work has been done in the study of non-unique solutions of systems of or- 
dinary differential equations of the first order by Kamke, Osgood, Montel, 
Kneser, Fukuhara, Van Kampen, and others.” In general, these writers have 
considered differential equations in which the slope, dy;/dz, is a continuous 
function of all the variables. Many of the results which these authors have 
obtained under the assumption of continuity have recently been obtained by 
H. J. Ettlinger (15) under weaker assumptions. This paper is an extension of 
Ettlinger’s results. 

The discussion will be concerned with a system of differential equations: 


(A) yi = fit, yr, Yo, -** 5 Yn), t=1,---,n, 

defined in a region, R, of an n + 1 dimensional Euclidean space. R is the 
region,O S<xS51,-—% <y< oo. A set of functions, (B), y:; = y:(x), will be 
said to constitute a solution of the system, (A), through the point, Po , (ao, y1, 


Y2, +++ , Ys), provided that for each integer i, i = (1, n), 
(B) wat [HG nO, ---,vOlde 
zo 


This set of functions determines an are y, having one endpoint in the set, 
x = 0, and the other in the set, x = 1, and which contains but one point in 
common with the set, 7 = z.,0 S 2%. <1. Suchan arc will be referred to as an 
integral curve of the system (A). If each function of a set (B) is an absolutely 
continuous function of z, then the are y determined by the set will be said to be 
absolutely continuous; and if the family of all the functions in a collection of 
sets of functions such as (B) is equi-absolutely continuous, then the collection 
of curves determined by the various sets of functions in the collection will be 
said to be equi-absolutely continuous. 





1 The results contained in this paper were presented to the American Mathematical 
Society at its Christmas meeting in St. Louis in December, 1935. The writer wishes to 
acknowledge his indebtedness to Prof. H. J. Ettlinger for having interested him in the 
problems with which the paper is concerned, and for his criticism and help during the 
period of its preparation. 

2 See bibliography; a number following a name refers to the corresponding entry in the 
bibliography. 
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tiki i 

Ettlinger’s assumptions are those indicated by 1), 2), and 3) below. We | . | 
shall refer to these as Hypothesis (C). | i 
1) ys = Silt, Yr, Y2eee Yn), t = 1, 2,3, --- , n, is a system (A) of n differen- ed 
tial equations, each defined for all values of the variables in the region R, 0 < x ie | 


s$lj-27 <y¥ < @. 
9) The Cauchy Field* in R determined by the given system of differential 
equations is an equi-absolutely continuous collection of curves for each point 
P,of R; and in any bounded subregion R;,, of R, the collection of curves consisting 
of all the curves in the Cauchy Fields for all the points of the region R, is an 
equi-absolutely continuous collection of curves. 
. 3) For each integer 7, y; is continuous in the variables y,, yo, --- , yn for 
q each fixed x on the interval (zo , 1), except for a set of measure zero. 

We shall refer to 1), 2), 3), and 4) as Hypothesis (C’). 

4) If P, (tp, Y¥1, Y2y -** » Yn), IS any point of FR and g;(x) is a system of equa- 
tions determining an absolutely continuous curve containing P, then for each 
integer, r, 1 S r S n, there exists a constant Kp, such that lim,.., f,((z, 
(2), go(x), Pee gn(x)] = Kp, : 

It should be noted that neither (C) nor (C’) insures the continuity of y’ in 
all the variables. From Ettlinger’s conditions he obtained, among others, 
Properties (D) and (E) as stated below, and to which we shall refer by letter 
when necessary. 

(D) If M is a bounded subset of R, the set of all integral curves of the system 
(A) which contain points of M is an equi-absolutely continuous collection of 
; curves. 

(E) A limit curve of a sequence of integral curves of the system (A) is an 
integral curve of the system. 

Neither (C) nor (C’) nor even continuity, as has been shown by the authors 
mentioned, insures that through a given point of R there is one and only one 


*The Cauchy Field is defined as follows: Let Po be any point in R, and let Tn be a fine 
net on the interval, (zo, 1). The codrdinates of Po are, (xoy?, y>, --+,y%). For each 
integer, m, the interval, (xo , 1) is divided into m subintervals by the points, 4om , tim, °°: 
fon, Where to is tom , and 1 is tmm. For each fixed value of m, let ym be a curve passing 
through P. and defined by the system, y',,, (x): 


Ss G0 HR OD 


—> 





= we = SS 


CO = 


Ynm (xz) = yP + [ Fil(t, yr(xo), yoo), «++, yn(xo) ]dt, 


0 
onthe interval, (ao, tim), and in general, 


} ; r n 
0 Yng (x) “3 Y nm (tj—-1,m) + [ AiAlG, Ym (tj—-1,m); Yam (tj-1,m); ni et »Y rm (tj-1,m)] dt 


tj-1,m 


on the interval, (t; 1m , tim); i = 1,2, --- ;7 = 1,2, --- m. Theset of curves thus defined 
through P. for all possible modes of division, both to the right and to the left from Zo is 


— the Cauchy Field determined by the given system of differential equations and 
He point Py . 
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integral curve of the system (A). Our results are concerned with the properties 
of collections of integral curves in R whose elements have points in common, 
and with the point sets associated with these collections. 


2. General Theorems 


DeriniTion: (See Kneser(4).) If Po is a point of R and B(P») is the set of 
points of R each of which is contained in some integral curve of the system (A) which 
contains Py, then B(Po) is called the band solution of the system (A) through the 
point P. 0- 

From property E it follows that the point set B(Po) is the sum of the elements 
of the equi-continuous collection of integral curves of the system (A) each of 
which passes through the point Pp . 

(F) Kneser (4) first showed that the point set z = x, 0 S 24 S 1 intersects 
B(Po)inacontinuum. This property can be shown by methods similar to those 
used by Fukuhara (11) to follow from Hypothesis (C) and will be referred to 
as property (F). 

In Theorems I-VI, inclusive, we assume Hypothesis (C). 

THEOREM I: Jf P;, P2,--- ts a sequence of points of R converging to a point 
Po , then some subsequence of the band solutions B(P:), B(P2), --- converges to a 
set of points containing Py which has property (F), and which is a subset of B(P.). 

Proor. Some subsequence of the sequence of continua, B(P;), B(P2), 
B(P3), --- converges, by a theorem of Analysis Situs, to a sequential limiting 
set, B’(Po), which is a continuum. B’(Po) contains Py, since B(P;) contains 
Po for each 7. Let B(Pm), B(Pn), --- be the subsequence of B(P;), B(P2), 
B(P3) --- converging to B’(Po), and let the common part of the set x = a, 
0 < 2 S 1, and the point set B(P,;) be designated by F,:. By Kneser’s 
theorem, F,,; is a continuum for each integer, 7. The sequence of continua, 
Fm, Fae, +--+ converges to the continuum, F’, which is the common part of 
B’(Po) and the point set x = za. Thus B’(Po) has property (Ff). Every 
point Q of B’(Po) is a limit point of a sequence of points, Qm1, Qm2, --- where, 
for each integer 7, Qm; lies on an integral curve ym; through Pn;. This sequence 
of integral curves contains a subsequence which, by property (£), converges 
to an integral curve through Py and which contains Q. Q is therefore a point of 
B(Po), and B’(Po) is a subset of B(Po). 

TuroreM II: Jf M is a connected subset of R and B(M) is the set of points, 
each of which is contained in an integral curve of (A) which contains a point of M, 
then the common part of the point set x = 22,0 S Xa S 1, and B(M) is connected. 

Proor. Let N be the common part of the point sets x = z, and B(M). Sup- 
pose that N is the sum of two point sets, N; and N2 , neither of which contains 
a point or a limit point of the other. Let M, be the subset of M consisting of 
all the points of M which lie on some integral curve of (A) which contains a 
point of N, and let M: be the subset of M consisting of all the points of M which 
lie on some integral curve of (A) which contains a point of Ne. M, and M2 
are mutually exclusive. For suppose that M, and M; have a point P in com- 
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non, Let Np be the common part of the sets B(P) and z = 2.,0 S a 3 1. 
By property (F), Ne isacontinuum. WN> must then be a subset of N, or of Ne. 
But since P belongs to both M, and M:;, Np must contain a point of both N; 
and N,. It follows that M, and M; are mutually exclusive. Since M is con- 
nected, either M, contains a limit point of M: or M; contains a limit point of 
M,. Suppose that Mz contains a limit point Q of M,. Let Ng be the common 
part of B(Q) and the set, = t4. Ng is a continuum by property (F), and is 
therefore a subset of either N, or Nz. Since Q belongs to M2 , Ng is a subset of 
N,. Let Q:, Q2, +--+ be a sequence of points of M, converging to Q, and let 
y;, for each integer 7, be an integral curve of (A) through Q;. By property (E) 
and Ascoli’s theorem on the limit functions of equi-continuous collections of 
functions, some sub-sequence, Yn1, Yn2,--- Of the sequence, y,, ye, --- con- 
verges to an integral curve yo through Q. Let B,;, for each integer 7 be the 
point which y,; has in common with N,. The sequence of points Bn , Baz, -- - 
converges to a point of Ng and therefore to a point of N2. This contradicts 
the assumption that Ne does not contain a limit point of N,. We arrive ata 
similar contradiction if we assume that M, contains a limit point of M.. It 
follows that NV is a continuum. 

ToeoreM III: Jf (1) the system (A) has more than one equation; (2) (A) has 
_ from each point of R; (3) Po is a point of R; (4) B(Po) 
is the band solution generated by Po ; and (5) N is the common part of the point 
sts, B(Po) and x = 24,0 S 2a S 1; then N does not separate the space x = 2a. 

Proor: Suppose (A) has unique solutions to the left from each point of R 
and that N separates the space z = 22. There exist two points A and B, each 
belonging to the set 2 = xq, which do not belong to N and which are separated 
fromeach other by N. Let M be the connected set consisting of all the points of 
the set « = 2, except Py. M is a connected set of points. B(M) and the 
common part Wy of B(M) and the set x = x, are connected sets by Theorem II. 
But Ww contains the points A and B and therefore contains a point Q of N. 
There is therefore an integral curve to the left from Q to Po, since Q is in N, 
a subset of B(P,); and there is also another integral curve to the left from Q 
toa point of M, since Q isin B(M). This contradicts the assumption that the 
‘olution of (A) to the left from each point of R is unique. The assumption 
that N separates the space x = 2 thus leads to a contradiction. We arrive at a 
similar contradiction if the system (A) has unique solutions to the right from 
each point of R. 

It should be noted that if the system (A) contains only one equation, y’ = 
Ile, y), the common part of the line x = x. and B(P») is a straight line interval 
ore single point, and that its boundary in the set x = 2, is a pair of points or a 
single point. 

DeFinition. The diameter of a band solution. If (A) has a band solution 
B(P,) through a point Po of R, let da be the diameter of the set which is the common 
part of B(Po) and the set x = 2q ,0 S251. The least upper bound d of the 


unique solutions to the 


ee: 


= 
<= 


—————— 


oe SY 
ae 


B= 

















790 O. H. HAMILTON 


numbers da for all x,’s will be called the diameter of the band solution, B(Py). The 
diameter of a subset of a band solution will be defined in a similar manner. 

TueEorEM IV: If cis areal positive number, then M, , the set of points in R which 
generate band solutions of diameter greater than or equal to c, is a closed set of 
points. 

Proor. Let P,, Pz, P3,--- be a sequence of points of R converging to a 
point P, such that for each integer 7, P; generates a band solution of the system 
(A) of diameter greater than or equal to c. For each z let N; be the common 
part of a set r = 2;,0 S 2; S 1, and B(P;) which is of diameter greater than 
or equal toc. WN; exists for each integer 7 since B(P;) contains a set of diameter 
greater than or equal to c. Some subsequence of the sequence of continua, 
N,, Nz, Nz, +--+ converges to a sequential limiting set No which is of diameter 
greater than or equal to c, and which lies ina setz = %.,0 Sa, $1. Further- 
more, if Q is any point of No, there exists an integral curve of the system (A) 
through the points P and Q as can be shown as follows. For each integer i 
let y; be an integral curve through P; and a point Q; of N; such that the sequence 
of points Q; converges to Q. Some subsequence of the sequence of integral 
curves, 71, Y2, Ys, -:* converges to an integral curve of the system (A), by 
property E, which goes through both P and Q. Np is therefore a subset of the 
band solution of (A) through P of diameter greater than or equal to c. 

THEoREM V: The set of points in R which generate non-unique solutions of the 
system (A) is the sum of a countable number of closed point sets. 

Proor: For each integer 7 let M; be the set of points in R each of which gener- 
ates a band solution of diameter greater than or equal to 1/7. By Theorem IV, 
it follows that M; is closed for each integer 7. Furthermore, each point of Kk 
which generates a non-unique solution of the system (A) belongs to one of these 
sets. Since the sequence M,, Mz, M;, --- is countable, the theorem is true. 

Corouiary: The set of points in R which generate unique solutions of the system 
(A) ts an inner limiting set. 

Proor: This follows immediately from the fact that the complement of the 
sum of a countable number of closed point sets in a domain is an inner limiting 
set. 

In the Theorems which have gone before we have assumed only that the sys- 
tem (A) of differential equations satisfies Hypothesis (C). In what follows 
we shall assume that (C’) holds and that n = 1. 


3. Theorems Which Hold for the Special Case n = 1 


TurorEM VI: If Hypothesis (C’) holds for the differential equation, y’ = f(x, ¥), 
and P, is a point of R, then there do not exist uncountably many real numbers e, 
such that the differential equation y' = f(x, y) + e has a non-unique solution 
through Po. 

Proor: Suppose the theorem is not true and that there exists an uncountable 
collection G, of numbers e and a point Py of R such that there is a non-unique 
solution of the differential equation y’ = f(x, y) + e through Po for each ¢ in G. 
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Kamke™ and others have shown that under such circumstances, if ¢; and es are 
two numbers of the collection G, then no two integral curves y; and ye of the 
equations y’ = f(x,y) t+e.and y’ = f(x, y) + e which go through P) can inter- 
vetat any other point. For each e of the collection G, there is a two dimensional 
domain D, contained between the maximum and minimum curves of the band 
solution of y’ = f(x, y) + e which goes through Py. These domains must be 
mutually exclusive. Thus we have existing in the XY plane an uncountable 
collection of mutually exclusive domains. This is a contradiction of the Lin- 
deléf [2] Covering Theorem. Theorem VI is therefore true. 

TazorEM VII: If y’ = f(x, y) is a differential equation satisfying Hypothesis 
(C’), if K is any countable set of points in R and d is any positive number, there 
evists an uncountable collection G of real numbers e, such that |e| < d and such 
that the differential equation y = f(x, y) + e has a unique solution through each 
point of the countable set K for each e belonging to G. 

(The statement of this theorem is equivalent to the statement that any dif- 
ferential equation satisfying Hypothesis (C’) can be approximated as close as 
one pleases by a differential equation which has a unique solution through each 
of agiven countable set of points in R. That countable set may, of course, be 
everywhere dense in R.) 

Proor. Let d be any positive number. There exists an uncountable col- 
lection G of numbers each less in absolute value than d. Let P;, Ps, Ps, - 
designate a simple sequence of the points of the countable set K of points in R. 
For each integer 7, let B; designate the countable subcollection of G such that 
ie is a number of the subcollection B;, then the solution of the differential 
equation y’ = f(x, y) + e through the point P; is non-unique. 8B; is countable 
by Theorem VI. Let B = >. B;. Then the collection B is countable, the 
collection G — B, is uncountable; and for each number e, in G — B, 
i = f(z, y) + e has a unique solution through each point of the set K. 

TueorEM VIII: A necessary and sufficient condition that there exists an every- 
where dense set of points M in R such that y’ = f(x, y) has a unique solution through 
each point of M is that y’ = f(x, y) has a unique solution either to the right or to the 
I¢t from each point of R. 

Proor: Van Kampen (16) has shown that under these conditions the set of 
points on any line x = a in R which generate non-unique solutions of y’ = f(x, y) 
Scountable. It follows that the set of points which generate unique solutions 
S everywhere dense on each such line « = a, and is therefore everywhere dense 
nK. The condition is therefore sufficient. 

That the condition is necessary may be shown as follows. Suppose that 
there exists an everywhere dense set of points M in R such that y’ = f(z, y) 
has a unique solution through each point of M and that from some point P of R 
there is a non-unique solution both to the right and to the left. There is a point 
Qof M lying in B (P) and which is to the right of P. There is an integral curve 
ly’ = f(x, y) which contains both Q and P. Since there is a non-unique solu- 
lon of y’ = f(x, y) to the left from P there is a non-unique solution to the left 
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from Q. This contradicts the fact that Q belongs to M. The given condition 
is therefore necessary. 

TuHeoreM IX: Using the notation and hypothesis of Theorem VII, there exists 
an uncountable collection G of real numbers, all less in absolute value than a previ- 
ously chosen real number d, and such that; 1) If P is any point of R and e is any 
number of the collection G, then the differential equation y’ = f(x, y) + e hasa 
unique solution in one direction only from P, and, 2) for each fixed number é of G. 
the set of points of R which generate non-unique band solutions of the system y' = 
f(x, y) + é@ lies on a point set which is the sum of a countable collection of arcs 
and which is therefore of two dimensional measure zero. 

Proor: Let d be any positive number. By Theorem VII there exists an un- 
countable collection G of real numbers e, all less in absolute value than d, and 
such that the differential equation y’ = f(z, y) has a unique solution through 
each point of & which has rational coérdinates. 

By Theorem VIII, for each e belonging to G, y’ = f(x, y) + e has a unique 
solution either to the right or to the left. The first statement in the theorem 
is therefore true. 

Let e be any number of the collection G. For each point P having rational 
codrdinates let Hp be the unique integral curve through P of the differential 
equation y’ = f(z, y) + e. The set H of such curves is countable. Let T be 
any point of R which generates a non-unique solution B(T) of y’ = f(x, y) + e. 
There exists a point P; having rational coédrdinates and lying in B(T). P; 
lies on an integral curve h of the collection H. h obviously contains the point 7. 
Since T is any point of R which generates a non-unique solution of y’ = f(z, y), 
the set of all such points lies on H*, the set of points lying on the collection of 
curves H. H* is therefore of two dimensional measure zero. 


4. An Example 


We now give an example of a differential equation, y’ = f(z, y), which satisfies 
Hypothesis (C), but not (C’), 4), and for which Theorem VI does not hold, and 
consequently, for which Theorems VII, VIII, and LX do not necessarily hold. 


Let y’ = 0 for z= 0, —-x7<y< a 
= y/z for o< 2s f, —2x7 Sy S 2 
= 2 for 0<2s 3 1, 2x SZy< a0 
= -—2 for S<s2aF —o <ys —22 


It is clear that part 4) of Hypothesis (C’) is not satisfied at (0, 0) for this 
differential equation. Consider the band solution of this differential equation 
through (0,0). y = 2x andy = —2z are the maximum and minimum solutions 
of the band solution. For y’ = y/x + K, where 0 < K < 1,y = (24+ K)z 
and y = (K — 2)z are the maximum and minimum solutions through (0, 0). 
It is clear that the band solution through (0, 0) for y’ = y/x + K has points 
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other than (0, 0) in common with the band solution through (0, 0) of y’ = y/x 
and Theorem VI does not hold. 
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The general réle of the covering theorems in topology is this: Given 1) a subset 
A’ of aspace A, and considering 2) the set B of all subsets of A and 3) the relation 
between points of A and subsets of A expressed by the words “a point of A 
is an interior point of a subset of A,’ then the covering theorems state the 
equivalence of a condensation property and « covering property of A’. More 
specifically: By calling a set B’ whose elements are subsets of A (thus a subset 
B’ of B)a covering system of the subset A’ of A if each point of A’ is an interior 
point of at least one subset of A that is an element of B’, then two of the most 
important covering theorems may be formulated in the following way: The 
theorem for separable sets states the equivalence of the covering property 
“each covering system of each subset A” of A’ contains a denumerable covering 
system of A””’ and the condensation property “each non-denumerable subset 
A” of A’ contains at least one point p such that each set which contains p in its 
interior contains a non-denumerable subset of A’ in its interior.’”” The theorem 
for compact sets in separable spaces states the equivalence of the covering 
property “each covering system of A’ contains a finite covering system of A’” 
and the condensation property “for each infinite subset A” of A’ the set A’ 
contains at least one point p such that each set which contains p in its interior 
contains an infinite subset of A” in its interior.” 

It is the purpose of the present paper to show that, in the last analysis, it is 
not essential to view the covering theorems in this particular réle as dealing 
with a space or a subset of a space, with a covering system of the set, and with 
the extraction of something of a smaller power. In fact, we are going to prove 
theorems that hold for an abstract set (not only for a subset of a space) and fora 
general mapping of this first abstract set on another abstract set (not necessarily 
a set consisting of subsets of the first set, and not necessarily a mapping by 
means of the relation “interior point of a set’’). A little less obvious than the 
possibility of generalizing the covering theorems in these three directions’ is 
the fact that their quantitative character can also be eliminated to a large ex- 
tent. The quantitative covering properties stating the possibility of extracting 
a covering of a smaller power may be replaced by properties stating that the 
considered mapping of A’ on B’ contains a “submapping” on a subset of B’ 
belonging to a prescribed system %* of subsets of B. The quantitative con- 
densation properties stating the existence of cluster-points for sets of high power 





1 These were indicated by the author in Ergebnisse eines mathematischen Kolloguiwms 2, 


1930, p. 26. 
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may be replaced by properties stating the existence of certain points associated 
with sets that do not belong to a prescribed system %{* of subsets of A. The 
prescribed systems of subsets of A and B may, but need not, consist of all sets 
whose power is small. 

The method of proof of this detopologization of the covering theorems con- 
sists in the application of the logic of relations to an analysis of the proof of the 
covering theorems due to Kuratowski and Sierpinski.” 

A relation between the elements of two sets A and B will be considered as a 
set of ordered pairs consisting of an element of A and an element of B. Instead 
of speaking of such a relation we shall deal with a subset R of the set A X B 
consisting of the ordered pairs (a, 6) of an element a of A and an element b of B. 
Instead of saying that the elements a and 6b are in the relation considered we 
shall say that the pair (a, 6) is an element of the set R. 

It will be clear from the content of the present paper that the abstract method 
of formulating and proving the covering theorems may be applied to other parts 
of the geometry of point sets. Some problems will be indicated at the end. 

We assume that five sets are given: 1) an abstract set A, 2) an abstract set 
B.3)aset RC A X B, i.e. a set of ordered pairs (a, b) where a ¢ A (a is element 
of A) and 6 e B, 4) a set 2* whose elements are subsets of A, 5) a set B* whose 
elements are subsets of B. 

DeriniTion 1: If A’ € A and b « B we denote by A'(b) the set of all a’ such that 
a’ ¢A’ and (a’, b) € R. 

Derinition 2: We denote by ® the set of all ordered pairs (A'’, B’) such that 
4'C A, B'S Band A’ = oe A’(b’). 

AB 

Remark 2’: If (A’, B’) eR and A” ¢ A’, then (A”, B’) e R. 

Remark 2”: If A’ is vacuous, then (A’, B’) e R for each B’ ¢ B. 

Derinition 3: If A” © A we denote by Ax the set of alla A such that for each 
bfor which (a, b) ¢ R it follows that A”(b) non ¢ A*. 

Derinition 4: If A” © A’ © A and A’. Ax is not vacuous, then we shall say 
that A” is Y*-condensed in A’. 

The hypotheses of the covering theorems are the following special cases of the 
previously mentioned assumptions: A is a topological space, B is the set of all 
subsets of A, the set R contains those and only those pairs (a, b) consisting of 
apoint a of A and an element b of B (i.e. a subset b of A) for which a is interior 
point of b, Consequently, in this case, a pair (A’, B’) belongs to ® if and only 
ifeach point of A’ is interior to at Sedat one subset of A that is an element of 
z , Of, as it is usually expressed, if and only if B’ is a covering system of A’. 

If in this case for a certain ordinal number n, the set 2* consists of those and 
only those subsets of A whose power is < n, then A is the set of all those 
points a of A which have the following property: Each set 6 which contains a 
in its interior also contains in its interior each point of a subset of A” whose 
ee 


*Fundamenta Mathematicae 2, 1921, p. 172. 
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power is > n. If, in particular, n = No, then the set Ax consists of all points 
of condensation of A”. In this case A” is 2*-condensed in A’ if A’ contains at 
least one point of condensation of A”. If %* consists of all subsets of A whose 
power is < n, then A‘ is the set of all those points a of A which have the follow- 
ing property: Each set b which contains a in its interior also contains in its 
interior each point of a subset of A” with a power 2 n. If, in particular, n = 
N, , then Ax consists of the cluster-points of A”. In this case, a set A” is 
9{*-condensed in A’, if A” contains at least one cluster-point of A’. 

The mapping property and the first generalized condensation property of a 
set A’ which will subsequently be related are given by the following two defini- 
tions: 

DerFtniTion 5: A’ has the property M if for each B’ the relation 


1) (A’, B) eR 

implies the existence of B* such that 

3 Fac sd, 3) (A’, B*) eR 4) B*e B*. 
DeriniTion 6: A’ has the property C I if for each A” the relations 

5) A” GA’ and 6) A” non e %* 

imply that A” is U*-condensed in A’, t.e. that 

7) A’. Ax is not vacuous. 


We shall now formulate a hypothesis which will enable us to accomplish the 
first half of our task: the derivation of the generalized condensation properties 
from the generalized covering properties. 

Hyportuesis H,: If B* « B* and if B* is mapped on a subset of %*, 7.¢., of with 
each element b of B* an element of A} of %* is associated, then > Ap € X*. 


be B* 

Turorem I: Hypothesis H, implies: If a set A’ has the property M, then A’ 
has the property C I. 

We prove this theorem by showing that from hypothesis H, it follows: For 
each set A’ with the property M and each A” the conditions 5) and non-7) imply 
the condition non-6). 

Let us, in fact, assume that hypothesis H, holds, that A’ has the property M, 
and that conditions 5) and non-7) are satisfied. Condition non-7) (i.e., that 
A’.Ax is vacuous) may be formulated in the following way: a A’ implies 
a non « Ax for each a. By virtue of definition 3 from the last assumption it 
follows: 


8) For each a eA’ there exists a b, such that (a, b,) « R and A” (bz) € 1*. We 
denote by B’ the set of all b satisfying the condition 


9) A” (b) € U*. 
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By virtue of the definitions 1 and 2, condition 8) implies 
1) (A’, B’) eR. 


Since A’ has the property M there exists a B* such that conditions 2), 3), 4) 
are satisfied. Condition 3) and assumption 5) imply (A”, B*) eR by virtue 
of the remark 2’. According to definition 2 we have thus A” = >> A”(b*). 
beBe 
This formula, on account of conditions 9) and 4) and by virtue of hypothesis 
H,, implies A” ¢ &*, i.e. non-6). This completes the proof of theorem I). 
We shall now formulate a stronger condensation property of a set A’, namely, 
that each set A” which is & A’ and does not belong to %* is A*-condensed in 
itself (in A”, not only in A’). 
Derin1TION 7: A’ has the property of CII if for each A” the relations 


5) A” ¢ A’ and 6) <A” non e A* 
imply that A” is X*-condensed in A”, i.e. that 
7’) A”. Ax is not vacuous. 


Remark 3: If A’ has the property C IT, then A’ has the property C I. In 
fact, since A” © A’ implies that A”. A% © A’- Ax, it follows that 7’) implies 7). 

Remark 4: If A’ has the property C II, then each subset of A’ has the prop- 
ety C Il. Let A’ be a set with the property C II, and A” ¢ A’. Then for 
each A’ which satisfies the conditions A’ € A” and A’” non e A* we also 
hve A” CA’. Thus by virtue of the property C II of A’ the set A”. A%’ 
isnot vacuous. 

TarorEM II,: Hypothesis H, implies: If each subset of a set A’ has the property 
M, then A' has the property C IT. 

Let us assume that hypothesis H, holds and that each subset of A’ has the 
property M. Let then A” be any set satisfying conditions 5) and 6). In order 
to prove theorem II, we have to show that 7’ holds. From 5) it follows that 
A" has the property M. By virtue of theorem I; the set A” has therefore the 
property C I, that is to say, for each set A’”’ © A” such that A’”’ non e« A* the 
et A".A¥’ is not vacuous. In particular, we see on account of 6) that for A” 
itself the set A’. A% is not vacuous. Condition 7’) is thus satisfied, and this 
completes the proof of theorem II, . 

Before solving the second half of our problem we shall apply the theorems 
land II, to some covering problems in the ordinary sense where A is a space, 
B the set of all subsets of A, and R consists of those pairs formed by a point 
tof A and a subset b of A for which ais interior to b. In this case a pair (A’, B’) 
belongs to 2 if and only if B’ is a covering system of A’. Let n be an infinite 
cardinal number. 

Exampie 1: Let 9{* be the set of all subsets of A whose power is < n, and 
the set of all subsets of B whose power is < n, i.e. the system of all those sets 
of subsets of A which contain n or less subsets of A. Then hypothesis H, is 
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satisfied. For if B* is a set of a power S n and with each element b of B* a set 


* . . . 
A, of a power S nis associated, then ym A> is a set of a power < n. Hence 
be B* 


according to theorem I, each set with the property M has the property C I. 
The set A’, in this case, has the property M if each covering system B’ of A’ 
contains a covering system B* of A’ which consists of at most n subsets of A. 
The set A’ has the property C I if for each subset A” of A’ which has a power 
> n there exists at least one point a in A’ such that each set which contains a 
in its interior, contains in its interior a subset of A’ whose power is > n. 

ExamPLe 2: Hypothesis I does not hold if %{* is the set of all subsets of 4 
whose power is < n and %* is the set of all subsets of B whose power is < n. 

ExaMPLeE 3: Hypothesis H, holds if %{* is the set of all subsets of A whose 
power is < n and %* is the set of all subsets of B whose power is < n. But the 
application of theorem I, in this case merely yields a special case of the result 
obtained in example 1. 

ExaMPLeE 4: Hypothesis H; holds if %* is the set of all subsets of A whose 
power is < n and %* the set of all subsets of B whose power is < n. 

Exampte 5: If n is a finite cardinal number > 0 and %* the system of all 
sets of a power S n, then hypothesis H; is satisfied if and only if $* is the system 
of all sets consisting of at most one subset of A. If %* is the system of all sub- 
sets of B which contain exactly one element, then hypothesis H, is satisfied 
for each system %{*. The result of the theorem in these cases is trivial. 

EXAMPLE 6: Hypothesis H; is satisfied if 8* consists of the denumerable sets 
and * is the set of all subsets of A that are either of first category in A (i.e. a 
sum of a denumerable set of sets that are nowhere dense in A) or an F, in A 
(i.e. a sum of a denumerable set of sets that are closed in A) or an F, in A of a 
dimension S n in the sense of the theory of dimension. 

The solution of the second half of our task, the derivation of the generalized 
covering properties from the generalized condensation properties will be based 
on a lemma in which use is made of the following definition. 

Derinition 7: If S = {s:, 82, +--+ , 8, --+ } tsa well ordered set, then for each 
sz € S we shall denote by S; the well ordered set of all s, « S for which n < &. 

Lemma: If A’ and B’ are two given sets such that (A’, B’) « R, then there exist 
two sets A” and B” satisfying the condition 


1) A’ 6 a’, So” < Sw, (A’, B”) eR 
and such that A” and B” may be well ordered 
AY” om fay, Gi, +s ig os a eS dic | 
according to the following conditions: 
2) (az , bz) € R for each é, 


3) A”(b:) & A + {az} for each — where At + {az}, according to definition 7, 
denotes the well ordered set of all a, with n S &, 
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$) for each b; « B” we have (A’, B:) non eR. 

If B’ is given as a well ordered set 

(1) B’ = {bi, bs, ---, by, --- }, 

then the well ordered set B” may be chosen so as to satisfy in addition the condition 
5) Ifby = by, then & S &! for each &. 


We consider the given set A’ and the set B’ in the well ordered form (I). If 
4’ is vacuous, then according to remark 2” we satisfy the conditions 1)—5) by 
choosing A” and B” vacuous. We thus assume that A’ is not vacuous. From 
(4', B’) « R and definition 2 it follows that there exists at least one element 
b' of B’, and at least one element a’ of A’ such that (a’, b’) ¢ R. We denote by 
b; the first element in (I) for which the set A’(b;) is not vacuous, and we call a, 
one of the elements of this set. Now we make the following inductive assump- 
tion for an ordinal number & : For each ordinal number  < & an element a; 
of A’ and an element b; = b;-of B’ are determined in such a way that the follow- 
ing conditions hold: 


dts) (a,b) e R for each E< &. 
dicts) If < fo, & < &, and (a,, by) € R, then n S &. 


42) For each § < & the set A’ — > A’(b,) is not vacuous. 
n<é 


its) If 7 = and b, = by, then 7 < 7’. 


Then we distinguish two cases: 
First case, in which we have 


(Il) A'S Dd A'(b). 
E<ko 


In this case we call A” the set of all a; for € < &, B” the set of all b: for — < f. 
Then we have A” © A’, B” © B’, and (A’, B”) « R on account of (II), and thus 
satisfy condition 1). Besides, in this case the conditions 2)-5) are satisfied 
by virtue of 2: <ty) Sect). 

Second case, in which (II) does not hold and, consequently, the set A’ — 
YA’) which may be denoted by A’(—£») isnot vacuous. In this case from 


(4’, B’) « R and definition 3 it follows that there exists at least one element 
b» of B’ and at least one element a « A’(—£) such that (a, b;-) «eR. We call 
b, the first element by in (I) for which the set A’(—&)-A’(b:-) is not 
vacuous, and we call a;, one of the elements of this set. Then we have 
% €A’(—£) and (ag, , b,) ¢ R, and thus satisfy condition 2;<;,). From 5z<¢,) 
and the determination of & it follows that condition 5¢<¢,) is satisfied. So is 
‘ondition 3¢<e,): If m S &, € S fo and (a,,b;) €R, thenn S& Forifn < bo, 
' S$ band (a, , be) € R, then n S & by virtue of 3:<;,). If n = &, & S fo, and 
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(az, , be) € R, then — = &, thus 7 = £ on account of the way that a;, was chosen. 
Finally condition 4;<;,) and the assumption that A’(—{o) is not vacuous imply 
condition 4;<:,). We see thus: If the elements 6, --- ,b;,--- and a, .--., 
a;,--- are determined for each & < & so as to satisfy the conditions 2;-;,)- 
5ece,), then in the second case, they may be determined up to b;, and a;, so that 
conditions 2:<;,)—5:<¢,) hold. 

Proceeding in this way we finally arrive at a first ordinal number, say & , 
for which the first case holds, i.e. such that A’ cd A’(b;:). We call B” the 

<£0 


set of all b, for » < &, A” the set of all a, for 7 < &. Then conditions 1)-5) 
are satisfied. This completes the proof of the lemma. 

We shall now formulate a definition that will be used in one of two hypotheses 
guaranteeing the converse of theorem I]. 

DEFINITION 9: T'wo sets A’ and B’ such that A’ € A and B’¢ Bare said to be 
of the same power relative to R if there exists a one-to-one correspondence between 
the elements of A’ and the elements of B’ such that for each pair of corresponding 
elements a’ « A’ and b’ « B’ we have (a’, b’) € R. 

HyrotrueEsis H.: If A* ¢ A* and if B* is a set © B such that A* and B* are of 
the same power relative to R, then B* « B*. 

Hypotuesis H;: The vacuous set is an element of %A*. 

THEOREM II,: Hypotheses H, and H; imply: If A’ has the property C II, then 
A’ has the property M. 

We prove the theorem by assuming that hypotheses H2 and H; hold and that 
A’ is a set without the property M, and by showing that A’ does not have the 
property C II. 

The assumption that A’ does not have the property M implies the existence 
of a B’ satisfying the conditions 


(IIT) (A’, B’) e®. 

(IV) B” © B’ and (A’, B”) « R imply B” non « B*. 
Let B’ be well ordered: 

(I) B’ = {bi, +++, bg, ++ J. 


By virtue of the lemma, (III) implies the existence of two sets A” and B” such 
that 


1) A* 6 A", BY CB; (A’, B’) eR 
and that A” and B” may be well ordered 
See See, Te BY wei hy 9% dpbgy *- 4} 
according to the following conditions: | 
2) (az , be) e R for each é, 
3) A”(b:) € A”; for each &, where At denotes the set of all a, with » < &. 
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From 1) and (IV) it follows that B” non « B*. On account of hypothesis He 
and condition 2) we have thus A” non ¢ %*. Now the set Ao consisting of the 
elements a; of A” for which € < 1, is vacuous. Ao and each subset of A 0 is 
thus ¢ {* by virtue of hypothesis H;. Consequently, there exists a first ordinal 
number ¢ such that at least one subset of A; is none A*. Let £ be this number. 
Then there exists a set Ax such that 


a) As QA”, B) Ax non ¢ A*, 
vy) If < and A* € Aj) then A* ¢ *. 


The set A+ has the following property: Any element a of Ax is, for some cardinal 
number » < &, identical with the element a, of A;,. Thus on account of 
conditions 2) and a) if follows from a ¢« Ax that a = a, e Ax(b,) © A”(b,), and 
hence A+(b,) € 2* by virtue of condition y). Consequently, according to defini- 
tion 3, the element a of Ax does not belong to Ax. Hence Ax-A% is vacuous. 
Since Ax is a subset of A’ which satisfies condition 8) it is shown that A’ does not 
have the property C II. This completes the proof of theorem Ils. 

If A’ has the property C II, then, according to remark 4, each subset of A’ 
has the property C II and hence under hypotheses Hz and H; the property M 
by virtue of theorem II;. We have thus the 

CoroLLary: Hypotheses H, and H; imply: If A’ has the property C II, then 
each subset of A’ has the property M. 

The theorems IT, and II, imply the following 

TaroreM II: Under the hypotheses H,, H2, H; the mapping property M and the 
condensation property C II are equivalent. 

It follows from the given proof of the theorem II, that it may be expressed in 
another form which does not presuppose any assumption about a set 8*, and, 
consequently, is independent of the hypothesis H,. We introduce the following 

DeriniT10N 10: A’ has the property M’ if (A’, B’) « R implies the existence of 
A* and B* such that B* © B’, (A’, B*) « R, A* € A*, and that A* and B* have 
the same power relative to R. 

Then the proof of theorem II, yields the following 

CorotLary: Hypothesis H; implies: If A’ has the property C II, then A‘ has 
the property M’. 

Theorem II, derives the property M from the property C II, assuming hy- 
potheses H, and H;. Property C II, according to remark 3, implies property 
CI. In order to derive the property M from the weaker property C I we shall 
have to assume stronger hypotheses about the relations between the sets Y* and 
¥". An example of such an hypothesis is 

Hypothesis Hy: If (A’, B’) « R and B’ non ¢ B*, then there exists a Bi” such 


that B’” & B', (A’, B’’) € ®, and that B’”’ may be well ordered B’” = {bi ,---, 


‘This point of the argument was communicated to me by Dr. A. N. Milgram in simpli- 
feation of my previous proof. This modification obviated the necessity of the assumption 
that each subset of a set of the system %{* belongs to A*. 
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by, --- } in such a way that each set & A which for some b; € B’” is of the same 


power relative to R as a subset of By is € U*. 

TueoreEM I[,: Hypothesis Hy implies: If A’ does not have the property M, then 
A’ does not have the property C I unless the following condition is satisfied: There 
exist three sets A*, B’, B* such that A* ¢ U*, (A’, B’) eR, (A’, B*) eR, B* CS B’, 
that A* and B* have the same power relative to R, and that besides from B” © B' 
and (A’, B”) e & it follows that B” non « B*. 

In order to prove this theorem we assume that A’ does not have the property 
M. Then there exists a set B’ such that (A’, B’) « R and that from B” ¢€ B’ 
and (A’, B”) e Rit follows that B” none B*. On account of hypothesis H, there 
exists a B’” such that B’”’ © B’, (A’, B’”’) « R, and B’”’ may be well ordered, 
at ee be .-- } in such a way that each set © A which for some 
element b;’ of B’” is of the same power relative to R as a subset of B,’ is € Y*. 
Applying the lemma to A’ and B’” we get two sets A” and B” satisfying the 


condition 
1) A® C wv, B’ Cc B, (A’, B”) € KR 


which can be well ordered, A” = {a,,--- ,a:,--- }, B” = {bi,---,b,---} 
according to the following conditions 


2) (a:, b:) « R for each & (Thus A” and B” have the same power relative 
to R). 


3) A”(b:) & Ag + {ag} for each é. 
4) Ifn < & by = by», by = be» then 9!” < £”. 
Now two cases are possible: 

First case: A” ¢ %*. Then it follows from 2) that B” is of the same power 
relative to R as a set of A*, viz. A”. Since according to 1) we have (A’, B”) e® 
the condition mentioned in theorem I, is satisfied in this case. 

Second case: A” non ¢ A*. From (A’, B”) ¢ ® it follows that for each a ¢ A’ 
there exists a b: « B” such that a « A”(b:). According to 3) we have A”(b:) © 
A; + {a;}. The latter set, on account of 2) has the same power relative to 
R as B” + {b:}. The element 5}; is identical with some element be of B’” 
where — S £’” by virtue of 4). Thus BY + {b;} © By». Since A”(b;) has the 
same power relative to R as a subset Ben it follows from hypothesis H, that 
A” (b:) « %*. Thus in the second case there exists a set A” which is € A’ and 
non ¢ %* and has the following property: For each a ¢ A’ there exists a b « B such 
that A”(b) « 2*. This completes the proof of theorem I:. 

Remark: Hypothesis Hy, is satisfied and the condition mentioned in theorem 
I; is excluded if %* is a system of sets € A’ which are not of the same power as 
any set B” € B’ satisfying the condition (A’, B”) eR. For such a system a* 
we may formulate theorem I; in the following way: If A’ has the property C I, 
then A’ has the property M. 
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Hypothesis H, and the condition mentioned in theorem I, constitute, of 
course, only one of many possible bases for the derivation of M from C I. 

The method applied in this paper may be applied to detopologize other parts 
of topology as well. Theorems on well ordered monotonic sets of closed sets 
and other theorems usually shown as equivalent to covering theorems and to 
condensation properties may be treated that way and a theory of points of con- 
densation of different powers may be developed in this direction. More com- 
plicated covering theorems’ might be studied from this point of view. In a 
subsequent paper Dr. A. N. Milgram deals with other topological questions in a 
similar way. 

It may be of interest that the results of this paper provide an answer to a 
question proposed to the author by W. Hurewicz in 1924: Can one prove 
theorems dual to the covering theorems in the following sense: Whereas the 
covering theorems permit one to extract from a set of sets that cover a set A 
(such that each point of A is contained in the interior of at least one set of the 
set of sets) a smaller set of sets that still covers A, one may ask whether one can 
extract from a set of points B that is embedded in a set of sets (such that each 
set of the set of sets contains in its interior at least one point of B) a smaller 
set of points that is still embedded in the set of sets (in the sense mentioned). 
If in a given space A is a set of sets, B a set of points and R the set of those 
pairs (a, b) for which the set a (element of A) contains the point b of B in its 
interior, —then obviously our theorems yield conditions under which the answer 
to the question is affirmative. 


University oF Notre Dames, 
Notre Dame, INDIANA. 





‘See Ergebnisse e. mathem Kolloquiums, 2, 1930, p. 24 and the papers by Hurewicz 
and the author quoted there. 
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be’, ..+ | in such a way that each set & A which for some b; « B’” is of the same 
power relative to R as a subset of By’ is « U*. 

THEOREM I,: Hypothesis H, implies: If A’ does not have the property M, then 
A’ does not have the property C I unless the following condition is satisfied: There 
exist three sets A*, B’, B* such that A* ¢ U*, (A’, B’) eR, (A’, B*) eR, B*C B’ 
that A* and B* have the same power relative to R, and that besides from B” ¢ B’ 
and (A’, B”) « & it follows that B” non « B*. 

In order to prove this theorem we assume that A’ does not have the property 
M. Then there exists a set B’ such that (A’, B’) « R and that from B” ¢ B’ 
and (A’, B”) e Rit follows that B” none B*. On account of hypothesis H, there 
exists a B’” such that B’”’ ¢ B’, (A’, B’”’) « R, and B’” may be well ordered, 
B’” = {by’,---, by , --- } in such a way that each set © A which for some 
element b;’ of B’” is of the same power relative to R as a subset of By’ is  %*. 
Applying the lemma to A’ and B’” we get two sets A” and B” satisfying the 


condition 
1) A” - A’, RB’ cS B, (A’, B”) eR 


which can be well ordered, A” = {a,,--- ,a:,--- }, B” = {bi, --- ,b,--- } 
according to the following conditions 


2) (a;:, b:) « R for each & (Thus A” and B” have the same power relative 
to R). 


3) A”(b:) S A: + {az} for each é. 
4) If < &,b, = by, be = by» then 9!” < &”, 
Now two cases are possible: 

First case: A” e A*. Then it follows from 2) that B” is of the same power 
relative to R as a set of %*, viz. A”. Since according to 1) we have (A’, B”) e® 
the condition mentioned in theorem I; is satisfied in this case. 

Second case: A” non ¢ A*. From (A’, B”) € ® it follows that for each a ¢ A’ 
there exists a b: e B” such that a e A”(b;). According to 3) we have A”(b:) © 
A: + {a:}. The latter set, on account of 2) has the same power relative to 
R as B” + {be}. The element b; is identical with some element b;” of B’” 
where ¢ < ¢’” by virtue of 4). Thus By + {be} © By. Since A”(b;) has the 
same power relative to R as a subset B;- it follows from hypothesis H, that 
A” (b:) « X*. Thus in the second case there exists a set A” which is € A’ and 
non ¢ %* and has the following property: For each a ¢ A’ there exists a b « B such 
that A”(b) ¢« 2*. This completes the proof of theorem Ie. 

Remark: Hypothesis H, is satisfied and the condition mentioned in theorem 
I; is excluded if * is a system of sets € A’ which are not of the same power as 
any set B” © B’ satisfying the condition (A’, B”) « R. For such a system 2" 
we may formulate theorem I; in the following way: If A’ has the property C I, 
then A’ has the property M. 
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Hypothesis H, and the condition mentioned in theorem I, constitute, of 
course, only one of many possible bases for the derivation of M from C I. 

The method applied in this paper may be applied to detopologize other parts 
of topology as well. Theorems on well ordered monotonic sets of closed sets 
and other theorems usually shown as equivalent to covering theorems and to 
condensation properties may be treated that way and a theory of points of con- 
densation of different powers may be developed in this direction. More com- 
plicated covering theorems’ might be studied from this point of view. In a 
subsequent paper Dr. A. N. Milgram deals with other topological questions in a 
similar way. 

It may be of interest that the results of this paper provide an answer to a 
question proposed to the author by W. Hurewicz in 1924: Can #ne prove 
theorems dual to the covering theorems in the following sense: Whereas the 
covering theorems permit one to extract from a set of sets that cover a set A 
(such that each point of A is contained in the interior of at least one set of the 
set of sets) a smaller set of sets that still covers A, one may ask whether one can 
extract from a set of points B that is embedded in a set of sets (such that each 
set of the set of sets contains in its interior at least one point of B) a smaller 
set of points that is still embedded in the set of sets (in the sense mentioned). 
If in a given space A is a set of sets, B a set of points and R the set of those 
pairs (a, b) for which the set a (element of A) contains the point b of B in its 
interior, —then obviously our theorems yield conditions under which the answer 
to the question is affirmative. 


University oF Notre Dame, 
Norre Damp, INDIANA. 





‘See Ergebnisse e. mathem Kolloquiums, 2, 1930, p. 24 and the papers by Hurewicz 
and the author quoted there. 
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1. Introduction! 


It is our purpose in this paper to prove some general existence theorems 
(Theorem 1 and Corollary 1’) concerning partially-ordered sets and relations. 
In section 3 some applications are given yielding such widely separated results 
as the Brouwer Reduction Theorem of Topology and the so-called Tonelli 
Principle of Calculus of Variations (a generalization of the theorem that a lower 
semi-continuous function defined on a compact set assumes its lower bound). 
In section 4 monotone collections of sets are considered and a generalization 
of the Cantor Product Theorem for compact sets is obtained. It must be noted 
that these applications do not exhaust the possible interpretations of Theorem | 
and Corollary 1’; they serve rather to indicate the methods of applying them. 
Probably their main interest lies in the connection they reveal between other- 
wise remote considerations. No use is made in their proof of transfinite 
numbers. 

2. Existence of Extreme Elements 


ASSUMPTION 1: Let A be a set which is partially-ordered under the relation <. 

AssUMPTION 2: We assume also given a denumerable sequence B of objects 
bi, bo, ---,b;,--- and a subset R of the Cartesian product’ A X B such that if 
a < a’ and (a, b;) € R then (a’, b;) « R for any integer 1. 

The following illustration will make these assumptions concrete and at the 
same time serve as a device by which to remember them: Let A be the set of 
points on the unit interval (0, 1),i.e.,@¢AifO <a@<1. The ordering is to be 
taken such that a < a’ is equivalent toa 2a’. Further let the rational numbers 
be ordered in a denumerable sequence b; jb: , --- ,b;, --- . Ris taken to be the 
set of all pairs (a, b;) where b; = a, and a is a point of A. If a < a’ and 
(a, b;) « R, then from a’ S aanda S b; we havea’ < b; which according to this 
definition of R, means (a’, b;)¢R. Thus A and R in this case would satisfy 
assumptions 1 and 2. 


Returning to our general considerations, we formulate several definitions. 
DeriniTIon 1: If ae mi we define p;(a) = ‘0 eas * for each integer j. 
We then define o:(a) = >>} p;(a) for each integer i. In particular, o:(a) = pi(a). 





1 The author is indebted to Prof. K. Menger for numerous suggestions in the preparation 
of this paper. 

2 By the Cartesian product A X B is meant the set of all ordered couples (a, b) where @ 
is an element of A and b an element of B. 
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From Assumption 2 it follows that if a < a’ then p,;(a) S p;(a’) for each 
integerj. This in turn implies that if a < a’, then o;(a) S o,(a’)(i = 1,2, --- ). 
Obviously o;(a) is some non-negative integer which does not exceed i for each 
element a of A. 

DeriniTION 2: If A’ is a subset of A, R will be said to be a separator of A’ if 
for every pair of elements a’ # a” in A’ such that a’ < a” there exists an integer k 
such that ox(a’) < ox(a”). 

(In the iflustration given above R is a separator of A, and also of every sub- 
set of A. For if a’ < a” anda’ ¥ a”, thena” <a’. There exists a rational 
number, say b;, , between a” and a’, i.e., a” < b. < a’, so that (a”, by) « R and 
(a’, b,.) non-eR. Since p;(a’) S p,(a”) for every 7, and p,(a’) = 0, p(a”) = 1, 
we have o,(a’) < ox(a”)). 

DeFINITION 3: A’ is said to be inductive if every ordered increasing sequence 
0; < dp < +++ X Gn < --- in A’ has an upper bound a* in A’. 

DeFINITION 4: The element a* of A’ will be said to be an extreme element of A’ 
if for each element a’ of A’ the relation a* < a’ implies a’ = a*. 

THEOREM 1: Under Assumptions 1 and 2, if A’ is a subset of A, R a separator 
of A’, and a an element of A’, then A’ contains an ordered increasing sequence 
) < a < +++ < Gn < ---+ of elements for which each upper bound a* is an ex- 
treme element of A’. 

Proor: Let Ao denote the set of elements a in A’ such that aj < a. For any 
element a of Ao we have oi(a) = Oorl. Let a, be an element of Aj for which 
o(a,) = MAXae4soi(a). Assume we have chosen the elements ap , a1, - ++, @i-1 
inA’. Let A;_; denote the set of elements a in A’ such that a;_; < aand choose 
a, as an element of A;-1 for which o,(a;) = max.. 4i_,o(a). Continuing this 
process indefinitely we obtain the sequence 


(2.1) Go, My, +++ , Ait, Ai,-+-:, aia < 4, 


of elements in A’ satisfying the condition that if a is an element of A’ and 


(2.2) aj1<a, then a;(a) S o;(ai). 
We must now show that if a* is an element of A’ such that 
(2.3) a; < a* (« = 0,1,---) 


then a* is an extreme element of A’. 

Suppose to the contrary that A’ contains an element a** # a* such that 
a* < a**. Then from Definition 1 and (2.3) it follows that o;(a**) = o,(a*) = 
7,(;) for all integers i andj. From the assumption that FR is a separator of A’, 
we may conclude that there exists an integer k such that o,(a**) > o,(a*) (see 
Def. 2). From (2.3) and a* < a** we have 


Ap. < a* and ox.(a**) > o,(ax) 


which contradicts (2.2). Hence the assumption that any element a* which 
satisfies (2.3) is not an extreme element leads to a contradiction. The sequence 
(2.1) satisfies the statement of the theorem. 
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Corotuiary |: If A’ is a subset of A inductive relative to T, R a separator of A’, 
and ay an element of A’, then A’ contains an extreme element a* such that a, < a* 
(n = 0, 1, 2,--- ) where ay, a, --- ts the sequence referred to in Theorem 1. 

If A’ is inductive, there must exist an element a* such that a, < a* for every 
integer n, and from Theorem 1 it follows that a* is an extreme element of A’. 

The statement of Corollary 1 in the form in which it will frequently be used 
does not involve the elements a; , 2, --- ,@n, +--+ ,1€., 

Corouuary 1’: Under Assumptions 1 and 2, if A’ is an inductive Subset of A, 
R a separator of A’, and ao an element of A’, then A’ contains an extreme element 
a* such that ay < a*. 

Corouuary 2: If A’ is such that p;(a) = pi(a’) for every integer i implies a = a’, 
then under the assumptions of Corollary 1, a* is unique. 

Proor: Let a** be an element of A’ for which a, < a** foreveryn. We shall 
show that p;(a**) = p,(a*) for every integer 7. Suppose to the contrary there 
exists an integer j such that p,;(a**) ¥ p,(a*). Let k be the first integer for 
which p;(a**) ¥ p,(a*). If px(a**) > p,.(a*), then ox(a**) > ox(a*). But ox(a*) 

> o,(a,) since a, < a*. Therefore o,(a**) > ox(ax), and this together with 
a, < a** violates condition (2.2). Hence we cannot have p,(a**) > p,(a*), 
and by a similar argument we cannot have p,(a*) > p,(a**). From this it 
follows that p;(a*) = p,(a**) for every integer 7, and therefore, under the hy- 
pothesis of the corollary, that a* = a**. Q.E.D. 


3. Applications 


1. Let S be a topological space with a countable basis U;, U2,---. The 
following theorems are re-statements of Corollary 1’ after A, B, <, R and A’ 
have been specified. 

THEOREM 2: (Browwer Reduction Theorem) Let E, be a property of closed sels 


in S such that if F,) D FD --- DF, D --- are sets having property E, , then |] 
n=1 


F,, has property E,. If F is any set in S having property E, , then F contains an 
irreducible subset having property E, . 

Let A be the class of all subsets of S. a < a’ifandonlyifaDa’. (a,bi)eR 
if and only ifa ¢ S — U;. The set A’ of all closed sets in S having property 
EF, is an inductive subset and R is a separator of A’. That A’ is inductive is 
contained in the hypothesis of Theorem 2, and that R is a separator of A’ follows 
from the fact that if F, and F2 are any two closed sets in S and F; is a proper 
subset of F; , there exists an integer 7 such that F; ¢ S— U;andF. GS — Ui. 
Thus reading a as F,, Corollary 1’ becomes Theorem 2. 

THEOREM 3: Let E, be a property of closed sets in S such that if Fi © F2€ --: 
C FC --- is a sequence of sets having property Ez, then (> F,) has property Es. 
If F is any set in S having property E,, then F is contained in a maximal set 
having property Ez» . 

Let A and B be as in Theorem 2. a < a’ if and only if aa’. (a,bi)«R 
if and only if a-U; # 0. The set A’ of all closed sets in S having property 2: 
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is an inductive subset, and R is a separator of A’. This follows from the hy- 
pothesis on E, and the fact that if Ff; and F, are two closed subsets of S and F, 
ig a proper subset of F;, there exists an integer ¢ such that F,-U; = 0 and 
F,-U; 4 0. Thus again reading a as F, Corollary 1’ becomes Theorem 3. 

2. Similar theorems for open sets may be stated, one dealing with a property 
preserved under summation, and the other with a property preserved by the 
open kernel of the product. 

3. Another interpretation of Corollary 1’ which is of interest not because it 
provides a simple proof, but because it reveals another bond between certain 
concepts in Topology and Analysis is 

TororeM 4: (Tonelli’s Principle) Let C,, C2, ---,Cn, +++ be a sequence of 
compact sets contained in the Fréchet space L* and B(x) a function defined on >>? C,., 
which is lower semi-continuous on each of the sets C,. We assume further that 
for each integer n there exists an integer m, such that Cm, D L*[B(x) S nj. Then 
every closed subset F of yr C,, contains an element xp where B(x) assumes its greatest 
lower bound for x in F.° 

Proor: We may suppose there exists an integer N such that M = F[6(x) < N] 
is non-vacuous (otherwise 6(x) would be infinite at each point x and any point 
would serve as Zr). For each number s S N we denote by M, the set of points 
in M which are mapped on s by B(x). We define A as the class of sets M, 
(-« < s < N), though for convenience we shall continue to cali the elements 
of A, as before, a, a’, a”, --- a < a’ if and only if B(a) = B(a’) (where @(a) is 
the number on which every point of a is mapped). Let 7,72, --- denote the 
rational numbers in a definite order, then we define (a, b;) « R if and only if 
§(a) S$ r;. Risaseparator of A since a ~ a’ anda < a’ implies that B(a) > 
8(a’). Hence we can find an integer 7 such that B(a) > r; > B(a’), i.e., (a, bi) 
non-e R and ({a’, b;)e R. Moreover A is inductive. To prove this we consider 
a sequence of elements a , a, --- ,@:,--- in A such that a; <x a; + 1. Since 





*K. Menger in his paper ‘‘Die metrische Methode in der Variationsrechnung,’’ Ergebnisse 
eines mathematischen Kolloquiums, v.8, 1937, p. 13, called Tonelli’s Principle the follow- 
ing theorem: . 

On the Fréchet space L* let a(x) be a (not necessarily finite valued) function. Let a 
finite valued function @(x) be defined on the set L*[a(z) < »] such that for each finite 
number p the following conditions are satisfied : 

1) The set L*[a(x) S p] is compact. 

2) 8(z) is lower semi-continuous on L*[a(z) S p] 

3) a(x) is bounded from above on the set L*[8(x) S p] 

Under these conditions every closed subset A of L*[a(x) < ~] contains at least one 
element x, such that 6(z,) is the greatest lower bound for 4(z) on A. 

(Tonelli had used this theorem in the special case where L* is a space whose elements 
are rectifiable arcs and a(z) is the arc-length). The above statement (i.e. Theorem 4) 
includes that given by Menger as a special case. By letting pin 1) take the values 1,2, --- , 
n, +» we obtain the sequence of compact sets C, = L*{a(x) < n] which are however mono- 
tonically non-decreasing, a condition not necessary to the statement of the theorem. To 
require that C,, = L*[{a(z) < n] is compact for n = 1, 2, --- is not so strong a restriction 
as that in 1). 
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Cmy 2 M, the sets a, a, --- are subsets of the compact set Cn, , and since 
F is closed, F-Cny must contain a point p which belongs to the limit superior 
of a), @,,---. From the lower semi-continuity of B(x) on Cn, and the mono- 
tonicity of the sequence B(ao) = B(ai) 2 B(a2) --- it follows that B(p) S B(a,), 
i = 0,1,---. The set a’ which contains p is such that a; < a’ for every i. 
This completes the demonstration that A is inductive. If a is any element of 
A, then from Corollary 1’, A contains an extreme element a* and any point of 
a* will serve as the zr in the statement of the theorem. 


4. Monotone Collections of Sets 


A collection of sets {C} is monotone if for every pair of sets C and C’ in the 
collection either C D C’ or C’ D C. In this section we shall prove several 
theorems for monotone collections. It must be noted that while every mono- 
tonically non-increasing (non-decreasing) countable or transfinite sequence is a 
monotone collection the converse does not necessarily hold (as the simple illus- 
tration (—z, xz), 0 < x < 1, shows). 

Derinition: If C is a totally bounded’ space we denote by nc the minimum number 
of open sets of diameter less than 1/n with which tt is possible to cover C. 

Lemma: If C’ > C, C a proper subset of C’, are two totally bounded sets, then 1) 
Nc = Nc for every n, and 2) there exists an integer N such that form > N, me: 
> me. 

Proor: The proof of 1) is contained in the observation that any covering of 
C’ is also a covering of C. Now let p be a point of C’ — C. Any integer N 
such that 1/N < 4p(p, C) satisfies 2) of the lemma. For let U;, U2, ---, Umg: 
be a minimum covering of C’ with sets of diameter less than 1/m, where m 2 N. 
If we extract from these the sets which meet C, say U;, , Ui, , --- , Ui, we ob- 
tain a covering of C. k < mc — 1, since at least one set occurring in U;, --- , 
Um: , namely a set which contains p, does not meet C and hence is not one of the 
sets U;,,---,Ui,. But k = me, since U;,, ---, Ui, is a covering of C, so 
that me — 1 = me. 

TueoreM 5: If in a metric space S, {a} denotes a monotone collection of totally 
bounded sets, then >. a, where the summation is taken over all {a}, is the sum of 
countably many of the sets of {a}. 

Proor: With each set a’ of {a} we associate the number Ky = (la + 1) 
+ (Qa, + 27 + --- + (mg +n)? +.---. Let A be the set of elements of 
{a} anda <a’ifaCa’. Ifa’ Da, then as a direct consequence of our lemma 
we have K,, < K,. Ordering the rational numbers in a sequence 71, 72, °**; 





‘A point p belongs to the limit superior of the sequence of sets a, a, °*: if every 
neighborhood of p contains points of infinitely many of these sets. See Kuratowski, Top- 
ologie, p. 153. 


’ A metric space is said to be totally bounded if for every « > 0 it may be expressed as 
the sum of a finite number of open sets each of diameter less than «. A compact metric 
space is always totally bounded. 
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we define (a, b}) «Rif Ka S7;. Ris aseparator of A, for froma ¥ a’,a < a’ 
we have Ka < Ka, and hence choosing an 7 such that K., < r; < K, we shall 
have (a’, b:) « R and (a, 6;) non-e R. Therefore, by Theorem 1 there exists a 
sequence do, @1,°*+,@n,°-> such that an < dns, i.e. that Gas; Dan. Fur- 
thermore if there exists an element a* of A such that a, < a* for every n, then 
a* is an extreme element of A. This would mean that there is no set a of A 
such that a D a*, and hence for every set a of A we must have a* Da. There- 
fore the existence of a* would imply a* D Bi a and since a* is itself an element of 
A, this may be replaced by the equality a* = >> a. Thusin this case % a would 
certainly satisfy the statement of the theorem. 

If there exists no element a* such that a, < a* for every n, then )> a = )-f ay. 
For if a is any element in A, we do not have a, < a for every n by assumption. 
If therefore n’ is an integer such that a, non < a, ie. a Da, , then since A 
is a monotone collection a,, Da. Consequently }°¢ a, > a for each a in A, 
and from this we obtain >°o an D >>a. Since the a, are elements of A this in- 
clusion must be the equality }o¢ an = Do a. Q.E.D. 

TurorEM 6: (Generalized Cantor Intersection Theorem)® In a metric space if 
{a} is a monotone collection of compact sets, then Ia, where the product is taken 
over all a in {a}, ts compact. 

Proor: Let A denote the class of elements in {a} and a < a’ if and only if 
aDa’. Let (a, b;) € Rif and only if K, 27r;. As before, in Theorem 5, it 
may be shown that R is a separator of A, so that again applying Theorem 1 we 
obtain the sequence dp , G1, --+ , Qn, +++ Gn < Gns; Of elements in A. 

If there exists an element a* of A such that a, < a* for every integer n, a* 
would be an extreme element of A relative to 7. This would mean that no 
set of {a} would be contained in a* as a proper subset, and hence from the 
monotonicity of {a}, a D a* for each set a of {a}. Thus we should have [| a = 
a* is compact. 

On the other hand, if there exists no extreme element of A, it is evident that 
ifa is an element of A there exists an integer n such that a Da,. Hence 


a> []a,, from which IIla2[] an. Since a, is an element of {a}, a, 2 [][ a, 
n=0 


n=0 


s0 that [J a, 2 [[@. Therefore [[a, = []a. Since the product of a countable 


n=0 n=0 


monotonically non-increasing sequence of non-vacuous compact sets is a non- 
oO 


vacuous compact set, it follows that [] a, and hence [J a is a non-vacuous 


n=0 


compact set. 
Remarks: As noted above, the interpretations of Theorem 1 and Corollary 1’ 
are by no means restricted to those given here. For example, a restatement of 





*This may also be deduced from a theorem of R. L. Moore, Proceeding of the National 
Academy, vol. 10, 1924. 
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Corollary 1’ as a theorem in Metric Geometry may be given.’ It should be 
mentioned that once having chosen R, the b;’s may always be considered as 
subsets of A with the condition that a « b; if and only if p;(a) # 0. Thus we 
should have (a, b;) « R if and only if aeb;. The important step in any appli- 
cation of Theorem 1 and Corollary 1’ lies in the choice of & so as to make it a 
separator of a previously given subset A’ of A (which might be A itself). Thus 
if A’ is an inductive subset of A, it is sufficient for the existence of an extreme 
element of A’ relative to 7 that R may be so chosen. However it is not neces- 
sary, as may be verified by an example. 


UNIVERSITY OF NotrRE DAME, 
Norre Dang, INDIANA. 





7 This will appear in a note written jointly by Prof. K. Menger and the present author 
to be published in the Bull. of the Am. Math. Soc. 
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INTRODUCTION 


A set S of elements, or points, P, P’, --- , is said to be a semi-metric space 
if it is provided with a distance function PP’ with the following two properties: 
1. PP’ = P’P 20, 2. PP’ = Oif and only if P = P’. Let now F(t) be a real 
continuous function defined for ¢ = 0, F(t) > Oift > 0, F(0) = 0. According 
to L. M. Blumenthal we call the new semi-metric space which arises if we re- 
place the metric PP’, of S, by F(PP’) the metric transform of S by F(t) and 
denote it by the suggestive symbol F(S) ((2], p. 8).” This concept was also 
investigated by W. A. Wilson ([21], p. 64). Certain metric transforms have 
long been in use, for it is well known that if © is metric, also the space with the 
new distance function d(P, P’) = PP’/(1 + PP’) is metric. Moreover, these 
two metrics are topologically equivalent and the new space has a finite diameter. 
The new space is clearly the metric transform F(S) by the function 

t 
(0.1) F(t) = T+? 

A general type of question suggested by the concept of metric transforms is 
whether functions F(t) may be found such that ©, if metrically transformed by 
F(t), becomes more nearly comparable to certain simple spaces; or whether non- 
trivial functions F(é) exist which will preserve certain simple characteristics 
of the original space S. To illustrate these points we shall state a few recent 
results. 

If S is a metric space it is readily seen that the metric transform (S)* (of 
by the function F(t) = t*) is also metric, provided the exponent « is chosen 
inthe range 0 < x $1. Blumenthal has shown that if this exponent is further 
restricted within the range 0 < « S 3, then (S)* has the 4-point property, i.e., 
any four points of (S)* may be imbedded’ in a euclidean space. Hence (S)* 
(0 < « S 4) is more “nearly euclidean” as compared with S, for S enjoys only 
the 3-point property which is equivalent to the triangle inequality (see [2]). 

As an example of a metric transformation which preserves certain properties 
-_-----_———— 

‘Presented to the American Mathematical Society, April 16, 1938. 

* The numbers in square brackets refer to the list of references at the end of this paper. 
PR and throughout this paper the word imbedding is meant in the sense of isometric 

ing. 
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of a space we mention the result of Wilson ([21], p. 64) to the effect that the 
metric transform (E;)', of E,* by the function t', which is not any more a euclidean 
space, is still isometrically imbeddable in §. This result was recently extended 
in two different directions. 1. It was shown by the author ({15]) that (§)* 
(0 < x S 1) is imbeddable in .° More significant is the following second 
result. 2. John von Neumann and the author ({12]) have determined all those 
functions F(t) with the property that the metric transform F(E)) be imbeddable 
in §, or that it be imbeddable in #,. This problem is equivalent with the 
problem of determining all screw lines in Hilbert space and in euclidean spaces. 

These developments suggest the following general problem: To determine ail 
functions F(t) such that the metric transform F(E,) be isometrically imbeddable in 
E,, , where the dimensions m and n are given in advance (1S mS ~,1 Sn ~), 

We shall refer to this as the problem {EZ,, ; E,}. The problems of the screw 
lines in EZ, and § are identical with the problems {£; ; Z,} and {H;,; $} in the 
present notation. The existence of closed screw lines in E,(n = 2) and in § 
may suggest that interesting solutions of a problem {£,, ; Z,} are omitted by 
restricting the transforming function F(t) to be > 0 iff > 0. However, if F(t) 
does vanish for positive values of t, then F(#,,) is by no means a semi-metric 
space. However, the problem of isometric imbedding of F(#,,) in E, retains 
also in this case its old meaning in an obvious way. In the present paper we are 
primarily interested in the case when m = 2 and a simple lemma (Lemma 6, $5) 
will show that if we exclude the trivial solution F(#) = 0, a problem {E,, ; E,}, 
where m exceeds one, does admit, if any, only solutions F(t) which are > 0 
fort > 0. 

The case when m > n is immediately ruled out as trivial, for a moment’s 
reflection shows that F(t) = 0 is the only solution of {Z, ; EZ, }. In the Appen- 
dix, §7, we solve the problem {Z,, ; E,}, where 2 S m S n < ~&, with the 
rather negative result that the obvious solutions F(¢) = ct (ec 2 0), which cor- 
respond to similitude transformations of EZ, , are the only possible ones. The 
problems {Z, ; 6}, where 2 < m < ~, will be partially solved in §8 of the 
Appendix where all “rectifiable” solutions of these problems are determined by a 
method suggested by recent investigations on homogeneous random processes 
in the calculus of probabilities. The chief objective of this paper is a complete 
solution of the problem {; 5} (Part II, §5). The solutions F(é) of this prob- 
lem, as described by Theorems 6 and 6’ of §5, turn out to be essentially integrals 
of completely monotone functions. In particular it is found that (0.1) is a 
solution of this problem. Thus F($), where F(¢) = ¢/(1 + 4), is not only a 
bounded homeomorph of §, but is actually congruent to a subset of 9. 

A convenient way of attacking analytically these geometrical problems is 
afforded by combining an imbedding theorem of Menger ([9]) with a connection 





‘ We denote by E,, the m-dim. euclidean space, while Z,, or $ shall mean the real Hilbert 
space. 

6 This is a special case (for p = 2) of the following result: (L»)*(0 < « < p/2;0 < p S$ 2) 
is imbeddable in ©. 


eX] 








is 
n 


rt 





METRIC SPACES AND COMPLETELY MONOTONE FUNCTIONS 813 


between euclidean simplices and quadratic forms, which goes back to Gauss, 
and which is so familiar in the geometry of numbers. The author had previ- 
ously emphasized the usefulness of this combination in problems of isometric 
imbedding in Hilbert space ([14], [15], (16]). It allows us to attack our problems 
with such powerful tools as the Fourier-Stieltjes and Laplace-Stieltjes integrals. 

Part I of this paper, on which the subsequent work is based, incidentally 
answers a question which has puzzled the author long before he ever thought of 
metric transforms of spaces, namely the connection between the class 8 of 
Fourier-Stieltjes integrals (positive definite functions) 


i] 


(0.2) g(t) = | e'™ dau), (— 0 <t< »), 
and tHe class Dt of Laplace-Stieltjes integrals (completely monotone functions) 


(03) i) = [ ” 6 ap(n), 0 <t< «), 


where a(w) and B(u) are bounded non-decreasing functions. In spite of the 
entirely different analytical character of these two classes,’ a certain kinship 
was to be expected for the following two reasons: 1. In both cases the defining 
kernel is the exponential function. 2. The less formal reason of the similarity 
of the closure properties of both classes, for both classes are conver, i.e., af; + defe 
(a; 2 0, a2 = 0) belongs to the class if f, and fz belong to it, multiplicative, i.e., 
also fi-f2 belongs to the class, and finally closed with respect to ordinary con- 
vergence to a continuous limit function. The answer, as given by Theorem 3 
below, is based on a result of S. Bochner on characteristic functions of distri- 
bution functions in Z,,([4], p. 407) and may best be stated in terms of such 
functions. A subclass of the class of characteristic functions f(x, --- , 2m) 
in E,, (defined by (1.4) below) are those which are of radial symmetry. These 
are completely described by Theorem 1 below. While there is not as yet at 
present an explicit determination of the characteristic functions in Hilbert 
space § by an appropriate Stieltjes integration process over §, these functions 
may easily enough be defined as positive definite vector functions in 5. Those 
positive definite vector functions in § which are of radial symmetry are now 
explicitly determined and turn out to be identical with the functions f(t’), 
where f(t) «MM. Incidentally, Theorem 3 exhibits a new property (3.3) of 
completely monotone functions which is sufficient to characterize this class of 
functions. 

The sixth section of Part II is devoted to further applications to the theory 
of completely monotone functions. It is shown that the solution of the problem 
\S ; 5} (Theorem 6) is equivalent with a complete description of those trans- 
ee 

* Indeed f(t), defined by (0.3), is analytic in the half-plane Rt > 0, while Weierstrass’ 
nowhere differentiable function g(t) = do a" cos bt, (0 < a < 1, ab 2 1), is readily repre- 
sentable as a Fourier integral (0.2) with an appropriate step function a(t). Thus $ con- 
tains “arbitrary”? functions. 
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formations of the variable ¢ | ¢(¢) which turn completely monotone functions 
f(t) into functions f(@(é)) of the same class (Theorem 8). We venture to call 
them inner transformations of the class Yt. The fact that an essential part of 
this class of transformations does have this property was pointed out quite 
recently by S. Bochner ((5], p. 498). 


I. PositrvE DEFINITE FUNCTIONS AND COMPLETELY MONOTONE Functions 


1. Positive definite functions in euclidean space £,, 


1.1. Let S be an abstract set of elements P, P’, Q,---. A real or complex- 
valued function F(P, Q) of two arbitrary points of © is called positive definite, 
if it enjoys the following two properties: 


1. Hermitean symmetry ° 
(1.1) F(P, Q) = F(Q, P). 
2. For any n points P,, --- , Pn of S(n = 2, 3, --- ) we have 
(1.2) DL. F(P;,Px)piix = 0 
7,k=1 


for arbitrary p; .’ 

If S is also endowed with a metric PP’, we would also require our function 
F(P, Q) to be continuous in both points with respect to this metric. By im- 
posing successive restrictions on ©, as well as F(P, Q), we shall now examine 
certain subclasses of Moore’s general class of positive definite functions. 

Let us assume first that © is a linear vector space with the norm (metric) 
| P — P’| = PP’. In this case we limit ourselves to positive definite functions 
F(P, Q) which are functions of the vector P — Q only: 


(1.3) F(P, Q) = f(P — Q). 
Our continuous vector function f(P — Q) is now subject to the conditions 
(1.1) f(P -Q) =fQ-P), 
(1.2" X sP; — Poids = 0. 


If our underlying space is the m-dimensional euclidean space E , these func- 
tions f(P — Q) are precisely the positive definite functions of m variables as 
defined by M. Mathias (m = 1) and S. Bochner (m arbitrary) ((4], p. 406). 
Let us refer Z,, to rectangular codrdinates and write P = x = (x1, --- , 2m); 
f(P — 0) = f(a, --- , am) = f(z), zy = tyr + --- + 2mym-. Bochner estab- 
lished the identity of this class of positive definite functions with the class of 
characteristic functions of distribution functions in Ep : 


(1.4) Ke< [ o agly), 


7 This general concept is due to E. H. Moore. See [11], pp. 3-4, 173, 181-190, 209-220. 
Moore calls F(P, Q) a positive Hermitean matrix. 
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where ¢(y) is the monotone point function of a non-negative, bounded, totally 
additive set function ¢(S) defined for all Borel sets of E,, . 

A subclass of the class of vector functions f(P — Q) associated with S and 
enjoying the properties (1.1’) and (1.2’), is made up of those functions which are 
functions of the length | P — Q | of the vector only: 


(1.5) #(P — Q) = 9 |P — Q|) = g(PQ), 


where g(t) is a continuous function defined fort = %. They are necessarily 
real, for (1.5) implies the ordinary symmetry f(P — Q) = f(Q — P), which 
together with the hermitean symmetry (1.1’) obviously implies the reality of 
f(P — Q) and g(t). These real functions g(t) will be called positive definite 
“in @” throughout this paper. This final restriction implies on the other hand 
a gain in generality, for this restricted definition of positive definite functions 
may at once be extended to any semi-metric space ©. 

DeFINITION 1. Let © be a semi-metric space with the metric PP’. A real con- 


tinuous function g(t) defined in the range of values of t = PP’(P, P’ ¢S), is said 


to be positive definite in S, if for any n points P,, --- , Pn of S(n = 2, 3, --- ) 
we have 
(1.2””) Dd g(P;Px)p;px = 0, 

j,k=1 


for arbitrary real p;. We shall denote this class of functions by the symbol B(S).° 

The class $(G) is never empty, for g(t) « B(S), if g(t) = 1. From (1.27) 
we conclude that | g(t) | S g(0). It was pointed out before ((16], §2) that the 
class $(S) is convex, multiplicative and closed with respect to convergence to a 
continuous limit function. 

1.2. Let us determine the functions g(t) of the positive definite class B(En). 
From (1.5) and Bochner’s theorem we learn that our g(t) are in a one-to-one 
correspondence with those characteristic functions (1.4) which are functions of 
|x| only, i.e., of radial symmetry, and that the relationship valid both ways is 


(1.5’) f(x) = (|x|). 

Let dw() denote the area element of the spherical shell | | = 1 in Z,,, and 
Wn = fdw() be its total area. The mean value of e over | | = 1 is obviously 
invariant with respect to rotations in EZ, about the origin and hence is a func- 
tion of | 2 | only. We write for it 


(16) Mee) = [ e* deo(£) = Qn(||). 
Om J|§\=1 
By m-dimensional polar codrdinates we readily find 
(1.7) Qn(r) = [ e788 sin” 9 d0 / [ _sin”™” 0d8, (m = 2), 
0 0 


an see that g(t) e $(G) if and only if F(P, Q) = g(PQ) is positive definite in the sense 
ot Moore. 
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whence the power series expansion and expression in terms of Bessel functions 





r r °° 
a On(r) = 1 — oF + x amGm +2) 24-Gmom + AQm+ A 
, 2 3(m—2) 
=e 7 ("\(?) J 4¢m-2)(7), (m 2 1), 


showing that 2,,(r) is an integral transcendental function.” We may now readily 


derive the following theorem. 
THEeorREM 1. The class B(Em) of functions which are positive definite in E,, 


is identical with the class of functions of the form 
(1.9) att) = | en(tu) daw), 
0 


where a(u) is non-decreasing and bounded for u = 0, and Q,,(r) is the integral 


function defined above. 
Indeed, let f(x) of (1.4) be of radial symmetry: f(z) = g(|2|). Since f(x) = 
f( | z| &), for all unit vectors &, we have 


aizd=se=1L [seid 


[ (2 . et aul®) ) daly) 


=f, 2n(i21-IuD det) = [ an(\ |v) da, 


(1.10) 


where we put 
au) = | doy) = oly sw. 
y|su 


Thus (1.10) shows that functions of B(EZ,,) are of the form (1.9). The converse 
is obvious, for Qn( | x | wu) is a characteristic function on account of (1.6). 


2. Positive definite functions in Hilbert space 5 


2.1. Definition 1 implies a certain monotoneity property of the class B(S) 
in its dependence on the space &, for if S is a subset of a space S’, or congruent 
to a subset of S’, then $(S’) C B(S). Nowas HE, CHE, C--- CEn C-::: 
C §, we see that 


P(A) D PE) D --- DP(En) D --- D PH), 





* The ©,,(r) may be called Poisson functions as they were discovered by Poisson in con- 
nection with problems on heat conduction prior to Bessel’s investigation of his func- 
tions. See G. N. Watson [18], p. 24. 

0 The interchange of integrations in (1.10) is justified by a general argument found in 
[4], p. 393. 
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with 8() actually identical with the intersection (logical product) of this non- 
increasing sequence of classes {$(E,,) }. 

It was pointed out elsewhere ((16], §2) that g(t) = exp{—fu’} (u a real 
constant) is positive definite in Z,, , for all m, hence also positive definite in ©. 
This fact is immediately apparent from the elementary formula 


eo it . +27 )u2 


(2.1) js si we 2 2 
_ _ i ( ie a )— ile a 4u2 
= (2u) ". m ne: e’ T1Y1 lmUm e (yy Y,)/4u dy; se dYm , 
ait —0o 


showing that f(x) = exp{— | z |’u’} is a characteristic function in E,, of radial 
symmetry about the origin. That we get all functions of the class B() as 
linear combinations of these particular functions, with non-negative coefficients, 
is stated by the following theorem. 

TaeorEM 2. The class $() of functions which are positive definite in is 
identical with the class of functions of the form 


22) g(t) = [ o™ dau), 


where a(u) is non-decreasing and bounded for u = 0." 

Indeed, since $() is convex and exp{—t’u’} e B(H), we see that g(t), of 
(2.2), belongs to $(). There remains to prove the converse. Now let g(t) 
be an element of $(). As g(t) « B(Z»), we know by Theorem 1 that it is 
of the form 


(2.3) g(t) = ft 0, (tu) dam(u), (m = 1, 2, 3, =* -), 





'' Theorem 2 and Theorem 4 below (i.e. Theorem 1 of [16]) allow us to state the following 
result: A separable semi-metric space S is imbeddable in § if and only if B(H) C FS). 
Ifwe replace § by E,, , then the theorem is no longer true without further restrictions on ©. 
To show this, consider _ , and let S be a regular simplex o, of E, of side 1, i.e., G be the 
set of five points Py, --- , Py with P;P, = 1(i # k). The statement B(Z;) C $B(S) means 
(by Theorem 1 below for m = 3) that the family of functions 0;(tu) is positive definite in 
&=0,. As the 0(tu) are known to be positive definite in Z; , our last statement amounts 
to the inequality 


(") A(u) = det || 2(u-P: Px) |lo« = 0, for real uw. 


Now P:P, = 8:2 implies A(u) = (1 + 9 (u))*(1 + 49(u)). Hence (*) holds, since the in- 
equality 


") o(u) = "> -3 


happens to be valid for all real u. Thus $(E;) C B(ox), without, of course, o, being im- 
beddable in Z;. In order that $(Z,,.) C B(S) should imply that S is imbeddable in E,, , 
itwill probably be sufficient to assume that © is made up of at least m + 3 points, an as- 
‘umption suggested by certain results of Menger, [10]. 
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{am(u)} being a certain sequence of uniformly bounded monotone functions, 
From the power series expansion (1.8) we derive the limiting relation 
(2.4) lim Q,(r+/(2m)) = &”.” 


mo 


As on the other hand (2.3) may be written in the form 


(2.5) g(t) = [ Qn (tu +/(2m)) dam (u+/(2m)), (m = 1,2, 3, ---), 


we shall expect to be able to pass from (2.5) to the representation (2.2), of g(t), 
by means of (2.4). Now it is easy to show that (2.4) holds uniformly within 
any finite interval of the r-axis (as well as in any finite domain of the complex 
r-plane). This, however, is insufficient to insure the applicability of Helly’s 
well known convergence theorem for Stieltjes integrals, as our interval of inte- 
gration is infinite. We shall have to show that (2.4) holds uniformly for all 
real values of r.” 


2.2. The following proof of the uniformity of convergence in (2.4) is ele- 
mentary.“ For the sake of clarity we present it in the form of three lemmas. 
Lemma 1. Let 


(2.6) F(z) = I cos (xr(u)) du, 


0su<i1,7'(0)>k>0. We have 


where 1(u) is continuous for 0 S u S 1, 7(0) = 0, and r’(u) non-decreasing for 


(2.7) | F(x)| < ‘ forx > 0. 





12 The author is indebted to J. von Neumann for pointing out to him this relation. 
18 To stress the decisive réle of the uniformity of convergence in (2.4) for all real r, 
we point out the following fact. The expansion (1.8) shows that 


(2.4’) lim Qa(r) = 1, 


mo 


uniformly in any finite r-interval. From this and (2.3) we may be tempted to expect, as 
m— ©, that 


g(t) -| 1-da(u), 
0 


and therefore conclude that $() is made up of constant functions only. This however, 
is not true, as e.g. exp{—(?} « B(©). The point is that (2.4’) does not hold uniformly for 
all real r. 

4 None of the available asymptotic estimates of Bessel functions was found to apply 
in the present situation. 
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Indeed, as 7’(u) > & holds throughout (0, 1], the second mean value theorem 
gives i 
1 1 1 iH 
P(t) = i cos (r(u)) du = [ Ww cos (r(u))7’(u) du i | 
1 : 1 . : sin r(€) | 
a ened ‘ du = ——~ a i eee 
70 i cos (r(u))7’(u) du 70 (sin r(€) — sin r(0)) 0)? 
» which implies i | 
1 i | 
1F()| =| | cos (r(u)) du} < 3. iS | 
z 0 k it 
taal 
x Applying this inequality to a7(u) instead of r(u) (for a fixed positive value of z), i iY 
8 and therefore with ka, instead of k, we immediately get (2.7). "i 
‘ Lemma 2. We have i | 
08) [qe / (2m) | <= for 2>0,  m=3,4,5,---, | 
‘ Indeed, passing to the variable t = cos 6 in 
x/2 «/2 ° 
Qn(a+/(2m)) = i cos (4 +/ (2m) cos 6) sin” ” 6 dé , | sin” ° 6d8, 
0 0 
we get 
1 1 
J Qn(2~/(2m)) = [ cos(x +/(2m)t)(1 — 0°)” dt / I a —%)”"" dt, 
0 0 
(m = 3). 
By means of the function 
t 1 
(2.9) u= I (1 pe: anmorat | | (1 me "a (0 <t < 1), 
sf 0 0 
’, 
whose inverse we denote by t = ¢(u)(0 S u < 1), this goes over into 
1 
n(x +/(2m)) = [ cos (x ~/(2m)t(u)) du. 
0 
s With 
(210) r(u) = /(2m)t(u), 
We finally have 
1 
me (2.11) Qn(ar/(2m)) = [ cos (rr(u)) du. 
0 






ly The change of variable and the inversion t = t(u), of (2.9) are justified by the 
lact that the function (2.9) is continuous and strictly increasing for 0 S ¢ = 1, 
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with u(0) = 0, u(1) = 1. Moreover 
7’(u) = a/ (2m)t' (u) = 4/ (2m) (1 ses dasa) 8 (1 << rd, 


(0 <t <1), 
is an increasing function and 


7'(0) = ~/(2m) I a — tf)? a 
(2.12) ‘ 


/2 (m = 3)!" 
= (2m) sin”? 9d0 = +/(2m) We 
° (m — 2)!! 


Now (2.11), (2.12) and Lemma 1 imply the required inequality (2.8). 
Lemma 3. The limiting relation 


(2.13) lim Q,,(a+/(2m)) = e7 


mo 


a2 


holds uniformly for —~ <4 < @, 
Indeed, the difference 


| Qn(a+/(2m)) — e* | 


will be < efor real x with |x| > A(e), and m = 3, since it falls below x‘ + e 
by Lemma2. Now for sufficiently large m it will likewise be < efor |x| < A(e), 
since (2.13) holds uniformly in every finite interval as already mentioned. 


2.3. We can now readily complete a proof of Theorem 2. Returning to the 
relation (2.5), Helly’s compactness theorem insures the existence of a subse- 
quence {am,(u+/(2m,))} converging to the monotone function a(u)(a(0) = 0) 
in all points of continuity of a(u) ([8], p. 286). Let ¢ assume a fixed positive 
value. By Lemma3we know that Qn,(tu./(2m,)) tends to exp{ —?’u"} uniformly 
for all real values of u, hence (2.5) implies 


g(t) = I ” Oday (us 9/ (amd) + 0, 





1 Here we write k!! = k(k — 2)(k — 4) ---. The last inequality (2.12) can be verified 
by Stirling’s formula. I owe the following interesting direct proof to F. Bohnenblust. 
Let m = 2n+2beeven. Then 


(2n — 1)!! 
“mit V(4n + 4) 


“ (2n — 1)(2n — 3) --- 3-1 
~— V(Qn)(V(2n)V(2n — 2))(-V(2n — 2)V(2n — 4)) «++ (W402)V2 


(2n — 1)(2n — 3) --- 3-1 n+1 
pe z _ —_—. 3. 
= V(2n)(2n — 1)(2n — 3) --- 3-V2 ots V/( n )> 


since V(2n(2n — 2)) << 2n—1. Similar argument in case m is odd. 





V(4n + 4) 
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with |o | < ¢ for sufficiently large values of ». But this implies that 
—t2y2 

a) = fe dea (uw 2m)) + oy 


with |p| < 2e, provided both / and » are sufficiently large. If u = 1 is a con- 
tinuity point of a(u), letting vy — ©, we get ((8], pp. 288-289) 


l 
g(t) = [ eo da(u) + pi. |p, | S Qe 


Now letting 1 © and then e — 0 we get the desired representation (2.2). This 
formula, established for ¢ > 0, holds also if ¢ = 0 in view of the continuity of 
its two sides. 


3. Completely monotone functions 
3.1. A real function f(é) is said to be completely monotone for t = 0, if 


(3.1) (-1)"S" 20 for 0<t< a, (n = 0,1, 2, +++), 
and 
(311' $0) = (+9), 


the last condition expressing the continuity of f(t) at the origin. A fundamental 
theorem” states the identity of this class with the class of functions representable 
asa Laplace-Stieltjes integral 


8.2) i) = l ” 6 dB(u), 


where B(w) is non-decreasing and bounded for u = 0. We shall denote this class 
of functions throughout this paper by the symbol M. 
If g(t) is positive definite in §, then we may write in view of Theorem 2 


g(t) = [« Hu da(u) = i] : et da(s/u) = i : e*™” dp(u) = f(e). 


Thus Theorem 2 and the Laplace integral representation (3.2) immediately 
prove the following theorem. 

TarorEM 3. A function f(t) is completely monotone for t = 0, if and only tf 
‘ 3 is positive definite in Hilbert space §. In symbols: f(t) « m if and only if 

B(G). 

The elements g(t) of $(G) and f(t) of M are therefore in f one-to-one cor- 
respondence expressed by the relation g(t) = f(t’), which is valid both ways. 

Definition 1 of positive definite functions and Theorem 3 allow us to state 
that the conditions (3.1) and (3.1’) for complete monotoneity of a function f(¢) 
are entirely equivalent with the following two requirements: 


1. f(t) be real and continuous for t = 0. 
Aan essssesessssieennnniinentie 


"See [7], [1], [19], and [13]. 
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2. If P,, Po, --- , Pnare any n points of a euclidean space (n = 1, 2,3, ... ) 
we should have 


(P,P?) f(P:P2) --- f(P:P2) 
(3.3) REED Mats a MEFs) > 0.” 
‘f(P.P2) f(PaP2) »-» f(PxP2) 


A direct derivation of (3.3) as a consequence of (3.1) and (3.1’) would furnish 
a new proof of the theorem that (3.1) and (3.1’) imply the representation (3.2). 

The connection between the class { of characteristic functions (0.2) and the 
class tis now clear. We have the infinite sequence of classes 


3.4) B > PL) P PH) D --- D BEn) > --- D BH). 


The class $(E,) is made up of those elements of $ which are of radial sym- 
metry in EF, , i.e., are even, or merely real. Their form is obviously 


g(t) = [ . cos tuda(u), 


which is in accord with Theorem 1, since Q,(r) = cos r. A function g(¢) of 
$(£;) belongs to $(E,,) if and only if 


(3.5) g(x/(xi + --- + 23,)) is a characteristic function of En . 


The completely monotone f(é’)(f(é) « M) are identical with those elements g(é) 
of $(£;) which enjoy the property (3.5) for all values of m. 


3.2. Further light is thrown on the gradual narrowing down of the classes (3.4) 
by the requirement of positive definiteness in E,,, for increasing m, by the 
following lemma. 

Lemma 4. The functions 


(3.6) g(t) = [Pte da(u) 


of the class B(Em) are ea -times differentiable. 
This fact shows clearly the smoothing effect on g(t) of the requirement of 
positive definiteness in higher euclidean spaces. It implies in particular that 
the elements of $(), and those of I, are ~-often differentiable. Theorem 2, 
moreover, shows that the elements g(t) of (©) are even analytic in the sector 
| argt| < 2/4 of the complex ¢-plane. 
In order to prove Lemma 4 it suffices to consider 


(3.7) g(t) = [ F atu) da(u) 


17 See Theorem 3’ below which excludes the equality sign in (3.3), except in trivial cases. 
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and to see for what values of »y = 1, 2, 3, .-- this integral converges for all 
values of t. The integrand is 


a — (y) v 
(3.8) ap am (tu) = 0)" (tu)-u’. 
From Qn(r) = CmIx(r)r *, where k = (m — 2)/2 and cm is a positive constant, 
we get by the rule of Leibnitz 


BaP (r) = JP (r)r™ — ("ere (r)r 


+... th(k +1) --- (k+0-- IJ (r)r*. 
As J (r) = O(r) we have 
90 (r) = OF") = O41"), 
and hence by (3.8) 
a” v—4(m—1) 
ap om (tu) = O(u 2, 
Thus (3.7) converges absolutely as long as vy S (m — 1)/2, proving our lemma. 
In view of Lemma 4 there are strong reasons to believe that the continuity 
assumption on g(t) in Definition 1, section 1.1, may be dropped as soon as © is 
an euclidean space E, of dimension m exceeding one. More precisely: The 
inequality (1.2’’) should imply the continuity of g(t) everywhere, with the ex- 
ception of the origin ¢ = 0. The last discontinuity must obviously remain, 
for if g(t) satisfies the inequalities (1.2’’), it will still satisfy them if the value of 
g(0) is increased. 
3.3. We close this section with the following theorem. 
ToeorEM 3’. If P,, P:,--- , Pa are any n distinc: points of E,-1 and f(t) « M, 
then 


(3.9) det || {(P;P%) |l1n > 0, 


unless f(t) reduces to a non-negative constant. 
Indeed, let us show first that the quadratic form X exp { —P; Pi}; px is pos- 
j,k=1 


itive definite. Transforming the integral (2.1) (u = 1) to polar coérdinates and 
using again vector notation in E,(m = n — 1), with P; = x’ = (zi, --- , tn), 
We get 


el? = 9" Ir(m/2)]* | M, {6°} e749" dr, 
c 


Replacing the vector z = x — 0 by P; — P, = x’ — 2", we get 


oo 
—p; Mai —i(zrk —s2 = 
€ P;P} on | M,{e'’®’.¢ i(z Orie r [4m dr, 
0 
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Now 





—Pj;P? ef fl 3 i(xit)r 
2 e * * pip, = ec: Me) DP”. pg 
1K uv 


| j=1 





2 
—r2/4 m—1 
he - eae, 


which proves the positive definite character of this form by an elementary 
argument previously used (see [15], p. 790). Hence 


(3.10) >>} elie > 0, (u > 0, Pi? er * p> 0). 
Fy 


Now (3.2) and (3.10) show that 
LS (P;Pi)pjpn = | (= tippy) dp(u) 
0 


is positive, if pj + --- + p, > 0, unless B(u) reduces to a step function with a 
single saltus at the origin while >> pjex = (01 + --- + pn)” =0. But then f(t) 
is a constant as was to be proved. 


4. Integrals of completely monotone functions 


4.1. We have denoted by J the class of functions f(t) completely monotone 
fort = 0. If we drop the second condition (3.1’), which requires continuity 
at the origin, we get a larger class of functions y(¢) defined for t > 0 and satis- 
fying the inequalities 


(4.1) (-1)"¥"(t) = 0 for 0<t< ~, (n = 0,1,2,---). 
These functions are also representable as Laplace integrals 
(4.2) y(t) = | e “dy(u) for 0<t<o, 
0 
where y(u) is non-decreasing. y(0) = ¥(+0) exists if and only if y(u) is 


bounded, in which case ¥(0) = ¥(+0) = y(~). Integrating (4.2) between « 
and t(0 < « < ¢) we get 





t Oo —ueE —ut 
(4.3) I V(t) dt = | —— dy(u). 
€ 0 
Letting here e — 0 we get 
t baad —ut 
(4.4) o(t) = I v(t) dt = | int dy(u), (0<t< »), 
+0 0 


where both improper integrals converge or diverge simultaneously. We have 
convergence for all ¢ > 0, if and only if 


(4.5) I dy(u) 
1 u 
exists. 
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DeriniTION 2. We denote by T' the class of functions $(t) defined by (4.4), and 
4(0) = 0, as integrals of those functions y(t) completely monotone for t > 0 for 
which the improper integral f ,op(t)dt converges. In terms of the Laplace repre- 
sentation (4.2), this last mentioned condition is equivalent with the assumption (4.5). 

This class 7’ is fundamental in our subsequent work. In this section we only 
prove a certain closure property of this class expressed by the following lemma. 

Lemma 5. The class T is closed with respect to ordinary convergence to a con- 
tinuous limit function, that is, of {¢n(t)} (n = 1, 2,3, --- ) is a sequence of elements 
of T and go(t) 18 continuous for t = 0, then 
(4.6) lim n(t) = do(t), (0<t< o), 
implies that po(t) ¢ T. 

Indeed, by assumption we have 


+0 


where ¥,(¢) are completely monotone for ¢ > 0 and all improper integrals con- 
verge. Now the y,(¢) are analytic in the half-plane Rt > 0 and therefore also 
their integrals @,(¢) are of this nature. Lett =o + ir. We want to show that 
the functions of the sequence {¢,(¢)} are uniformly bounded in the rectangular 
domain 


D: o So, lr] Sn, (0 < a1 < 2). 


Indeed 


on(t) = drlo + ir) = | (dQ — @™™)u dyn(u) 


= i] (QQ — & ™)u dyn(u) + | e “(1 —e™)u' dy, (u). 
0 0 


Ot) | S dale) + |r| i] ian sin “Sk dy,(u) Solo) +r} ee“ dyn(u) 
0 0 


oo 


5 adel de / "€""dylu) S dole) +1 | (1 — 6) (o,u)dya(u), 


Hy) 


snceee* << (1 — e*)a U(x > 0). We therefore have 
| dn(t) | S bn(o2) + 7101 'n(or) (t in D) 


This proves, in view of (4.6), that the ¢,(¢) are uniformly bounded in D. By 
Vitali’s convergence theorem we conclude that (4.6) holds uniformly in any 
bounded domain inside the half-plane Rt > 0 and that ¢o(t) is analytic. (See 
Titchmarsh, [17], p. 168.) 
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Let Yo(t) = ¢0(t); now (4.6) implies 
lim (—1)'y(@) — (-—1)* ys, (k 0, 1, 2, “ -), 


if Rt > 0, hence in particular for all positive values of t. Thus (—1)"y“”(t) >0 
implies (—1)*¥i"(t) = 0(¢ > 0; k = 0, 1, 2,--- ), hence yo(t) is completely 
monotone fort > 0. The proof is now immediately completed, for 


t 
go(t) — dole) = i yot)dt, (O<e <2), and ¢o(+0) = g(0) = 0, 
imply, as e — 0, the existence of f4oWo(t)dt and the relation 


do(t) = [voto dt, (0<t< a), 


Hence ¢o(t) € 7. 

We conclude this section with two remarks concerning Lemma 5. The 
function theoretic argument shows that if 1. ¢,(¢) are uniformly bounded in 
any finite interval 0 < ¢ S o2, 2. the limit (4.6) exists in a set of positive values 
of ¢ with a positive limit point, then (4.6) holds for all ¢ with positive real part, 
and ¢o(¢) is analytic for Rt > 0. In concluding, however, that ¢(é) € T, it is 
essential to assume that ¢o(+0) = 0, i.e., with o(0) = 0, do(t) should be con- 
tinuous at the origin. This fact was used in the last step of our proof. That 
¢o(+0) = 0 is not implied by (4.6), is seen by the following sequence: ¢,(¢) = 
1—e ™, (Wn(t) = ne-™), for which (4.6) holds for ¢ = 0 with ¢o(t) = 1(¢ > 0), 
¢(0) = 0. Our second remark is that a somewhat more involved but ele- 
mentary proof of Lemma 5 (free of any appeal to analytic function theory) is 
available. 


Il. DETERMINATION OF ALL Metric TRANSFORMS OF HILBERT SPACE WHICH 
ARE ISOMETRICALLY IMBEDDABLE IN HILBERT Space. APPLICATIONS 
TO COMPLETELY MONOTONE FUNCTIONS 


5. Isometric imbedding in $ and positive definite functions 


5.1. Before we enter into a discussion of our specific topic, a few general re- 
marks concerning metric transforms are necessary. Let © be a semi-metric 
space with the metric PP’. In a study of its metric transforms F(S) by a trans- 
forming function F(é), the following distinction is of interest. We shall say 
that F(t) is a proper transforming function if F(é) > 0 for all positive values of ¢; 
if, however, F(t) has positive zeros, we call F(t) an improper transforming func- 
tion. The reason for this distinction is as follows. If F(t) is proper, then F'(©) 
is obviously semi-metric. This, however, is not always the case if F(¢) is im- 
proper, for the only properties of the metric F(PP’) of F(G) are 1. F(PP’) = 
F(P’P) 2 0, 2. F(PP) = 0.8 Operating with S, rather than F(G), we are 





18 Of course some transforms F(S) may still be semi-metric. Thus if F(t) = | sin ¢| 
(t 2 0), we see that F(G) is semi-metric if the diameter of S is < rx. 
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thus led to consider spaces © whose distance function PP’ enjoys only the 
following weaker properties 


(5.1) 1PP’=P’P20, 2. PP=0. 


We shall refer to such spaces as quasi-metric spaces. 

A quasi-metric space © can not, in general, be turned into a semi-metric 
space by the identification of points P, Q for which PQ = 0 (similar to the 
identification of measurable functions equal almost everywhere), for this identi- 
fication does not enjoy the necessary transitive property. Indeed, if PQ = 0 
and QR = 0, there is no reason why PR = 0 should hold. Moreover, even if 
this were always true, then PQ = 0 need not imply PS = QS, where S is a 
third point of ©. It becomes now apparent that this identification is possible 
and turns © into a semi-metric space ®t, if and only if © is isometrically im- 
beddable in a semi-metric space §. 

For the sake of generality we include also improper transforming functions 
F(t) in our discussion, even F(t) = 0 not being excluded. Accordingly we are 
bound to deal with quasi-metric spaces and their imbedding in 6. 


5.2. Our imbedding problem {EZ,, ; 5} (see Introduction) is of the following 
general type: Given a separable semi-metric space ©, determine all functions F(t), 
proper or improper, such that the metric transform F(S) be imbeddable in §. 
We shall denote by T1(G) the class of functions F(t) which are solutions of this 
problem {S; H}. In particular II(£,,) and II() represent the totality of solu- 
tions of the problems {#, ; 6} and {H ; H}, respectively. 

A characteristic property of a function F(t) in II(G) is as follows. If Po, P,, 
+, P, are any n + 1 points of S, then the distances F(P;P;) are the edges 
of a euclidean simplex, i.e., there exist n + 1 points Q, --- , Q,in Z, , such that 
F(P;P,) = the euclidean distance between Q; and Q,. As F(t) thus turns 
every finite set of points of © into a euclidean simplex, F(t) may be called a 
simplicial function of S”, and the whole class $(G) may be referred to as the 
simplicial class of S. Note that II(G) is never empty, for F(t) « I(S), if 
Fit) = 0. 


5.3. A connecting link between problems of isometric imbedding in § and 
the theory of positive definite functions is furnished by the following theorem. 

TazorEM 4. A necessary and sufficient condition that a separable quasi-metric 
space S be isometrically imbeddable in § is that the family of functions exp{ —)t"} 
(where \ is a positive parameter) be positive definite in S.” 


“The term “‘simplicial function’? was suggested to the author by L. M. Blumenthal. 
Blumenthal had previously called F(t) a “tetrahedral function” of S, if F(S) enjoys the 
‘point property. His theorem mentioned in the Introduction may be stated as follows: 
MO="O<Kn< 3) is a tetrahedral function of any metric space S. See [3]. 

* Definition 1, $1.1, of functions g(t) which are positive definite in a semi-metric space ©, 
applies unchanged in case © is only quasi-metric. 
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A proof of this theorem is found in [16], §3. Let now S be semi-metric and 
let B(G) be its positive definite class and II(G) its simplicial class. An immedi- 
ate consequence of Theorem 4 is the following characterization of the class I1(S) 
in terms of the class $(S). 

TuHeoreM 5. A function F(t)(F(O) = 0) belongs to the simplicial class 11(S) 
of a semi-metric space ©, if and only if the family of functions exp{—dF’(t)} 
(X > 0) belongs to the positive definite class $(S). 

Indeed, F(t) ¢ I1(S) is equivalent with the statement that F(G) is imbeddable 
in §. By Theorem 4 this is the case if and only if exp{ —)t’} is positive definite 
in F(G), for all X > 0, or, which is the same thing, if exp{ —AF’(t)} is positive 
definite in ©. This proves our theorem. 

This general theorem will be used in this paper only in case © is either a 
euclidean space or Hilbert space. For convenience we restate it in each of these 
cases as special corollaries. 

Corotiary 1. F(t) € (Em) if and only if exp{ —dF’*(t)} e B(Em) for alld > 0. 

Corotiary 2. F(t) e II(®) if and only if exp{ —dF’(t)} € B(H) for all d > 0. 

Corollary 1 was already discussed, in case m = 1, in [16], §4, in connection 
with the class II(E,) of “screw functions’ of §; here it will be applied in §8 
of the Appendix. 


5.4. We shall presently use Corollary 2 in establishing the following theorem 
which determines the class II(), i.e., the totality of solutions of the problem 
1H ; H}. 

TuroreM 6. The simplicial class II($), that is, the totality of continuous func- 
tions F(t) such that the metric transform F() be isometrically imbeddable in §, 
is identical with the class of functions of the form 


f ok Oe eae 1/2 
(5.2) ro =4 [ 1a ear)", (= 0), 
. u 
where y(u) is non-decreasing for u = 0 and such that 


(5.3) if “dY(U) ovists, 
1 U 


The proof that (5.2) furnishes functions F(¢) belonging to II() is very simple 
(see [16], 2nd footnote of §3). For let Po, --- , Pn be any n + 1 points of 9. 
In order to prove that F(t) ¢ II($), i.e., F() is imbeddable in §, it suffices to 
show that F(P;P;) are distances of n + 1 points of E,. As exp{ —ut’}(u = 0) 
belongs to B(E,), we have 





IV 
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(5.4) Deron, = 0 for u 
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we conclude from (5.2), (5.4) and (5.5) that 

n ead n 2 
(5.6) > F2(P:Px)pipe = — [ (= otinp) u'dy(u) <0. 

0 


The fact that oe F’(P;P;)pipx < 0 for any set of real p; subject to the relation 
(5.5), is equivalent to the statement that F(P;P;) are distances of n + I* points 
of E, ”' This completes the first part of the proof. 

Let us now prove the converse to the effect that an element F(t) of II($) is 
necessarily of the form (5.2). From Corollary 2 we learn that exp{—dF*(t)} 
is positive definite in $ for all positive values of \. By Theorem 2 it is therefore 
of the form 


(5.7) re [ e™ dau, d), (A > 0), 
0 


where a(u, \) is a family of non-decreasing functions of " = 0, defined for all 
\> 0, with 

(5.8) a(0,s) =0, a(,r) =1. 

For convenience we introduce the function 

(5.9) o(t) = F(t) 


in terms of which (5.7) becomes* 
(5.10) e MO = | e “dau, d), (A > 0). 
0 
In view of (5.2) and (5.9) our objective is to show that ¢(¢) is of the form 
bad —tu 
6.11) = | =a, 
> u 
with y(u) subject to the restriction (5.3). In different words: That ¢(¢) belongs 


to the class 7’ of §4. This fact is now readily established. Indeed (5.10) 
and the relation 1 = {> da(u, \) imply 


1 — ee “4 “sug” « 
— SS ———————— = > = d Xr 
; | oda, x) = f= E— . Fda, 9), 





whence 


i — prot) * een, 
(5.12) a es | —*— aplu, r), (¢=>0, > 0), 
0 





_™ Here we use the following theorems: 1. The non-negative quantities aix(@ik = Ges ; 
bk=0,1, +++ ns ag = 0) are distances of n + 1 points of E, , if and only if (5.5) implies 
Li 0 PP, <0. (See [16], §3). 2. A separable quasi-metric space is iMnbeddable in , if 
—— if any n + 1 of its points (n = 2,3, «++ ) are congruent with n +1 points of . (See 
Menger, [9].) 
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where the new family of monotone functions 6(u, d) is defined by 


(5.13) B(u, A) = : [ i v day, d), (A > 0). 


From (5.12) we see that 


belongs to the class T for all} > 0. Letting \ — 0 we find this function con- 
verging to the continuous limit function ¢(¢). On the basis of the closure 
property expressed by Lemma 5 (§4) we conclude that ¢(¢) belongs to T. This 
completes the proof of Theorem 6. 

What has just been established may also be stated as follows: There is a 
one-to-one correspondence between the classes T and II() expressed by the relation 


(5.14) ot). = P(f/t) or F(t) = V¢(#), (pe T, F € 1(§)). 


It is likewise interesting to connect F(t) directly with the completely mono- 
tone functions. From (5.14) and (4.4) we get 


d d 12 T 
qe? =Grlivd) =v. (t > 0). 


We may therefore state the following theorem. 

THEOREM 6’. A necessary and sufficient condition that the non-negative con- 
tinuous function F(t), vanishing at the origin, have the property that F() be 
tsometrically imbeddable in §, 1s that 


d 
(5.15) qe iv) = +0 
be completely monotone for t > 0. 


5.5. Let us apply the criterion expressed by Theorem 6’ to a few examples. 
Let Fi(t) = t'(x > 0). By (5.15) we get y(t) = x“ = «/t’“* and this function 
is completely monotone if 1 — x 2>0,orx $1. Hence 


(5.16) F(t) = ¢’, (0<« <1). 
belongs to II($). Let now 


t 
1+?’ 
which was mentioned in the Introduction. In this case y(t) = (1 + V i) 
is likewise completely monotone. This fact may be verified directly by suc- 
cessive differentiations or more elegantly as follows: (1 + t)~’ is obviously in 
and therefore algo its cube (1 + ¢)*. Finally it will follow from the results of §6 


(Theorem 8) that if f(¢) is in M, then so is f(+/t). Our last two examples are 
the functions 


(5.17) F,(t) = 
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(5.18) Ft) =(1—e")', Fy) = (log (1 + &))'. 


We find that y(t) = e‘, w(t) = (1 + #)” are both in M, hence F;, F;, are 
elements of II(). 

A glance at either (5.2) or (5.15) will show that, if we exclude from con- 
sideration the trivial function F(¢) = 0, all elements of II() are proper trans- 
forming functions, that is, F(t) > O fort > 0. Moreover, if F(t) is not of the 
form F(t) = ct (c 2 0), we actually have 


F'(+/t) > 0, oF) > 0, 
(5.19) P ‘ 
mph (Vv) < 0, pe tve > & «-- (t > 0). 


Hence: T'he continuity of F(t) fort = 0, F(0) = 0, and the inequalities (5.19) 
characterize completely all elements of II(), with the exception of the elements 
Fit) = ct (ec 2 0). 

Ruling out the case F(t) = 0, we see that 5 and F() are homeomorphs of 
each other, since both metrics PP’ and F(PP’) are topologically equivalent. 

The class II($) contains bounded as well as unbounded functions. Thus 
F,(t) and F;(t), defined above, are bounded. In terms of the function y(u) 
of (5.2) it is readily seen that F(t) is bounded, if and only if 





1 
620) (0) = (+0) and I dvu) exists. 
+0 U 
5.6. In [15] it was shown that the function (5.16) (0 < « < 1) enjoys the 
following further property: If Po, ---,P, are any n + 1 distinct points of 
F(), the distances F,(P;P,) = (P;P;)* are the edges of a non-degenerate 
smplex in Z,. This property extends as follows to the whole class II(). 
If F(t) is any element of I1(), which is not of the form F(t) = ct, then any n + 1 
distinct points of F($) are congruent with a non-degenerate n-dim. euclidean 
simplex. 
Indeed, it suffices to show that if Py, --- , P, are distinct points of , then 


> = 0, x pi >0, imply x F*(P;Px)pipx < 0. 
Now (5.2) gives 
(5.21) PQ) = ct + {Acs dy(u) , (c° = (+ 0) — 7(0)), 
and therefore 


(5.22) > F °(P ‘Pr)pip, = i (PP x) Didi - r (= ~titing,) u' dy(u). 


But }°(P:P;)*o,px < 0 and the integrand in (5.22) is positive by (3.10). There- 
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fore the vanishing of the quadratic form (5.22) implies that y(u) is constant for 
u > 0, hence F(t) = ct. 


5.7. It was pointed out in 5.5 that II() contains only one improper trans- 
forming function, namely F(t) = 0. That the same conclusion may be reached 


_directly, independently of Theorem 6, and for all classes I(H,,)(2 < m < ~), 


is shown by the following elementary lemma. 

Lemma 6. Let F(t) be continuous fort 2 0, F(t) 2 0, F(O) = 0, F(t) ¥ 0. 
If F(En)(2 S m S ~) is imbeddable in a semi-metric space KR, then F(t) > 0 for 
t> 0. 

Indeed, let P — P’(P « F(E,,), P’ € ®) indicate the mapping of F(E,,) in &. 
Denoting by [P’, Q’] the distance in ®, the isometricity of this imbedding is 
expressed by the identical relation 


(5.23) [P’, Q'] = F(PQ), (P, Qe En). 


Assume that for = 7 > 0 we have F(r) = 0. Take in £,, an ordinary circle 
I of radius 7, center O, and let A and B be any two points on [. Now, by 
(5.23) we have 


[0’, A] = F(OA) = F(t) = 0, —‘([O’, B'] = F(OB) = F(z) = 0, 


hence (# being semi-metric) O’ = A’, O’ = B’, and therefore A’ = B’ or [A’, B’] 


= 0. But this implies 
F(AB) = [A’, B’] = 0. 


As A, B were arbitrary points of I, we conclude that F(t) = 0 in the interval 
0 <¢t< 2r. Repeating the argument with 27, instead of 7, we conclude that 
F(t) vanishes in the interval (0, 47), and so forth. Hence F(¢) = 0, in contra- 
diction to our assumption that F(t) ¥ 0. 


Notice that the proof as well as the result fail if m = 1. This is already 
shown by the simplest closed euclidean ‘“‘screw line”, namely the circle; for 
F(E;), where F(t) = | sint| (0 S$ t < ©), isimbeddable in Z,. Indeed, taking 
E, to be the real 6-axis with the euclidean metric | 6, — 62 | , the imbedding of 
F(E;) in E; is performed by mapping the point P = @ onto the point P’: x = } 
cos 20, y = sin 20, of E,. For we have identically 


F’(P;P2) = | sin | 6: — 62| |? = sin?(@, — 62) = 3(cos 20, — cos 262)” + 
(sin 26, — sin 26)” = [Pi, P2]’, hence [P}, P2] = F(P:P2). 


6. The inner transformations of completely monotone functions 


6.1. The simplicial class II() enjoys a further analytical property expressed 
by the following theorem. 

THEoreM 7. The class of non-negative continuous functions F(t), (F(0) = 9), 
with the property that if g(t) is an element of B(), also g(F(t)) should be in $(H), 
coincides with the simplicial class II($). 
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Indeed, let F(t) ¢ I1($).and g(t) «B(H). In order to prove that g(F(t)) «B(H), 
we have to show that if P,, --- , P, are any points of , then 


3 g(F(P:Px))pinx = 0. 


But this is evident, since there are points Q; of $, with F(P:Px) = Q:Q, (since 
F(t) 1()), and 2) g(Q:Q:)pioe = O (since g(t) « B($)). 

To prove the converse, let F(¢) be such that g(t) « $() implies g(F(t)) e B(H). 
As in particular g(t) = exp{—Ad’} e B(H), we have 


ec? 6 B(S), for all positive . 


By Corollary 2 we now conclude that F(¢) ¢ II($), which proves the theorem. 

Let us now state Theorem 7 in terms of completely monotone functions by 
means of Theorem 3. Let ¢(¢) be a continuous non-negative function vanishing 
at the origin. Let us determine all such functions with the property that if 
f(t) eM, also f(@(é)) should be an element of Mt. But if $(¢) is of this nature 
and g(t) e B(), we may conclude successively that the following relations hold: 
(Vt) eM, g(V/(t)) € M, g(r/G(*)) € B(G). Therefore »/¢(t*) = F(t) « 11(H), 
by Theorem 7. In view of (5.14) we thus see that ¢(¢) belongs to the class T 
of §4. This proves the following theorem. 

THEOREM 8. The class of non-negative continuous functions $(t), (¢(0) = 0), 
with the property that if f(t) ts completely monotone for t = 0, also f(p(t)) should 
be completely monotone for t = 0, is identical with the class T of integrals of com- 
pletely monotone functions: 


(6.1) ¢(t) = [ y(t) dt, (t > 0). 


In view of this theorem we may call these functions ¢(¢) inner transformations 
of the class It of completely monotone functions. In a recent paper ([5], p. 498) 
8. Bochner has already pointed out this property of the functions (6.1) with the 
restriction that (é) itself belong to the class 9%. This restriction, which amounts 
to assuming the existence of ¥(+0) rules out such simple elements of 7 as ¢(t) = 
"(0 < « < 1) for y(t) = ¢’(t) = «/t’* is not bounded near the origin, although 
J.0)(t)dt obviously exists. However, the principal new contribution of Theorem 
8is not the enlargement of Bochner’s class of inner transformations, but the state- 
ment that the enlarged class 7’ contains all such transformations. 


ha The class 7 enjoys a further closure property which we state as a cor- 
ollary. 

Corottary 3. If ¢,(t) and ¢2(t) are any two elements of T,, 1.e., of the form 
(6.1) or (4.4), also $(o2(t)) belongs to T. 

For if f(t) is completely monotone for t = 0, then so is f(¢:(¢)) and therefore 
also f(4i(¢2(t))). Hence ¢:(¢2(t)) must belong to 7’ by Theorem 8. 

This closure property of 7 appears here as a consequence of virtually all 
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previous results of this paper. It seems of sufficient interest to deserve a direct 
proof to which we now proceed.” 
We prove first: If o(t) « T, then 


(6.2) i=-<¢ ef 
It suffices to show that 


y(t) -_ ( le e 0) -~ e g(t) 


is completely monotone for ¢ > 0, that is, verifies the inequalities (4.1). Now 
v(t) = &*@" — 4"), WO =e*@” — 39'6" + 4"), 
and generally 
(6.3) PP) = D(H) Deed cae *(G')1(G")* - -- ey) 
(cy) > 0), 


where all terms of this sum have constant weight k, + 2k, + --- + nk, = n. 

This last statement as well as the fact that the sign before each term has the 

expression indicated, is readily proved (by induction) by differentiating once 

both sides of (6.3). Now ¢’(¢) being completely monotone for ¢ > 0, we have 

(—1)""¢(é) = 0, which, in view of (6.3), clearly implies (—1)""“y""""(®) = 0. 
We can now complete a proof of Corollary 3. For let 





6.4) o(t) = | tae aw) 


be a second arbitrary element of 7. This integral is the limit, for any fixed 
t = 0, of an appropriate sequence of functions of the form 


n _ —tuy 
o2(t) = > =e (y(u,) — (uw) (0 = uw <m <--- < %) 


where the u, depend on n as well. Hence 


$%((t)) > oi(o) as n— o, 


As $%(¢(t)) « T, by (6.2), we conclude that also the limit functions ¢:(¢(¢)) is in 
T’, on the basis of the closure property of Lemma 5, §4. 


6.3. We conclude this section with two further theorems on the class I of 
functions f(?) which are completely monotone for t = 0. We find it convenient 
to normalize our functions by requiring that f(0) = 1. Let Dt denote the sub- 
class of elements of 2% thus normalized. 





*? This direct proof was suggested to the author by von Neumann. 





wh 


fu 


ne 


an 


fll 


are 


(6. 


the 











METRIC SPACES AND COMPLETELY MONOTONE FUNCTIONS 835 













TuroREM 9. The class of elements f(t) of Mo with the property that (f(t))* 
also belongs to Mo , for all X > 0, is tdentical with the class of functions of the form 












(6.5) f® = im | 
where $(t) eT. hi, | 

THEOREM 10. If to the previous theorem’s assumptions on f(t) we add the fy | 
further assumption that f(t) be bounded away from zero, j{t) = & > 0, then this ' is | 
new class of functions 1s identical with the class of functions of the form : i 
(6.6) ft) = AON i | 
where fr(t) « M. | i | 

These theorems are immediate consequences of Corollary 2 and Theorems : te 
3 and 6. Indeed, in order to prove Theorem 9, define ¢(t) by (6.5). Now | Bl 
(f()” = exp{—A¢(t)} eM, ie., exp{—dg(t*)} e B(H) (Theorem 3), if and i 





only if »/o(é*) « 1() (Corollary 2), hence ¢(t) « T (Theorem 6 and (5.14)). Ve | 
To prove Theorem 10, notice that f(t) is bounded away from zero if and only if i 
o(t), of (6.5), is bounded. Now 


$(t) = | int ene 
0 U 













i) 


is bounded, if and only if y(+0) = y(0) and [ u’ dy(u) exists. But then 


+0 








ali) = I “18 aw) = [ ey [ ” eu dy(u) = f,(0) — fi, 
+H +0 


+0 





where f,(¢) « Pt. Now (6.5) goes over into (6.6). 

Incidentally we have proved the following result: The elements ¢(t) of T 
which are bounded are of the form bi 
(6.7) $(t) = f(0) — f@, (FO) « M), Be | 


and conversely. 

Theorem 9 may also be stated in the following suggestive form: The elements 
{(t) of Mo which belong to Mo together with all their positive powers (f(t))*(d > 0) 
are identical with those elements of Yto which arise out of the particular function 
(6.8) t® = e° 


by the general inner transformation t | ¢(t), where o(t) ¢ T. 
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7. On metric transforms of euclidean spaces which are isometrically 
imbeddable in euclidean spaces 


7.1, The solution of the problem {Em ; En}, (2S m <n < ~), is given by 
the following theorem. 
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_ TuEoreM 11. If the metric transform F(Em), of Em(m = 2) by F(t), is iso- 
metrically imbeddable in the euclidean space E,(m < n < ©), then necessarily 
F(t) = ct (c > 0), unless F(t) = 0. 

In the proof of this theorem we shall use the solution of the problem {£, ; E,} 

(n < «) (von Neumann-Schoenberg, [12]) which is as follows: F(E,) is imbed- 
dable in E,, if and only if F(t) is of the form 


(7.1) F(t) =c?+ A} sin’ (k,t), 


where 2r + 1S nife> 0, or 2r S nifc = 0, andc, A,, k, are non-negative 
constants. 

Let E, be the real z-axis with the metric | x; — z2|. The statement that 
F(E,) is imbeddable in E, means that there is a continuous curve P’ = ¢(z) 
(P’e«E,, —»~ <x < ) such that we have identically 


(7.2) F*(| a1 — a2 |) = (PiP2)’ = | o(a1) — (a2) ?, (—2 <m,m < @), 


in standard vector notation. The curve P’ = ¢(z), of EZ, , is what was called a 
screw line of E, , while the corresponding F(t) is a screw function of E,. Thus 
whenever a continuous function F() satisfies an identity of the form F’( | t — t'| ) 
= | ¢(t) — ot’) |’, (@ €£,), for all real ¢, t’, we conclude that F’(t) is of the 
form (7.1). 

We can now readily prove Theorem 11. Ruling out the trivial case F(¢) = 0, 
by Lemma 6, §5.7, we may assume that F(t) > 0 fort > 0. Consider now a 
straight line HZ, in E,. The assumption of Theorem 11 clearly implies that 
F(E;) is imbeddable in EZ, , hence F’(é) is of the form (7.1). Now consider 
in E, an ordinary circle I, of radius 3, referred to the angular parameter 0. 
Its image in EF, is a simple closed curve P’ = $(6) (of period 27, P’ e« E,). The 
isometricity of the imbedding of F(I) in E, gives 

| 
PUPP.) = F(|2sin™ 5%!) = (Pippy = |9(@) — 0) 





for any real @,, 6. This shows that also F ( 2 sin ; ) is a screw function of E,. 
| 
By (7.1) we therefore have 


(7.3) r( 2 sin ; ) => B*, sin” (h,8), (2s < n), 
| j p=1 

this time without a term in 6’, since the left side of (7.3) is bounded. From 

(7.1) and (7.3) we now derive the identity 


>. Bi sin’ (h,0) = 4c? sin’ ~ + >> A? sin’ (2%, sin ), 
w= y So 2 
from which we readily conclude that for each value of »(v = 1, --- , 7) we must 


have either A, = 0, or else k, = 0. Now (7.1) reduces to F’(t) = c’t’ and the 
theorem is established. 
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7.2. In conclusion we remark that Theorem 11 may be easily proved without 
reference to the result (7.1) about screw functions of E, , if we limit ourselves 
to the case when m = n < ©. Omitting details we shall merely sketch the 
proof. The caseem =n = 1 is easily disposed of in a manner similar to the 
treatment of Cauchy’s functional relation F(z + y) = F(x) + F(y). Now 
assume the theorem proved up to the dimension m — 1, and let F(E,,) be im- 
beddable in H,,. Take two distinct points A and B in E» and let E,,_; be their 
“perpendicular bisector” in E,, , i.e., the locus of points equidistant from A 
and B. Now if the imbedding of F(E,,) in E,, maps A, B into A’, B’, it is 
cear that it will map Em. into the perpendicular bisector E,,-; of A’, B’. 
Therefore F(t) = ct(c > 0). 


8. Determination of the rectifiable solutions of the problem 
{Em ; 9}, (lim < oo) 

8.1. The class of solutions of the problem {EZ,, ; S} may be described in the 
terminology of §5.2 as the simplicial class TI(#,,). As En C Ems; clearly 
implies (Em) > T(Em4i), we have before us the following non-increasing se- 
quence of classes 


(8.1) l(Z,;) > 1(£.) D --- D MW(En) D --- D M(H). 


In view of the inequality (5.6) it now becomes apparent that all functions F(¢) 
given by the formula 


(8.2) F’(t) = | ; oes dy(u), 


2 


where y(u) is non-decreasing for u = 0 and such that 


(8.3) J dy(u) exists, 
1 


uw 


belong to the simplicial class II(Z,). For do p; = 0 and (8.2) imply 
L F(P:P1) pipe =— I ‘= On(PsPs-w)oios} udy(u) < 0, (Pi ¢ Fm), 
0 0 


since Q,,(tw) is positive definite in E,, for u = 0. 

Conversely, let F(t) be an element of II(Z,,), that is, such that the metric 
transform F(Em) be imbeddable in §. A closure property for integrals of the 
form (8.2), analogous to the closure property of Lemma 5 for the class 7’, would 
allow us to conclude by the method of §5.4 that F’(#) is of the form (8.2). This 
required closure property has not been established as yet. We shall show very 
simply, however, that a significant subclass of the class I(Zm) is necessarily 
given by (8.2) for bounded functions y(u). Let us explain first what we mean 
by a rectifiable simplicial function F(£). 

We need the following lemma (see Wilson, [21], p. 65, Property II) 

levma 7. If F(t) ¢ W(Em), F(t) ¥ 0, then F’(0) exists and 


(8.4) 0< F'(0) Ss . 


7. 
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We know by Lemma 6, §5.7, that F(t) > 0 fort > 0, provided m = 2. In 
any case (m = 1) it is readily seen that F(¢) can not possess arbitrarily small 
positive zeros, for this would again imply that F(t) = 0. This secures a positive 
quantity 7 such that F(t) > 0if9 <¢tZ 7. Now take for E£, the real z-axis 
and consider in F(£;) the simple are: 0 S x S r. Denote its length in the 
ordinary sense by s (s S ©), that is, the least upper bound of the length of 
inscribed polygonal lines. Note that s = F(r) > 0, hence s > 0. Let now 
5 be a small positive quantity and choose the integer n such that ni < 7 < 
(n + 1). The length of the inscribed polygonal line of vertices z = 0, 5, 25, 

, nb, t, is nF(6) + F(r — né). As 6 — 0, this length converges to the arc- 
length s; moreover F(7r — nd) — 0, for rs — ni— 0. Hence nF(s)—s. From 
this and the fact that nd — 7, we get 
(8.5) tim ©) .# (> Oand < «), 


50 6 T 


which proves our lemma. 

The arc I of F(£;) is rectifiable (s < ©) if and only if F’(0) is finite and (8.5) 
givess = rF’(0). In fact any rectifiable arc T of E,, of length 7 is also rectifiable 
in F(Z) and its length in F(EZ,,) is s = 7F’(0). For this reason we call F(t) 
rectifiable if F’(0) < «©. Let II’(#,,) denote the subclass of rectifiable elements 
of T(E). 


8.2. The rectifiable simplicial functions are determined by the following 
theorem. 

THEOREM 12. The class Il'(Em) of rectifiable simplicial functions F(t) of 
E,,(m = 1) is identical with the class of functions such that F’(t) is of the form 
(8.2) with bounded y(u). 

Indeed, if y(~) is finite, then (8.2) and (1.8) give 


(8.6) tim (70) tim [aha (u) = 5 v(o) =o", 


t—0 t—0 * 


where we write 2mo” = y(~). Hence F(t) ¢ II’(Em). 
Conversely, let F(t) € II’(Em). By Corollary 1, §5.3, we have exp{—AF’(#)} « 
G(Z,,) for all \ > 0, hence by Theorem 1 


ere) = [ Qm(tu) da(u, d), (t,x > 0), 


where a(u, d) is a family of monotone functions with a(0, ») = 0,a(o, dr) =1. 


' As in 35.4 we may now write 


pw. [1a * 1 — On(tu) 
ide las [ 1 = Balt) day, ) = [ 1 = Gal) api, »), 


where 


(8.8) B(u, A) = : [ j u’ da(u, d). 
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On the other hand the finiteness of « = F’(0) implies F(t) < (¢ + ©)t, fort 
sufficiently small, and therefore 


t(¢ + 6)? > F(t) 


—\F2 
1—- ero 


d 
By (8.7) we now have 


-1 — On (tu 
+ 0%> [= 229 apiu,, 
for t sufficiently small. As ¢ — 0 we now get 6(©, 4) S 2m(c + ©)’, showing 
that the family of monotone functions (8.8) is bounded uniformly for all \ > 0. 
For a suitable sequence \, — 0 we shall therefore have B(u, \») — y(u) in all 
continuity points of y(u). Now, if ¢ is kept fast in (8.7) while \ = i, — 0, 
we get in the limit the desired representation (8.2).” 

Let F(t)(#0) be a rectifiable element of I(Z,,) and let us assume m = 2. 
The space F(Z) is a homeomorph of £Z,, and its geodesics are the straight 
lines of Em. The geodesic distance, or intrinsic distance, 1(P, Q) between 
two points of F(Z) (in the terminology and notation of Wilson, [20], p. 420) 
is (P,Q) = F’(0)-PQ. Thus by passing in F(E,,) from its metric F(PQ) to 
the intrinsic metric 1(P, Q) which it generates, we merely get a similar image 
of the original space EZ, , the ratio of similitude being F’(0). Notice further- 
more that an are of a geodesic line in F(E,,) (i.e., a straight segment of the 
underlying Z,,) never loses its minimizing property of an absolute minimum 
no matter how far it is extended in both directions. In the isometric image = 
of F(Em) in $, the geodesics of F(Em) go over in screw lines of §, all of which 
are congruent among themselves. In fact any two congruent figures in LE» 
are mapped in congruent figures of 2. To any rigid motion of E,, in itself 
corresponds a rigid motion of = in itself. 


8.3. We close the paper with the following analogue of Theorem 6’. 

TarorEM 12’. A necessary and sufficient condition that the non-negative con- 
tinuous function F(t), vanishing at the origin, be an element of Il'(Em), is that 
F'(/t) be continuously differentiable for t = 0 and, on setting 


89 vo = 5 Fv, 
the function W(t’) be positive definite in Ems « 

Indeed, denoting by cm, Cm , Cn positive constants and setting k = (m — 2)/2, 
we have by (1.8) (see [18], p. 45) 


ON(r) = em(d/dt)(Se(r)r™) = —emIusa(r)r™, 
hence 
—2),(r)r* = Cn Qms2(7). 
* The basic idea of this proof was suggested by the proof of Theorem 27, p. 91, in H. 
Cramér’s monograph [6]. References are there found to the work of Kolmogoroff, De 
Finetti, and P. Lévy. 
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An element F(t) of IIl’(Em) is given by (8.2) with a bounded y(u). Hence 
) ~~ t 
Fey) = [= av. 


By differentiation we get 





© OF, (/(tu)) 


2/(tu) dy(Vu) = c | Qmi2(+/(tu)) dy(/u), 


ee ake 
Wo) = 4 Fv = [ 
or 
ve) = [ ” a(t) d-y(u). 


Hence y(t’) « B(Ems2), by Theorem 1. The converse is proved by retracing 


our steps. 
We discuss only one particular example, namely 
(8.10) F(t) = (1 — 2(t))' = (1 — (sin t/2))’. 


By (8.2) we have F;(t) ¢ II’(#;). As above we get 
vy) = SUV = ¢5 25(/t) 


which is not completely monotone for ¢ > 0, since ;(r) has infinitely many 
positive zeros. Hence F;(¢) is not an element of II($), by Theorem 6’. Thus 
F;(E3) is imbeddable in $, but F;() is not imbeddable in §. A further argu- 
ment, which we omit, would show that already F;(H,) is not congruent to a 
subset of §. 


Cosy CoLuLEcE, 
WATERVILLE, MAINE. 
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A REMARKABLE PROPERTY OF THE RIEMANN-CHRISTOFFEL 
TENSOR IN FOUR DIMENSIONS 


By Corne.tius Lanczos 
(Received February 10, 1938) 


Introduction. If the geometry of nature is Riemannian and the field equa- 
tions of this geometry are controlled by a scale-invariant action principle, 
there are four a priori possible and algebraically independent invariants which 
may enter in the integrand of the action principle. This abundance of invari- 
ants hampers the mathematical development and the logical appeal of the 
theory. The present paper shows that two of these invariants are inactive 
in the formation of field equations and thus may be omitted. Only the two 
invariants 


I, = RaR”® and I, = R’ 


remain effective which are formed with the help of the contracted curvature 
tensor Ry, alone, while the complete curvature tensor Rag,, drops out from the 
action principle. 


1. In the attempt to find the fundamental geometrical laws of nature, the 
general possibilities can be greatly reduced by a small number of reasonable a 
priori assumptions: 

a) The geometry of nature shall be of the Riemannian type. 

b) This geometry shall be characterized by field equations for the metrical 
tensor. 

c) In view of the universal appearance of the principle of least action in all 
branches of physics: the field equations shall be deducible from an action 
principle. 

d) The existence of an action principle reduces the problem of geometry to the 
determination of one fundamental invariant I, viz. the integrand of the action 
principle: 


(1.1) i [ tar =0, 


(dr = four-dimensional volume element) that controls the field equations of 
geometry. This fundamental invariant has to be composed out of the funda- 
mental quantities of Riemannian geometry and these are, in addition to the 
gx, the components of the curvature tensor Rag,» called the Riemann-Chris- 
toffel tensor. It is feasible to assume that the fundamental invariant J shall 
be merely an algebraic function of the components of the curvature tensor, not 
involving any differentiation. As far as the form of this function is concerned, 
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the principle of “scale-independence”’ may be assumed: the value of the action- 
integral that has to be minimized should not depend on the arbitrary units 
employed in measuring the lengths of the space-time manifold. Owing to this 
principle, the invariant I has to be a quadratic function of the curvature com- 


ponents R abyr- 


2. The conditions a), b), c), and d) permit one to restrict to a large degree, 
in a purely logical fashion, the laws of geometry presumably realized in the 
physical universe. In a number of papers’ the author investigated the general 
nature of field equations which are derived from an action principle with a quad- 
ratic invariant. He has also applied the Hamiltonian method of doubling the 
number of independent variables of the given action principle, treating the gi 
and the Ri, as two independent sets of variables and considering the field equa- 
tions, in generalization of Einstein’s gravitational equations, as a mutual inter- 
action of matter tensor and metrical tensor.* There are indications in this 
theory for the appearance of the vector potential and thus for the possibility of 
explaining the electromagnetic phencmena. But the mathematical difficulty 
of obtaining “regular solutions’’ of the field equations, to be correlated to the 
physical behavior of single particles, is still a serious objection against the plausi- 
bility of these considerations.‘ 

There is, however, an even more serious obstacle that has handicapped the 





1 As it is well known, H. Wey] has developed an ingenious theory (see Ann d. Physik 
59, 101, (1919); W. Pauli: Relativitdts-theorie (Teubner, 1921), p. 759), which generalizes 
the Riemannian basis of geometry and builds up geometry in a “purely infinitesimal’’ 
fashion. In this geometry the ordinary principle of invariance is completed by the prin- 
ciple of ‘‘gauge-invariance,’’ which requires invariance with respect to the substitution: 


(1.2) Gir = ix 


where \ is an arbitrary function of the coérdinates. If we do not forsake the basis of Rie- 


_ Mannian geometry, which postulates the existence of an infinitesimal and transportable 


calibrated yard-stick, the principle of gauge-invariance has still its logical significance in a 
limited sense, viz. for constant. The substitution (1.2) with constant d has the significance 
of changing the scale of calibration of the infinitesimal yard-stick. Since this scale may be 
chosen arbitrarily, the factor \ is undetermined. In general, an arbitrary invariant of 
Riemannian geometry will be a “dimensioned” quantity, i.e. it will depend on the value 
of the scale-constant ». It is feasible to assume that the fundamental integral, which 
has to be minimized according to the action principle, shall have the ‘‘dimension zero,”’ i.e. 
it shall not depend on the arbitrary scale-factor we employ in measuring lengths of the 
space-time manifold. Otherwise any arbitrary small or large value can be assigned to the 
fundamental integral by merely changing the unit of the length—except if that value 
happens to be zero. 

* Phys. Rev. $9, 716 (1932); Zeits. f. Physik 78, 147 (1931) and 75, 63 (1932). 

*Zeits. f. Physik. 96, 76 (1935). 

‘Some recent advances in the field of approximation methods led to a new approach 
of the problem and seem to indicate that the required “proper solutions” are actually 
Present. The author hopes to report about these results in the near future. 
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progress along these lines considerably. The investigations of the author are 
based on a linear combination of the two invariants 


(2.1) I, = Rask™, 
and 
(2.2) I, = R’. 


These are, however, not the only invariants satisfying the condition of gauge- 
invariance. Also the following invariant satisfies all conditions: 


(2.3) I; xi Ru. 


This invariant involves the complete curvature tensor of 4°" order and seems 
mathematically of a much more cumbersome nature than the invariants (2.1) 
and (2.2). This, however, is no inherent reason for excluding it from the par- 
ticipation in the action integral.” 

Even more discouraging is the fact that still more invariants of quadratic 
nature can be constructed if we make use of the completely anti-symmetric 
“determinant tensor’ 


(2.4) aE vad 
g 


where the symbol «*”” has the value +1 for any even permutation of the four 
indices a, B, u, v and the value —1 for any odd permutation, provided that no 
two indices are equal. In the latter case e*”’ vanishes. 

With the help of the tensor (2.4) we can form the “simply dual’ and the 
“doubly dual’ curvature tensors: 


bd 8 
(2.5) Rix”” = Rizapd”””, 
and 
* | 

(2.6) = = Reins "geen 
which give rise to two more invariants: 

Das 
(2.7) K, = Rasp h® 7% 
and 

OK B 
(2.8) Ke = Rag kh”. 





5 The alternative combination R,s,,R*#6”, mentioned by Weyl (see reference 1, p. 133), 
is reducible to (2.3) owing to the algebraic identity: 


(2.9) Raspr + Raye + RavBy = 0 


One can prove that similarly also in case of the two invariants (2.7) and (2.8), in consequence 
of the same identity, the transposition of indices does not produce new invariants. 
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Hence there are altogether 5 apparently independent invariants which satisfy i 
all our conditions and we may choose an arbitrary linear combination of them, i 
with some numerical factors, as our action integrand J. This abundance of a 
equivalent elements, among which no a priori choice seems to be possible, im- iy 





pairs greatly the logical persuasiveness of the theory. 

The present investigation shows that this surplus of invariants is only appar- 
ent. We shall see that the invariants K, and K:2 do not contribute any terms to the 
field equations since their variation reduces to a mere boundary term. More- 
over, we shall prove that the invariant I; , as far as field equations are concerned, 
is reducible to the two invariants I, and Iz. These invariants were chosen previ- ati! | 


ously owing to their property to depend only on the contracted curvature tensor ot 
Ry of Einstein and not on the general Riemannian tensor Rags,, of 4°” order. th 
The present study yields the deeper evidence for the fundamental nature of i 
Einstein’s curvature tensor Ry , proving that those invariants which involve i 


the complete curvature tensor of the 4*" order are reducible, as far as the form- 
ing of field equations is concerned, to the two simpler invariants J; and J; which 
are constructed with the help of the contracted tensor Ry, alone. 


3. The following formulae belong to the common arsenal of tensor-calculus 
and may be found more or less completely in almost any of the common text- 
books on tensor-calculus or relativity. They are listed here for later references. 
The notations are self-explanatory and agree with the standard methods of 
writing tensor-equations. In lack of a universally accepted practical symbol 
for the process of ‘“‘covariant differentiation” the ordinary symbol of partial 
differentiation: 0/2; shall be adopted for this purpose, in view of the fact that 
the ordinary differentiation will not enter in our present considerations. In 
accordance with the “sum-convention” of Einstein, equal indices shall auto- 
matically mean summation indices. 

a) The Gaussian integral transformation: 














(3.1) / ar dt = surface integral. 
ap-+-py 
(3.2) b) i GAas..-» pa---0 7, = surface integral — i ; 08 dr. 
Ox, Oz, 
¢) Bianchi’s identity for the Riemann-Christoffel tensor: 
(3.3) OR abu + ORasyp + OR apop one 
OL, OLu 02, 


d) As it is well known, the quantities I'fj, do not form the components of a 
tensor of third order. But the variation of the I'j; , produced by an infinitesimal 
variation of the gx, is actually a genuine tensor of third rank, covariant and 
symmetric in 7, k, contravariant in a: 


(3.4) Ol ik = Vike 
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e) The variation of the curvature tensor R;,, can be expressed by means of the 
tensor yj, in the following form: 


a _ 9Y6 OY 
. 5R3y» = _— ——, 
(8.5) ” ax, OL, 





f) The “dual transposition” of an anti-symmetric pair of indices may be 
obtained from the following table: 


12 34 
(3.6) 13 42 
14 23. 


The table reads in both directions and contains thus all possible combinations 
of two different indices. Exchange of the sequence of an index-pair means the 
corresponding exchange in the correlated pair. 

The process of “dual transposition” of an anti-symmetric pair of indices 
shall be denoted by underlining these indices. Thus e.g. Ragie shall mean 
R.ga, etc. With this notation we may write: 


cs " b 

(3.7) Ras’ - V9 Rapsur 
kK 

(3.8) ies 7 Rts 


4. We deal at first with the two invariants K, and K» and show that the 
terms, obtained from them by variation of the gi , all vanish identically. This 
is in the case of K, due to Bianchi’s differential identity, while in the case of K» 
we have to add the algebraic symmetry-properties of the Riemann-Christoffel 
tensor, together with the fact that the number of variables is 4. 

The Bianchi-identity (3.3) may be written for the special case of 4 dimensions 
in the following form: 


(4.1) OReines sabrm _ ¢, 
OL 


Due to this relation we get for the two dual tensors (2.5) and (2.6): 





* 
(4.2) ORikm _ 
OLe 
** a 
(4.3) Ole sem” _ 
Oa 


We now consider the action integral 


* 
(4.4) A= | Ragu R™ dr. 
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Since the volume-element dr has the significance 


(4.5) dr = Vg dx se dx4, 
we may write (4.4), making use of (3.7), in the following form: 


(4.6) A - | Rsk dx; ses dx,. 


Owing to the complete mutual symmetry of the two factors the variation of the 
second factor reproduces the result of the variation of the first factor. Thus it 
suffices to vary the first factor slone and multiply the result by 2. Applying 
the formula (3.5) for the variation of the curvature tensor and making use of the 
integral-transformation (3.2) we obtain: 


6A = nj (= dads =) et dx, --- dx, 





Oz, aL, 
OYbu p B 
(4.7) = | = R. 24 dx, “oe dx. 


-- ak. 


= boundary term — 4 | Yeu ae dr. 





The second term vanishes owing to (4.2). Thus 6A reduces to a boundary 
term and does not yield any terms toward the field equations. 

We now turn to the second invariant K: and handle the variation problem in 
asimilarmanner. The action integral 


** 
(4.8) A= / Rasy R™ dr 
may now be written as follows: 
Vi 


Again the variation of the first and the second factor yields the same, due to the 
symmetry of their mutual relation. The process (4, 7) again yields a pure 


A= J ReaburRagur dx, +++ day = Buy pyy OT dey ss dt. (4.9) 


* KE 

boundary term in view of the fact that not only Rag.» but also Rasy satisfies 
the divergence equation (4.3). Hence only the variation of the third factor 
will contribute something to the field equations. Here no derivatives of the 
gz enter any more, and thus the field equations deduced from the invariant K2 
have the remarkable property of being not higher than seco::" order in the gu . 
We will prove, however, that these terms all vanish identically, owing to the 
algebraic symmetry-properties of the tensor Rasy . 

Performing the variation of the giz in the third factor, we obtain the following 
symmetric tensor of second order: 


x Kx 
(4.10) Sa = Reagy Ry ”*™ + Reapy hs" — Keg. 
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Now a tensor-equation may be proved in any reference-system. Thus we may 
introduce a local reference-system in which the gi have the normal values §;,. 
Moreover, by a suitable rotation of our reference-system, the symmetric tensor 
Sx may be transformed into a purely diagonal form. Hence it suffices to show 
that all the diagonal terms of the expression (4.10) vanish. This guarantees 
the vanishing of the complete tensor. 

Now in our local reference system co-variant and contra-variant components 
are equal and the diagonal terms of S;, may be written as follows: 


** 
(4.11) 2S = RiapyRiapy — ¢ Ke = RiapyRiopy — 4 Ke 


The index 7 is here exceptionally no sum-index, but a fixed index which assumes 
successively the values 1, 2, 3, 4, while a, 8, y are, as usual, sum-indices. 
We examine particularly the expression 


pi = RiapyRiapy ) 


the second term of (4.11) being the same for all the four S;;. Let us evaluate 
the contributions of the different curvature-components of p; separately. We 
may have an index-combination of the type Ri212 with two equal pairs of indices. 
This component combines with R434 so that the effect of these two components 
has to be considered simultaneously. Now in the first row (¢ = 1) the product 
(12, 12)-(34, 34) enters®, omitting for a moment the letter R and denoting the 
various components of R merely by the corresponding index-combinations. 
In the second row (4 = 2) the same product enters, due to the combination 
(21, 21)- (48, 43). The same happens in the third and fourth rows, with changed 
sequence of the factors. Thus all the four p; are equal. 

We prove the same for a combination of the type (12, 13); (only two equal 
indices). Here the dual partner is (34, 42). In the first row we get two terms 
since 1 may combine with either 2 or 3: 


(12, 13)- (34, 42) + (13, 12).(42, 34) = 2.(12, 13) - (34, 42). 
In the second row 2 may combine with either 1 or 4 and we obtain: 
(21, 13)-(43, 42) + (24, 34)-(12, 31) = 2-(12, 13)- (34, 42). 


The result for the third and fourth row is similar. Again all the four p; are 
the same. 

Finally we consider a combination of the type (12, 34), where all the four 
indices are different. Here the square of (12, 34) enters into the first row, but 
the same happens in all the other rows. The contributions to all four rows 
are the same. 

Hence we have proved for any possible index-combinations that all the four pi 





® Actually also (12, 21)-(34, 43) should be considered which only duplicates the result. 
We consistently omit here and in the next similar instances the interchange of the second 
pair of indices, 
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come out as equal and then the same hoids, due to (4.11), for the four S,, . 
We may put 


(4.13) Six = C. 

But the expression (4.10) shows directly that the scalar 
(4.14) St = 0. 

This means for our reference system: 

(4.15) 4C = 0. 


We thus arrive at the conclusion that all the diagonal components of the tensor 
8, vanish which leads to the complete vanishing of the tensor S,, . 

The result of this paragraph is that neither the invariant K, nor the invariant K> 
is able to contribute any terms to the field-equations. 


OK 
5. The tensor Rasy is not independent of the original tensor Rag,» but can be 
reduced to it without referring to the anti-symmetric tensor 5”. Let us form 


the difference 
OK 


(5.1) Rasuv a. Rasy ° 

This tensor has only 9 independent components and can be produced explicitly 
with the help of the contracted tensor Ry. We can prove by direct inspection 
ina local reference-system gi, = 5, the validity of the following tensor relation: 


** 


(5.2) Ragu — Rasy = BauGar — Badin + Began — BaGer ; 
where we have put 
(5.3) Bu = Ru — {Rox . 
Hence 
OK 
(5.4) Rasy = Ragu — BanGa: + Badan — BaQan + BaGar - 


Multiplying by R®” we get the following linear relation between the invariants 
I, I, , I; and Ke : 


(5.5) K, = 1; — 4R“By, = 1; — 4h+ i2. 


The fact that the field equations deduced from K2 vanish identically may now 
be expressed in the following manner: The field equations deduced from the action 
integral 


(5.6) S Isdr 
are identical with the field-equations deduced from the action-integral 
(5.7) S (4h — Is)dr. 
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f 6. Conclusion. If we want to investigate the complete group of Riemannian 
a geometries deducible from an action principle with an integrand which is quad- 
at ratic in the curvature components and thus scale-invariant, we have to start 
out with a general expression of the following form: 


(6.1) 6S (h + al, + BIs + yKi + €K2)dr = 0 


with the five invariants I; , I2 , J3, Ki, Ke and four numerical constants a, 8, 
y,¢. Due toa linear relation between these five invariants I; may be eliminated 
and thus the action integral reduced to but four independent invariants. It has 
been shown that for any variations between definite limits we get identically: 





(6.2) 5 S Kidr = 0, G 
00 
(6.3) 5 S Kedr = 0, mi 
so that the action principle (6.1) reduces in fact to the simple form : 
e 
(6.4) 5S (h + alz)dr = 0. G 
The two remaining invariants - 
(6.5) I, = Rok”, Ie = PR’, uy 
are characterized by the property that they are formed exclusively by means Up 
of the contracted curvature tensor Ry, while the general Riemann-Christoffel to 
ie; tensor R.,, does not enter any more into the action-principle. Thus the diffi- = 
| culty of an abundance of invariants, coupled with each other by arbitrary numer- th 
ical constants, is removed and the action integral reduced to a form in which “ 
but one unknown numerical constant remains. | 
This result confirms in a very satisfactory manner the fundamental significance ye: 
of the contracted curvature tensor of Einstein for the geometry of nature. It T 
also confirms the logical reasonableness of the attempt to deduce the field th 
equations of nature from a scale-invariant action principle. ™ 
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INTRODUCTION 


If M and G are topological spaces, a continuous transformation T(M) = 
Gof M onto G is said to be monotone if the inverse image of each point of G is 
connected. In this paper we consider the case M = a compact 2-dimensional 
manifold without boundary, and we give a characterization of the class of all 
images G of M under monotone transformations. This problem has already 
been solved by R. L. Moore’ in the case M = a 2-sphere. His result is that 
G is a cactoid,” and every cactoid is a monotone image of a 2-sphere. Our 
results are highly analogous (see Theorem 5). 

If 7(M) = G is monotone, the set of inverse images of points of G forms an 
upper semi-continuous collection of continua filling M. Conversely if G is an 
upper semi-continuous collection of continua filling M, the set G can be so 
topologized that the transformation sending P « M into the continuum of G 
containng P is a continuous monotone transformation of M onto G. Thus 
the study of monotone transformations is equivalent to the study of upper semi- 
continuous collections of continua. 

In addition to the characterization of G in the general case we find the effect 
on G of certain restrictions on the elements of G, considered as continua on M. 
Theorems 1, 2, 3, respectively give conditions both necessary and sufficient 
that G be (1) homeomorphic to M, (2) a 2-manifold, and (3) a generalized 
cactoid. 


I. ContTINvA ON A Two-MANIFOLD 


lemma 1. Let M be a compact 2-manifold without boundary, g a continuum 
on M and D a component of M — g. Then D contains a finite closed connected 
complex K whose mod 2 boundary is the sum of a finite number T,,--- , Ts of 
pairwise disjoint simple closed curves, and D — K = H, + --- + H., where the 
H; are mutually exclusive open cylinders and the boundary of H; is T; plus a sub- 
set of g. 

Let D be subdivided so as to be an infinite complex K. The mod 2 1-dimen- 
sional Betti number of K based on finite chains is finite. To see this, let T be 


} any l-cycle of K bounding a chain in M. Then I separates M into two parts 





1 R. L. Moore, Concerning upper semi-continuous collections, Monutshefte fiir Math. und 
Physik, vol. 36 (1929), pp. 81-88. 
’ A cactoid is a continuous curve whose every maximal cyclic element is a 2-sphere 
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M,, M:. As gq is connected it lies wholly in one, say M,. This means that 
Mz isin D. Hence © bounds in K. Thus the Betti number of K is less than 
or equal to that of M. 

We may therefore choose a finite subcomplex Ky of K containing a basis for 
the 1-cycles of K. By adding additional cells to Ky if necessary, we can readily 
obtain a connected Ky and such that each 1-cell of Ko is on the boundary of 
at least one 2-cell of Ko . 

Let F(C) denote the mod 2 boundary of the chain C. Now F(Ko) may have 
vertices incident with more than two 1-cells of F(Ko). Let m be the number 
of such vertices, and P one such vertex. On each edge of the star of P introduce 
a new vertex, then introduce a new vertex in each 2-cell of the star and subdivide 
the cell by joining this vertex to the vertices on its boundary. Add to K, the 
2-cells of this subdivision having P as a vertex and not already in Ky. The 
so enlarged Ky has now only m — 1 singular points on its boundary. Continua- 
tion of this process leads to a Ko whose boundary has no singular points and is 
therefore the sum of a set yi + --- +7, of pairwise disjoint simple closed curves. 

Suppose the cycle y = yi, + --- + ¥;, 18 a proper part of F(Ko) which bounds 
in K. Then K = C, + C2 where C; is a finite chain having y as boundary. 
Now Ky — 7 isa connected set; for if it were the sum of separate pieces A; + Az, 
F(Ko) would be the sum F(A;) + F(Az). As Ko is connected the boundaries 
of A; and A, would meet; but this contradicts the fact that Ko has no singular 
points on its boundary. Therefore Ko lies in C; or in C, . 

Case 1. Suppose Ky is in C,. In this case, let Ko = C, and we obtain an 
enlarged Ko satisfying all conditions satisfied by Ko. The only point needing 


verification is that Ky is connected. But this follows readily from the fact that | 


Ky is connected and F(Ko) is part of F(Ko). 

Case 2. Suppose Ky isin C.. In this case, let Kp = Ko +C,. Obviously 
Ko is connected. 

Thus in either case we obtain a complex Ky containing Ko, satisfying all 
conditions satisfied by Ko, and having fewer closed curves on its boundary. 
If some proper part of F(Ko) bounded in K, repetition of this argument leads 
to a Ko with still fewer closed curves on its boundary. We are therefore even- 
tually lead to a complex K > Ky such that no proper part of F(K) bounds in K. 
Let T:, --- , I's be the closed curves of F(X). 

Let K, be a finite subcomplex of K having K in its interior. We can, by 
repeating the foregoing argument, insure that K, satisfies the same conditions 
as K. Let A,,---, A; be the closed curves of F(K;). Let H be the mod 2 
sum of K and K,. Then F(H) = De ae op A;. Let H’ be a component of 
H; then F(H’) C F(H). Now F(H’) is not > A;, for then K, — H’ would be 
a manifold. It isnot >I, for then H’ + K would be a manifold. It cannot 
be a proper part of >.T; nor of >> A; for no proper part of either cycle bounds. 
Thus F(H’) = 7; + y2 where y, C DoT; and y2 C DL A;. 

Suppose, as is impossible, that y, contains T; and T',(i ¥ j). Let T be an 
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ae of H’ joining I; and T;, and 7” an arc of K joining the same two points of 
trandI;. Then = T + T’ isacycle of K. As K contains a basis of K, 
ris homologous to a cycle I’ of K. Suppose C is a chain such that F(C) = 
r+I’. Let C’ be the part of Con H’. Then F(C’) = T + a subset of 7; . 
A closed curve I” of F(C’) containing T would be such that 1” — T formed an 
ae of F(K) joining T; and T;. But F(K) consists of disjoint closed curves, 
so this is impossible. Hence +; is just one of the curves [,,---,I,. 

Suppose, as is impossible, that y2 contains A; and A;(i ¥ j). As K contains 
abasis of K, A; is homologous to a cycle of K and therefore to a cycle on F(K). 
Suppose C is a chain of K not in K whose boundary is A; plus part of F(K). 
IfC had a part not in K,, that part would have a part of F(K;) as boundary. 
As this is impossible C is in K,. Since C has A; on its boundary it has in 
common with H’ at least some 2-cells adjacent to A;. But H’ is connected 
and does not cross F(C). Hence C contains H’. On the other hand the com- 
ponent Cy of C containing H’ does not cross F(H’). Hence H’ DC). Thus 
H'=C,). But F(Co) is A; plus part of F(K). This means that A; is not in 
F(H’) which is a contradiction. 

Thus each component of H has for boundary just one curve from each of 
I;,--», I, and A,,---,A,. Thus ¢ = s and we may renumber the A’s and 
the components Hj, --- , H; of H so that F(Hj) = T; + Aj. 

Any 1-cycle on H; is homologous to a cycle of K. It therefore bounds on 
H or is homologous to A;. It follows that H; is a cylinder. To see this, 
introduce 2-cells having T;, A; respectively as boundaries. The result is a 
manifold with zero mod 2 Betti number. It is therefore a sphere; so Hj is a 
part of a sphere lying between two closed curves. 


To complete the proof we construct in this way a sequence Ky , Ke, --- whose 
sum is K so that K, — Kn_1 is a set of s disjoint cylinders Hj , --- ,H;. Finally 
we set H; = 2%, H? and the lemma is proved. 


Lemma 2. If M is a compact 2-manifold without boundary, and g is a con- 
linuum on M with zero mod 2 1-dimensional Betti number, then in each open set 
about g there is a closed 2-cell having g in its interior. 

Let D be a component of M — g and suppose D is decomposed in the manner 
of Lemma 1. The statement “g has zero Betti number’ means that, if Ai 
isany complex of M containing g, there is a smaller complex K: of M containing 
gsuch that each of its 1-cycles bounds in K;. The cycle I, , by means of the 
tylinder H; , is homologous to a cycle of K.. Hence I; bounds in M;; it there- 
fore separates M. But this means that D has but the one cylinder H, of ap- 
proach to g. 

Should M — g have another component D’ we could choose K; so as not to 
contain all of D’. Choose K; so as not to meet K. As seen above, I’; bounds 
ink, + H,. This chain together with K would form a non-zero 2-cycle lying 
on a proper part of M. As this is impossible, M — g has only the one com- 
ponent D. 














' 
: 
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It follows that I, divides M into K and H +g. ThusH + g isa 2-manifold 
with the boundary T;. Choose K; to liein H + g. As H is a cylinder any 
1-cycle on H + g is homologous to a cycle of Kz and therefore bounds in K, . 
Thus every 1-cycle of H + g bounds in H + g. It follows that H + g isa 
2-cell. By sectioning H with closed curves parallel to T, we readily obtain a 
decreasing sequence of 2-cells whose intersection is g. This proves the lemma. 


II. Upper Semi-ContTINvous COLLECTIONS OF CONTINUA ON A Two-MANIFoLp 


Throughout the following theorems M will denote a compact connected 
2-dimensional manifold without boundary (it need not be orientable), G will 
denote an upper semi-continuous’ collection of continua filling M, g will denote 
an element of G, R(S) will denote the mod 2 1-dimensional Betti number of the 
set S. A generalized cactoid is a continuous curve whose every maximal cyclic 
element* is a 2-manifold and only a finite number of these are different from 
2-spheres. It. is well known that G may be made into a topological space’ in 
such a way that G is the continuous image of M under the monotone trans- 
formation which sends the point P e M into the element g e G containing P. It 
follows that G is a continuous curve. 

THEeorREM 1. If G contains at least two elements and R(g) = 0 for each g «G, 
then G is homeomorphic to M. 

THrorEM 2. If, for eachgeG, M — g is connected and has just one cylinder | 
of approach to g (see Lemma 1), then G is a compact 2-manifold without boundary, 
R(G) S R(M), and if M is orientable so is G. 

THEOREM 3. If, for each g « G, each component of Mu — g has just one cylinder 
of approach to g, then G is a generalized cactoid, and R(G) = R(M). Conversely, 
if C is a generalized cactoid, there exists an M and a G such that G 1s homeomorphic 
to C and R(G) = R(M). 

THEOREM 4. The conditions of Theorems 1, 2 and 3 are necessary. 

THEOREM 5. With no restriction on G, there exists a finite number of spaces 
Co, Ci, +--+ , Cy where Co is a generalized cactoid and C; is obtained by identifying 
just two points of Cii(i = 1, 2, --- , k) such that G is homeomorphic to C; and 
R(G) S R(M) — k. Conversely, given Co, Ci, --- , Cx as above, there exists an 
M and a G such that G is homeomorphic to C, and R(G) = R(M) — k. 

Corotuary. The class of continuous images of compact 2-dimensional mani- 
folds without boundary under monotone transformations is composed of just those 





3 A collection G of mutually exclusive closed sets is upper semi-continuous if, for each 
g « Gand each open set U Dg, there exists an open set V Dg such that every g’ « G which 
meets V lies in U. 
4 For the theory of the cyclic elements of a continuous curve see G. T. Whyburn, Con- § 
cerning the structure of a continuous curve, Amer. Jour. of Math., vol. 50 (1928), pp. 167-194. 
, 5A subset S of G@ is open if, for each g « S, there exists an open set U Dg in M such 
that every g’ eG meeting UisinS. For further details see R. L. Moore, Concerning upper 
semi-continuous collections of continua, Trans. Amer. Math. Soc., vol. 27 (1925), pp. 416- 
428, or see }. 








nifold 
T any 
n K, , 
gisa 
fain a 
mma. 


[FOLD 


ected 
t will 
enote 
of the 
+yclic 
from 
se” in 
rans- 
. It 


j €G, 


inder | 


lary, 


ynder 
‘sely, 
‘phic 


aces 
ying 


S an 


ani- 
hose 


each 
hich 


Con- | 


-194. 
such 


pper 
416- 


MONOTONE TRANSFORMATIONS OF 2-DIMENSIONAL MANIFOLDS 855 


continuous curves each of which can be obtained from a generalized cactoid by making 
a finite number of identifications. 

Proor OF THEOREM 1. Let g €G be arbitrary. By Lemma 2 there exists a 
closed 2-cell C on M whose interior contains g. Since G is upper semi-con- 
tinuous, there exists an open set V > g such that every g’ « G meeting V lies in 
the interior of C. Let S be a 2-sphere obtained by introducing a new 2-cell C’ 
having exactly its boundary in common with C. Let G be the collection of 
continua filling S defined as follows: each element of G meeting V is an element 
of Gy ; each point of S not in such a continuum is an element of G. It is not 
dificult to prove that G» is upper semi-continuous. Since for each go € Go, 
R(go) = 0, nO go can separate S. Hence by a theorem of R. L. Moore,’ G is a 
sphere. Let W be the set of continua of G lying wholly in V. The set W is 
common to G and Gy , and is open in both spaces. Since G) is a sphere, it follows 
that G is locally a plane at the element g. Hence G is a compact 2-manifold. 

To show that M and G are homeomorphic we now need to prove only that 
M and G have the same 1-dimensional homology groups. But this follows 
directly from a theorem of Vietoris’ and the fact that each element of G has zero 
Betti number for the dimensions zero and one. 

Proor oF THEOREM 2. If G satisfies the condition of Theorem 1, Theorem 2 
isimmediate. Suppose this is not so; then we shall construct a new manifold 
M, and collection G;, filling M, so that 

(1) G, and G are homeomorphic, 

(2) R(M;) < R(M). 

By assumption there is an element of G, say go, such that R(go) ~ 0. By 
lemma 1 and the hypothesis of Theorem 2, there is a connected complex K in 
M — go whose boundary is a simple closed curve I’, and M — K — go is an open 
cylinder H. Let M, be the manifold obtained by adding a 2-cell E to K having 
l'as boundary. 

To verify (2), observe first that R(Mi) = R(K). We must show that R(K) < 
R(M). Since the homology group of K is a subgroup of that of M (see proof 
of Lemma 1), we need only exhibit a cycle of M not homologous to one in K. 
Now K’ = g + H + Tis a connected 2-manifold with boundary ©. It cannot 
be a 2-cell; for, since H is a cylinder, the contrary would mean that go is the 
intersection of a decreasing sequence of 2-cells and therefore R(go) = 0. Since 
R' is not a 2-cell, it contains a non-bounding 1-cycle I’. If I” were a 1-cycle 
of K such that I’ + I” bounds a chain C in M, the part C’ of C on K’ would 
have I’ + I’. as boundary. As I bounds K’ this would mean that I’ bounds 
inK'. This proves (2). 

To construct G; we define a mapping f of M into M, as follows. It shall be 





* See reference in 5. 

"L, Vietoris, Uber den héheren Zusammenhang kompakter Raume und eine Klasse von 
zusammenhangstreuen Abbildungen, Math. Ann., vol. 97 (1927), pp. 454-472. In partioular 
see (8b) p. 470. 
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the identity over K. Let A be a point in the interior of Z and set f(g) = A. 
Finally let f map H homeomorphically onto E — A. This latter map can 
clearly be chosen so that f is continuous over M. Thus, under f, G images into 
an upper semi-continuous collection G; filling M;, and G, is homeomorphic 
with G. 

If M, , G, does not satisfy Theorem 1, there is a g; « G; such that R(g;) ¥ 0. 
We then construct Mz , G2 satisfying relative to M, , G, the conditions analogous 
to (1) and (2). Due to (2) this process continues for a number of steps = k < 
R(M). Then M;,, G; satisfy the conditions of Theorem 1. It follows that 
G, , and therefore G, is homeomorphic to M, . 

Proor oF First Part or THEOREM 3. We first show that each maximal cyclic 
element G,; of G is a 2-manifold. To this end we define a function f(g) for all 
g¢«G,. If g does not separate M, f(g) = g. If g separates M, f(g) = g + the 
sum D(g) of all components of M — g excepting the one containing the con- 
nected set’ G; — g. 

It is clear that f(g) is a continuum. Furthermore if g, g’ € G; are distinct, 
then f(g) and f(g’) do not meet. To see this, we note that D(g’) by definition 
does not meet g; henve f(g’) does not meet g. But f(g’) is connected; it therefore 
lies in the component of M — g omitted from D(g). 

Each point P of M isin some f(g). If P is not in G, , let U be the component 
of M — G, containing P. Since G; is a maximal cyclic element, each component 
of G — G;, has just one limit point in G,;. This means that the boundary of U 
lies in just one continuum g eG,. Then P is in f(g). 

Thus the set {f(g)} for all g « G, is a collection G’ of mutually exclusive con- 
tinua filling M. It is upper semi-continuous. To see this, suppose the con- 
trary. We then obtain a sequence {f(gn)}, points P,, Qn ¢f(gn) such that 
{P,} converges to P ef(g) and {Q,} converges to Qef(g’). Since D(g) and 
D(g’) are open sets not meeting any f(g), it follows that Peg andQeg’. Let 
U be any connected open set about g. Itthencontainssome P,. If P, € D(gn), 
as g is not in D(g,), and U is connected, it follows that U contains a point P’, €9n- 
Similarly an open connected set V Dg’ contains a point Qi. « gn. But the exist- 
ence of {P..}, {Qi} converging to P, Q contradicts the upper semi-continuity 
of the collection G. Hence G’ is upper semi-continuous. 

The correspondence f(g) between G, and G’ is certainly 1 — 1. It is con- 
tinuous; for, if {g,.} converges to g, then the sequence of continua {f(g,)} must 
have limit points in f(g). As G’ is upper semi-continuous, it follows that 
{f(@n)} converges to f(g). As G, and G’ are compact spaces, they must be 
homeomorphic under the function f. 

Finally let us observe that G’ satisfies the conditions of Theorem 2. By 
construction M — f(g) is connected and is a component of M — g. By the 





8 If G’ denotes a subset of the space G we use the same symbol G’ to denote the point set 
on M obtained by adding together all elements of G’. 
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hypothesis of Theorem 3, this component has just one cylinder of approach to g. 
It follows that G’, and therefore G; , is a 2-manifold. 

By a theorem of Vietoris,’ R(G) < R(M). By a theorem of Whyburn,’ 
the Betti number of G is the sum of the Betti numbers of its maximal cyclic 
elements. As R(G) is finite, at most a finite number of cyclic elements can 
have a Betti number > 0. All other maximal cyclic elements must therefore 
be 2-spheres. Thus G is a generalized cactoid, and the proof of the first part 
of Theorem 3 is complete. 

Proor ofr CONVERSE Part or THEOREM 3. We must prove that any generalized 
cactoid C is the monotone image of a 2-manifold with the same Betti number. 
We shall not give complete details but shall let the proof rest on the argument 
given by Moore’ to show that any cactoid is a monotone image of a 2-sphere. 
In Moore’s argument a fundamental lemma for the 2-sphere is stated and used 
without proof. One cannot therefore check his proof to see that the analogous 
lemma for a 2-manifold holds. Since the lemma is in no sense trivial, we shall 
state and prove it in complete detail. 

Lemma 3. If M is a compact 2-manifold without boundary and {P,} is any 
countable sequence of points in M, then there exists in M a countable set of non- 
werlapping closed 2-cells {W,} whose diameters tend to zero and there exists a 
continuous transformation T of M onto itself such that T(W,) = P, and T is a 
homeomorphism between M — >, W,, and M — >> P,. 

We shall define closed 2-cells W,;, We, --- and continuous transformations 
Ih, ,, Me, --- of M onto M. We then define 7), 71, --- by the formulas 
T(t) = Uo(x), Tn(x) = Tn(T'n-s(x)). If x denotes a point of M we let x" denote 
T(t). We want the following properties to hold, where o is the metric on M: 

1. o(z, O,(a)) < 1/2”. ’ 

2. If x and y are points of M such that o(z, y) = 1/n then o(x", y") 2 (1 — 
1/2"") .o(a", y”’). 

3. Wi, We, --- are mutually exclusive closed 2-cells and diameter of W, 
< 1/n. 

4. 7,(W.) = P, if k S n, but otherwise 7, is 1 — 1. 

The definitions are given by induction. Let 7) = Ip = the identity on M. 
Suppose W, , Wo, --- , Wa; Wo, Ih, --- , Un: have been defined so that 1-4 
hold true. Let U, be an open 2-cell containing 7,11(P,) such that U,, does not 
intersect >. W; and the diameter of U, <1/n. Let Xn = Tn-1(U,), and let 
« be a positive number < 1 such that S(P,, 2en) (i.e., the set of points with 
distance from P, < 2e,) lies in X,. (Such an e, exists since clearly 7, is a 
homeomorphism over U,,. Let Y, and Z, be open 2-cells such that P, C Zn, 
4,C Y,, and diameter Y, < ¢,/2"**. Let II, be now defined as a trans- 

formation of M onto M which is continuous everywhere, is 1 — 1 except that it 








'G. T. Whyburn, Cyclic elements of higher order, Amer. Jour. of Math., vol. 56 (1984), 
pp: 1383-146. In particular see (2.5) p. 138. 
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maps all of Z, into P, , and is the identity transformation on M— Y,. Then 
II, maps Y, — Z, homeomorphically onto Y, — P,. Let Vz = T.~:(Y;) and 
W, —_ T.--1(Z,). 

We now show that properties 1-4 hold for the sets Wi, W2,---,W, and 
transformations IIp, Il,,--- , Mn. 

1. If xis in Y, we have o(z, I,(x)) S diameter Y, < ¢,/2"" < 1/2”. If xis 
not in Y, then II,(x) = z. 

2. If neither z nor y is in V, then II, is the identity on x” ’ and on y” *, whence 
2 holds. Suppose z is in V,. Then if o(z, y) = 1/n it follows that y is in 
M — U,. Now o(2”", x") < diameter of Y, S €,/2"*', while y” = y"™. 
Thus from the triangle axiom we get o(x", y") = o(x",y"") = o(2"", y™) — 
a(x", 2") = o(e", y") — 9/2". Now of", y") 2 o(P,, y™) — 
o(P,, 2” *) > 2e, — €,/2”"' > €,. Using this we get o(x”, y”) > (1 — 1/2”*’). 
a(x”, y”’). | 

3. The closed set W,, is in the open set U, which does not intersect W;. with 
k <n. 

4. Now 7T"(Wy) = T(Tna(W;i)). If k < n then 7,1(Wi) = Py, and 
11,(P,) = Py. Ifk = n, Tra(Wi) = Z, and 11,(Z,) = P,. Thusif k < n, 


T,(W,) = Px. If Q is distinct from P,, Ps, --- , P, , then II,,'(Q) is a single 
point, as is also 7;2,- 1, *(Q). 
Thus we have an infinite sequence W, , W2, --- of mutually exclusive closed 


2-cells, and a uniformly convergent sequence of continuous transformations 
Ty), T,, --- of M onto M such that properties 1-4 hold. Define 7’ as follows: 
T(x) = lim,-.7',(z). Then clearly 7 is a continuous transformation of M 
onto M and, for each 7, 7(W;) = P;. Suppose z and y are distinct points of M. 
Determine 7 so that o(a, y) 2 1/n. If x" = y” then z and y are in some one 
of the sets W,, W2,---,W,n. Ifx” ¥ y” then, by property 2, 


o(T(2), T(y)) = ote", v") TI — 1/2") > dole", y") > 0. 


This completes the proof of lemma 3. 

We return now to the proof that a generalized cactoid C is a monotone image 
of a 2-manifold. We consider first the special case where but one maximal cyclic 
element M of C is different from a 2-sphere. The cut points of C belonging to 
M form a countable set; let these be arranged in a sequence {P,}. Let M’ 
be a replica of M. We now apply Lemma 3 where the 2-cells {W,} are in M’. 
We define a collection G of continua in M’ as follows. The boundary I, of 
W, for each n shall be an element. Every point not on any I, shall be an 
element. The transformation 7 applied to the points of M’ not in the interior 
of any W, maps the corresponding subset of G homeomorphically into M. It 
follows that G is upper semi-continuous. The image of W, in G is a sphere S, 
attached to M at the point P,. Let R, be P, plus all components of C — M 
having P,, as limit. Since M is the only maximal cyclic element of C not a 2- 
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sphere, it follows that R, is a cactoid. According to the theorem of Moore 
there exists a monotone transformation of S, onto R,. This transformation 
can be so chosen as to leave P, fixed; for, if it mapped P*. inte P,,, we could 
then apply a homeomorphism of S, into itself carrying P, into P,. If this 
transformation of S, onto R, is effected for each n, the result is a monotone 
transformation of M’ onto C. We note that the Betti number of M’ equals 
that of C. 

Suppose now that C is a generalized cactoid with just two maximal cyclic 
elements not 2-spheres. We can then express C as a sum C, + C, of two gener- 
alized cactoids with just one point P in common and such that each has just one 
maximal cyclic element rot a 2-sphere. By what has just been proved there are 
manifolds M, , Mz with the Betti numbers of C; , C2 and monotone transforma- 
tions 7;(My) = Ci, T2(M2) = C2. Let gi, ge be the inverse images of P in 
M,,M.. Choose a point P; in g; and let S; be a 2-cell about P; with polar co- 
ordinates p, 0(0 S p S 1) with P; as origin. Let f; map S,; — P, on the ring 
1 <p < 1 by the transformation 6’ = 0, p’ = (p + 1)/2, and let f, be the iden- 
tityon M, — S,. If S; is the open 2-ceil 0 < p < 3 and I; is its boundary, 
the result is a homeomorphism of M, — P; onto M; — (Si; +17). We obtain 
a collection C; of continua in M, — S; by taking the image of each continuum 
of the collection C; in M, except that we add I, to the image of g, — P,. Itis 
dear that C; is homeomorphic to C, and I, corresponds to P. Perform the 
analogous operation in C2. Now join M, — S; and Mz — S: by a cylinder H 
having T'; + TI, as its boundary. In the resulting manifold M we obtain a 
wllection G of continua by taking as elements the continua of M, — S; and 


_ My — S82 excepting the ones containing IT, and T,. These two are added to- 


gether with H to form a new continuum. The transformation T,f;° and T2f2° 


' define a monotone transformation T of M — H on C except that T”'(P) is 


composed of the two pieces f;7; '(P) + T, and feTy (P)+T.. If weset T(H) 
= P, then JT becomes a true monotone transformation of M on C. 

The Euler number E(M) of a complex is a9 — a: + a2 where a; = number 
of i-cells. Removing S; from M, decreased its Euler number by 1: E(M, — S 1) 
= E(M;) — 1, E(M2 — S:) = E(M2) —1. Now E(H) = Osince H isa cylinder. 


| Hence H(M) = E(M, — S;) + E(M2 — S:) = E(Mx) + E(M:) — 2. But 


for a 2-manifold M without boundary, E(M) = 2 — R(M). Substituting in 
this last relation gives R(M) = R(Mi) + R(M:2). Thus R(M) = R(C,) + 
R(C,) = R(C). 

The argument just given for the case where C has just two maximal cyclic 
elements not 2-spheres lends itself to an obvious induction which provides a 
proof of our proposition. 

Proor or THEOREM 4. If G isa generalized cactoid then no point of a maximal 
tyclic element is a local cut point of the cyclic element. Suppose, as is im- 


_ possible, that M — g has a component D with at least two cylinders of approach 


tog. The image G of g + D in Gis a cyclic chain of G and g is a non-cut point 
ofG. Since D has at least two cylinders of approach to g, it follows that g 
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is a local cut point of Go. Hence g is not an end point of G. It therefore 
lies on a maximal cyclic element of G and is a local cut point of that cyclic 
element. This contradiction proves the necessity of the condition of Theorem 3. 

If G is a manifold, then surely it is a generalized cactoid. It has just been 
shown that each component of M — g has just one cylinder of approach to g. 
But G can have no cut point, hence M — g is connected. Thus the condition 
of Theorem 2 is necessary. 

To see the necessity of the condition of Theorem 1, suppose G is a manifold 
and g eG is such that R(g) ~ 0. From the first assumption it follows that the 
conditions of Theorem 2 are satisfied. This second assumption was made at 
the beginning of the proof of Theorem 2. We then constructed a new manifold 
M;, and collection G, filling M, such that G, and G were homeomorphic and 
R(M,) < R(M). It follows that R(G:) < R(M). Thus Rg) = 0 leads neces- 
sarily to R(G) < R(M). 

Proor oF First Part or THEorEM 5. If G satisfies the condition of Theorem 3, 
Theorem 5 is immediate. Suppose G does not satisfy the condition of Theorem 
3; then we shall construct a new manifold M, and collection G, on M;, satisfying 

(1) R(M,) = R(M) — 2, 

(2) G can be obtained by identifying two points of G, . 

If Theorem 3 does not apply to M, , G, , we construct M2 , G2 in an analogous 
manner; and so on. Due to (1) this process can be continued for a number of 
steps =k < R(M)/2. Then Theorem 3 must apply to M;, G.. Setting 
C; = Gi_i(t = 0,1, --- ,& — 1) and C; = G, the first statement of Theorem 5 
is found to be proved. For the second, observe first that R(M;,) = R(M) — 2k. 
By Theorem 3, R(G;) S R(M;). Identifying two points of a connected space 
increases its R by 1. Hence R(G) = R(G,) + k. Combining these three 
relations gives R(G) S R(M) — k. The construction of M, , G; follows. 

As G does not satisfy the condition of Theorem 3, there is a go e G and a com- 
ponent D of M — go with two cylinders of approach to go. Let H be one of the 
cylinders of D bounded by the closed curve [ (see Lemma 1). Cut M at T 
denoting the two lips of the cut by T; , Tz where IT; is next to H. Introduce two 
2-cells HE; , HZ, having YT; , I, respectively as boundaries. The resulting manifold 
is M,. It is connected; for, since D has another cylinder of approach to go, 
cutting at T does not separate M. We verify (1) asfollows. The Euler number 
of a 2-complex is ag — a, + a2 where a; = number of 7-cells. Cutting at T 
increases a and a; by the same amount. Adding EF, and EF, increases az by 2. 
Hence the Euler numbers of M, M, are related by E(M;) = E(M) + 2. As 
M, M, are 2-manifolds without boundary E(M) = 2 — R(M) and E(Mi) = 
2 — R(M;). The last three relations imply (1). 

We construct G, by means of a mapping f of M on M,. Observe first that 
there is given by construction a correspondence ¢ between M and M,; — (fi + 
E2) which is two-valued over T. Let f = ¢ over M — (H+ T). Let f map 
I into T, in the same manner as ¢. Let A be a point of E2 and let f map H 
homeomorphically onto H, — A. This is done so that f is continuous at I. 
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2cells from M decreased its Euler number by 2. The Euler number of H is 
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Then f is 1 — 1 between M and M, — [¢(H) + T: + E, + A]. It is discon- 
tinuous only at go and there only with respect to sequences approaching go 
along H. The inverse of f is continuous wherever defined. 

Since f is continuous over each g eG, f(g) is a continuum in M,. Further- 
more f(g:) and f(g2) do not meet if g; and gz are distinct. The elements of G, 
shall be, first, the point A, next, the continua f(g) for all g ¥ go, and finally 
the continuum g* = o(9 + H) +1: + H,. Clearly G; fills M,. 

If G, were not upper semi-continuous there would exist a sequence {9,} in G; , 
points P, , Qn € Gn Such that {P,} and {Q,} converged to points P, Q in different 
continua g, @’ of G,. We can clearly suppose that g, is an f(g), say f(gn) = Gn. 
By passing to a subsequence we can obtain that {g,} converges in G to an 
eement g. If g ~* go, then from the continuity of f we must have that f(gn) 
converges to f(g). As this is contrary to assumption, {g,} must converge to go . 
By passing to a subsequence we can insure that either {g,} converges to go 
along H or nog, meets H. In the first case f(g,) converges to A, in the second, 
tog*. Thus in any case we have a contradiction. So G; is upper semi-con- 
tinuous. 

To prove (2), let y map G; in G as follows: for each g ¥ go, let ¥f(g) = g, 
let (A) = go, and ¥(g*) = go. We need prove only that y is continuous. 
Suppose {f(g,)} converges to geG,. If g is an f(g) then, since f is a homeo- 
morphism in some open set about g,g.—g. If g = A, then {g,} converges to 
n along H. Suppose g = g*. In this case g, — go ; for, if a subsequence of 
\g,} converged to g’ * go , we could infer from the continuity of f at g’ that the 
corresponding subsequence of {f(g,)} converged to f(g’). This proves that y 
is continuous and completes the proof of the first part of Theorem 5. 

PROOF OF THE CONVERSE Part oF THEOREM 5. The case k = 0 is contained in 
Theorem 3. Suppose the proposition is true for all k < h, and let Cy, Ci, --- 
C,, Ci41 be a sequence as in the theorem. By assumption there is a 2-manifold 
M and collection G in M so that G is homeomorphic with C, and R(G) < R(M) 
-h. Let g:, ge be the two points of G which are identified in forming C4: . 
Choose points P; €g, , Ps € gz and let S, , S: be non-overlapping 2-cell neighbor- 


_ hoods of P;, Ps respectively. We suppose in S, we have polar coordinates 


(,é),0<r<1,0 S 6 < 2x. The transformation 6’ = 0, r’ = (r + 1)/2 
applied to S; maps S, — P,; into the annular ring } <r <1. Perform a similar 
transformation on S, — P,. The result is a homeomorphism 7’ of M — (P; + 
P:) into M — (C, + C2), where C, , C2 are closed 2-cells in S; , S2 respectively. 
Remove from M the interiors of C, , C2. and introduce a cylinder H whose bound- 
ary consists of the two closed curves forming the boundaries of C; and C2. 
This operation changes M into a new manifold M’. The collection G’ in M’ 
shall consist of the elements T'(g) for each g ¢ G which is not g; or gz and of the 
additional element g* = H + T(g, — P:) + T(gz — P2). It is trivial to verify 
that G’ is upper semi-continuous and that it is the result of identifying the two 
points 9; , go of G. Hence GQ’ is homeomorphic with Cyi1. Removing the two 
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zero. Hence E(M’) = E(M) — 2. Transforming to Betti numbers gives 
R(M’) = R(M) + 2. Since identifying two points increased R by 1, we have 
R(G’) = R(@ +1. As R(G) = RM) — h, we obtain R(G’) = R(M’) - 
(h + 1). This completes the proof. 

Conciusion. Our results lead in a fairly obvious way” to an answer to the 
question: What is the space G if M is a compact manifold with a finite number 
of closed curves as a boundary? The following two paragraphs suggest exten- 
sions of our work which are not so obvious. 

(1) What is the space G if M is (a) a non-compact manifold, (b) an arbitrary 
2-complex, or (c) a Peano space whose maximal cyclic elements have prescribed 
structures such as: being 2-complexes. 

(2) If M is a 3-manifold, in particular a 3-sphere, then it is known that the 
monotone image G of M can contain topologically any Peano curve. This 
question arises: What conditions on the elements of G, as continua on the 
3-sphere M, are necessary and sufficient that G be homeomorphic to M? In 
particular, is this condition sufficient: If g is any element of G then M — g 
is an open 3-cell?” 


PRINCETON UNIVERSITY. 





10 One can fit 2-cells onto the bounding curves so as to obtain a manifold M’ without 
boundary. A collection G’ filling M’ can then be defined, whose elements are (1) the ele- 
ments of G, and (2) the individual points of the added 2-cells. Our results characterize G’. 
To get G from G’ we need only omit a finite number of open 2-cells, namely the images of the 
2-cells added to M. 

11 Compare James F. Wardwell, Continuous transformations preserving all topological 
properties, Amer. Jour. of Math., vol. 58 (1936), pp. 709-726. 
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Introduction 


This paper generalizes to the case of curved surfaces certain theorems of 
plane conformal geometry due to Kasner.” The results obtained are: expres- 
sions for the invariants of horn angles of first and second order contact and the Hg 
general right angle, and the first few conformal symmetry formulas. Con- a 
civably the invariants and the formulas which Kasner found for the plane | 
might have carried over with no change whatever to surfaces, but the fact 
proves to be more interesting than that. In the cases of lowest order there is | ie 
actually no change, but for higher order the Gaussian curvature of the surface Mi 
makes its appearance. 
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1. The invariants 







ut 

le- The term “surface” will be used for an oriented, analytic surface element oy : 

a. (that is, element of a two-dimensional Riemannian space). “Curve” will mean by | 

he an oriented, analytic curve element. My 
Let C and D be two curves which lie on a surface 2 and pass through a point it 






| Oof 2. We denote the geodesic curvature of C at O by I, the value at O of 
| the first derivative of curvature with respect to arc-length by T; , the value of 
| the second derivative by Tz, and so on. The similar quantities for D are 
denoted by A, A,, As, ---. For the Gaussian curvature of = at O we write K. 
First, suppose that C and D pass through O in the same direction. The 
curvilinear angle which they form is then known as a “horn angle’ with vertex 
a0. If A — IT ¥ 0, the horn angle is said to be of first order contact. If 
4-T = 0 but A; — IT, + 0, the horn angle is of second order contact. 
_ Let the surface = be mapped by a direct conformal transformation onto any 
other surface. A horn angle of first or second order contact on = goes into a 
horn angle of the same order of contact on the new surface. Of course the 
curvatures and their derivatives at the new vertex may be changed in value. i 
Our first group of theorems, on the other hand, presents certain combinations 
of these quantities whose values do not change. 






















‘ Abstracts in Bulletin of the American Mathematical Society, vol. 42 (1936), p. 806. } " 
*Conformal Geometry, Proceedings of the Fifth International Congress of Mathema- Ai 
| tcians, vol. 2 (1912), p. 81; Geometry of Conformal Symmetry (Schwarzian Reflection), 
| Annals of Mathematics, vol. 38 (1937), p.873; The Two Conformal Invariants of Fifth Order, 

Transactions of the American Mathematical Society, vol. 44 (1938). p. 25. 
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THEOREM I: If a horn angle of first order contact 1s drawn on a surface, and the 
surface is mapped by a direct conformal transformation onto any other surface, 
the value of “‘Kasner’s invariant” 


Ai —- Ti 
(1) (a — 1)? 


and the algebraic sign of A — I, remain unaltered. 

Kasner’s invariant is probably the only one in the present series whose form 
is independent of whether the surfaces under consideration are curved or flat. 
For the next simplest conformal invariant, given in the following theorem, 
already involves the Gaussian curvature K. 

TueroreEM II: Jf a horn angle of second order contact is drawn on a surface, 
and the surface is mapped by a direct conformal transformation onto any other 
surface, the value of 


4(A, — T:)(As — T's) — 5(4e — 2)” — 4(F” + K)(Ay — 1)” 
(Ai — T1)* , 





(2) 


and the algebraic sign of A, — T1 , remain invariant. 

The I which occurs in (2) is the common initial curvature of the two sides of 
the horn angle, and might equally well be written A. In view of the presence 
of K it would be proper to speak of (2) as a simultaneous invariant of the horn 
angle and the surface. The above result and those which follow all reduce, as 
they should, to Kasner’s results in the plane if we set the Gaussian curvature 
equal to zero. 

Next, let the angle from C to D at O be 90°, and furthermore let A; + I; 
be different from zero. The curvilinear angle composed of C and D is then 
known as a “general right angle.’””’ The conformal invariant of a general right 
angle depends not only on the value of the Gaussian curvature at the vertex, 
but also on its rates of change. To express the latter we introduce a net of 
curves. 

Let an arbitrary orthogonal net of curves be drawn on the surface 2, such 
that the two curves of the net which pass through O have the directions of C 


and D at that point. Let a be the curvature at O of the net curve tangent | 


to C, and 6 that of the net curve tangent to D. Arc-length along the family 
of curves of the net which includes the curve tangent to C is denoted by oa, and 
arc-length along the other family of the net by 7. The symbols K., K-, 
K.,, Kz- stand for the values at O of the indicated first and second partial 
derivatives of the Gaussian curvature, the differentiation being performed with 
respect to arc-length along the curves of the net. As is well known, such 
differentiation need not be commutative; that is, K,, and K,- need not be equal. 





’ G. Comenetz, Kasner’s Invariant and Trihornometry, American Mathematical Monthly, 
vol. 45 (1938), p. 82. The fact, first surmised by Kasner, that (1) applies also on a surface 
was observed independently by V. Hlavaty¥ in a review in the Zentralblatt, vol. 14 (1936), 
p. 178. 
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Aright angle of course remains a right angle after a conformal transformation, 
md in fact a general right angle remains general. This is implied in the fol- 
lowing statement. 

TuzorEM III: If a general right angle is drawn on a surface, and the surface is 
napped by a direct conformal transformation onto any other surface, the value of 








1 
(3) (A: +P)? 
a! K(Ai - T:) + 2(AK, “ I'K,) + 3(aK, —BK, + K,, + K,.)], 


[As — T's — 5(PAe + T2A) — A’A, + SIA, — 5T1A? + P27, Hit 












and the algebraic sign of A, + Ti, remain invariant. \ 

The values of K, and K, really depend only on the point O and the initial HY 
directions of C and D, not on the particular net curves which pass through O i 
in those directions. The quantity aK, — 8K, + K., + K,, likewise depends Hie} | 
oly on O and the two orthogonal directions of C and D at O, not on the par- thet | 
ticular orthogonal net of curves. ie 

There is good reason for believing that the expressions in theorems I-III are mh) | 
the unique conformal invariants of the two kinds of horn angles and of the right We | 
angle respectively (see §5). If this is so, one numerical value and one algebraic 
sign are a complete set of distinguishing marks for a horn angle or a right angle 










= 





| my value. The symmetry formulas deal with the effect upon D when it is 
| flected by conformal symmetry across the “base curve” C. 

The conformal symmetry or Schwarzian reflection determined by C may be 
defined as the anti-conformal transformation of = into itself which leaves every 
point of C fixed. An equivalent definition is this: let a portion of a plane P 
be mapped conformally onto the surface = in such a way that some straight 

_ line segment L in P goes into the curve C on 2. (That this is possible follows 
_ easily from the known fact that any analytic curve in a plane is conformally 
equivalent to a straight line.) Then the mapping transforms the ordinary 
reflection in P across the line L, into the conformal symmetry on = across the 
basecurve C. A symmetry is of period two, for its square is directly conformal 
and leaves each point of C fixed, and hence is the identity. The symmetry in C 4) 
is unique, since if there were two such, their product would have to be the $i 
identity by the previous argument. Each being of period two, they would have 
to be the same. Z 
| Let the curve which is the image of D under the symmetry in C be called D. 
pb Asa symmetry is anti-conformal, D cuts C at O at the angle —6@. Represent 
| the values at O of curvature and its arc-length derivatives for D by A, Ai, 
4:,-... The symmetry formulas express the curvature and its derivatives 





. of the above kinds within the domain of conformal geometry. ty, 

S wi | 

| 

re 2. Symmetry formulas al 

alk ua | 

r | Let C now be thought of as a fixed curve on 2, and D as an arbitrary curve if 

™ | m2 cutting C at the fixed point O. The angle @ from C to D at O may have tH 
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for D in terms of the corresponding quantities for C and D (namely T, I, -- 
and A, A;, --- respectively). : 
TurorEM IV: The first three symmetry formulas are: 


(4) A +A = 2 cos 8, 
(5) Ai + A; = 27; cos 26, 
(6) As + As = 2F2 cos 34 — 4AT; sin 20 
+ 47(P, + A) sin 6+ K; sin 6 sin 28. 


The fourth formula has not been found except in two special cases: when D 
is tangent to C and when D is perpendicular to C. 

TuroreM IV’: The fourth symmetry formula is, in the special cases 0 = 0 
and @ = 90° respectively, 


(8) As + As = 27; + 10(AT, + AT) — 4(3I°T, — 2A4°T, + 5,7’) 
Ps 4(,K + r'K, hati AK,) aad (aK, ee BK, + K,; + Kye). 


The purpose of the symmetry formulas might be described as follows: the 
successive formulas enable us to construct with greater and greater precision, 
in a directly geometric way, the image of any given curve after a Schwarzian 
reflection. It would be desirable to have an immediate geometrical construction 
by which, if a point and the base curve are given, the reflected point can be 
found. However, so far as the author is aware, essentially the only such 
construction known is for the special case where the base curve is a circle in 
the plane. The Schwarzian reflection then reduces to ordinary inversion, and 
the immediate geometrical construction is that by reciprocal radii vectores. 


° 


3. Transformation laws for curvature 


The proofs below, if considered for the plane case, differ from Kasner’s proofs 
in that curvilinear codrdinates are used and the conformal transformations are 
represented by identity of codrdinates instead of by power series. 

It is sufficient to prove theorems I-III when one of the two surfaces is a 
plane, since a surface-to-plane followed by a plane-to-surface mapping is a 
general surface-to-surface mapping. 

Consider therefore a conformal mapping between a plane P and the surface =. 
Let u, v be rectangular cartesian coérdinates in P, and let them be carried onto 
2 as curvilinear codrdinates by the mapping. The element of arc ds on the 
plane is defined by 


(9) ds’ = du’ + dv’, 
while for the element of arc dS on the surface we will have 
(10) dS’ = e"(du’? + dv’), 


where n(u, v) is some point function on the surface. The codrdinates on 2 


are isothermal because the mapping is conformal. 





the 


Cul 


use 


(11 


abc 
ent 
foll 


the 
wit 


(12 









0. 


0° 


a 


CONFORMAL GEOMETRY ON A SURFACE 867 


Let the two curves and the point on P whose images on = are C, D and 0, 
be called c, d and o respectively. Let curvature and its arc-length derivatives 
at o be denoted by 7, 11, --- for c, and by 6, 6, --- for d. The curvilinear 
angle c, d is mapped conformally onto the curvilinear angle C, D, and what we 
have to show is that the various expressions in theorems . UI have the same 
yalue when formed for one angle as for the other. 

The fundamental formulas in all of this work are the laws of transformation 
of geodesic curvature and its arc-length derivatives under conformal mapping. 
We shall state as many of these as we need, for the curve C at the point O; 
of course they will apply in a similar way to any other point of C or of any 
other curve. 

On the surface 2, let g be the angle at O from the codrdinate line v = const. 
which passes through O, to the curve C. In view of the conformality, this is 
the same as the angle on P from the straight line » = const. through o, to the 
curve ¢. 

If we substitute from (10) in a standard formula for geodesic curvature‘ and 
use the fact that cos g = e"du/dS and sin g = e"dv/dS, we find that 


(11) eT =7 +m sing — nm Cos ¢. 


This is the transformation law of curvature. 

The various quantities in (11) are evaluated at O (or at 0), but as remarked 
above (11) holds similarly at each point of C (or c). Hence we may differ- 
entiate (11) with respect to arc-length along C. In performing this and the 
following differentiations it is convenient to keep in mind the relations 


d at @ dg _ —n 


ds~° as’ =: ds 
the z in the third relation being any function of u and v. Differentiating (11) 
with respect to S and then substituting for I from (11), we obtain 
(2) T= 11 + Fnun — Mow — ni, + ni) sin 2p — (Mu — NuNy) COs 2y. 


This is the transformation law of the first derivative of curvature. 
In exactly the same way, by differentiation of (12) with respect to S, the 
transformation law of the second derivative is found to be 


(13) eT, = yo — 2yi(nmy cos ¢ + m sin vg) + Y[(Muu — Nov — Ne + Ny) COS 2p 


+ 2(Nuv iad Ny Ny) sin 2¢] ta (Nuuv — Ny Nuun + Qn’, Ny) cos 3¢ 


= ¢ "(z, cos g + 2 sin ¢), 


— (Nyx — Nu Nyy + 2nunz) sin 3¢ 
+ (Myuu + Nuvv — 4My Nun + 8% Ruy + 2n%, + 2nyn>) cos’ g sin g 
— (Ruuv + Neve + 8NyNuy — 4p Nye + 2, My + 2n°) cos ¢ sin’ ¢ 


+ 3nu(ny COS ¢ — Ny Sin ¢). 





‘Beltrami, Opere I, p. 178. 
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The third derivative will be needed only when g = 0° and when ¢ = 90°. 
Differentiating (13) and setting ¢ = 0° as we do so, we arrive at 


(14) "T's = ys — Sruye — 2nvyr71 — V1(Muu + Nov — SN, — 02) + 4y"(nuw — unr) 
+ ¥(2tuuu — 3Muvv — WNuNuu + TNNuv + CNN + Sn, — Tnyns) 
— (Ryuuy — NoMuvu — 6M Nuuy — Aula + TNMuNeNuu + 11ni nur — 6n'n,). 
For ¢ = 90° we have 


(15) [same as (14), but with sign reversed for each derivative of n whose sub- 
scripts include an odd number of v’s, and with u and »v subscripts then inter- 
changed]. 

4. Derivation of the invariants 


Suppose that C and D form a horn angle of first order contact. Then the 
angle ¢ is the same for both, and A — I # 0. For C we have (11), and for D 
the corresponding formula would be 


(16) e"A=6+ mn, sin g — N, COS ¢. 
By subtraction of (i1) from (16), 
(17) e(A-T)=6-Yy. 


As e” is positive, this shows that the algebraic sign of the difference of curvature 
remains unaltered. 
In exactly the same way, from formula (12) we obtain 


(18) e"( Ay ae rT) => 61 — Fs 
Squaring (17) and dividing into (18), we have 


es OG, a 


“ a- e-7 





This means that (1) is invariant. The proof of theorem I is therefore complete. 

Suppose next that C and D form a horn angle of second order contact. The 
angle ¢ is still the same for both, but now A = I and A; — I, ¥ 0. 

The rectangular cartesian coérdinates u, v in the plane P were chosen at 
random, and were then used to describe the given conformal mapping. We 
are at liberty to assume now that the choice of codrdinates is so made that the 
line v = const. has the direction of the curve c at 0. The angle ¢ is therefore 
0° for C and ¢ in all that follows. 

In the present case g = 0° for D also. Let ¢ = 0° in (11)-(14), and let 
each of these equations be written down for C and for D. Together with 
IT = A they are a set of nine equations. The process of finding an invariant 
consists of eliminating n, since it is n that defines the particular conformal 
mapping. 

The attempt to eliminate n fails however: after use has been made of all nine 
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equations, the Laplacian of n still remains. But the Laplacian is practically 
the Gaussian curvature K of 2, for if we substitute from (10) in a formula for | 
Gaussian curvature, we find that ih 





(20) K = —€ "(nun + tw). 






It is now easy to show that (2) is equal to the corresponding expression in the 
snall letters, where K in the latter expression is replaced by zero. This is as 
it should be, for the Gaussian curvature of the plane P is zero. Hence (2) is a 
conformal invariant. i | 

The algebraic sign of A, — I is seen to be invariant as before. This com- 
pletes the proof of theorem IT. 

Finally, let C and D form a general right angle. Then ¢ = 0° for C and 
y = 90° for D. By substituting in (11)—-(15) we obtain a set of eight equa- | 
tions, but it is not possible to eliminate n from these, even with the aid of (20). a 

Further auxiliary relations may be introduced, however. For if we differ- | 
entiate (20) with respect to arc-length o along the curve v = const., we have 


eK, = In — Ly, 



















(21) 








where L stands for mux + %»». Similarly the derivative K, along the curve i | 
u = const. is given by | 


(22) 







e"’K, = 2nL — L,. 









Differentiation of (21) with respect to 7 yields the cross-derivative K., : 


e*" Ka, aad 2L(Nuv — 3Ny Ny) + 3ny Lu + 2nu Ly + as Luv . 





A similar relation for K,, is derived from (22). 
By (11), the curvatures a and £8 of the curves v = const. and u = const. at O 
are given respectively by 







n 


n 
ea= —-m, eB=n,, 





| nce the curvatures of the corresponding straight lines u = const. and v = const. 
_ in P are zero. 

It may now be verified that (3) is equal to the corresponding expression 
formed in the plane P. Theorem III is not yet proved, though, because we 
have used a particular net of curves (the parameter lines) in evaluating « and 6 
and the derivatives of the Gaussian curvature, whereas theorem III speaks of | 
any orthogonal net tangent to the given right angle. i 

In the first place, (21) and (22) hold for any curves having the directions i 
of C and D respectively, at O. Hence K, and K, are in reality functions of i 
the point O and the directions of C and D at O only, and would have the same 
Values no matter what orthogonal net tangent to the right angle were drawn on 2. 

As for the quantity 


(23) ak, _— BK, + Ree + Kye ’ 













= nn a a 
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the symbols in it other than K, and K, do depend on the particular net, but the 
value of the whole expression does not. So far as isothermal nets are con- 
cerned, this could be shown by a very simple argument from what has already 
been proved, using the definition of an isothermal net as the conformal image 
of an orthogonal net of straight lines in a plane, and the fact that (8) is invariant 
under conformal transformations within one plane. 

For a general orthogonal net, however, a separate calculation is necessary. 
Let dv/du = f(u, v) represent any family of curves on = such that the curve 
through O is tangent to C there; that is, such that f vanishes at O. Then 
du/dv = —f represents the orthogonal trajectories. Taking oc, 7, a and £8 as 
referring to this new net, it is easy to compute that at O 


e"K, = Ku, e" Ker = Kee = Ny Ky + f. Ky ’ e"a = —Ny + Fe, 


with similar relations for K,, K,, and 8. Forming the expression (23) we find 
that f cancels. Hence (23) is in fact invariant under any change of the 
orthogonal reference net. 

The last remark holds good even if K in (23) stands for any scalar whatever 
on the surface 2, since the argument did not depend on K’s being the Gaussian 
curvature. For any scalar K, the value of (23) is the same for all orthogonal nets 
having given directions at O. 

It can be shown in a similar way that among all nets of curves which pass 
through O in the given directions (but are not necessarily orthogonal except at 0), 
those for which (23) has the same value as it has for the orthogonal nets are 
characterized by this property: for either family of curves in the net, if the 
orthogonal trajectory through O is drawn, it has contact of higher than first 
order with the other family’s curve through O. 


5. Uniqueness of the invariants 


Let two horn angles of first order contact in a plane have the same value for 
(1) and the same sign for the curvature difference. Given any positive integer n, 
there exists a conformal transformation in the plane which makes the sides of 
one angle coincide with the corresponding sides of the other to within an order 
of contact higher than n. Otherwise expressed, in a plane a horn angle of first 
order contact has no conformal invariant of finite order other than Kasner’s invariant 
and the sign of the curvature difference.° 

It follows easily that the italicized statement is true also for horn angles on 
surfaces. For if we map such angles onto a fixed plane, the value of (1) and the 
sign do not change, and then we can apply the above result in that plane. 

It is probable, though not yet proved, that two horn angles in a plane which 
have the same value of (1) and like signs are conformally equivalent without 
any reservation. If so, the same would be true on surfaces. 

Statements of exactly the same kind can be made for horn angles of second 
order contact and for general right angles. 





5 See Kasner’s 1912 paper. 
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6. Derivation of the symmetry formulas 


The conformal symmetry across the curve C on the surface > is determined 
by a conformal mapping of a straight line L in a plane P onto C, as explained 
in §2. We may suppose that the rectangular cartesian coédrdinates u, v in P 
are chosen so that L is the u-axis. Then C is the v = 0 line on &. 

Given the symmetric curves D and D on =, we know that the two curves d 
and d in P which correspond to them are mirror images of each other under the 
ordinary reflection in ZL. Consequently the initial curvature 6 of d is the nega- 
tive of the initial curvature 6 of d, and similarly 6, = —6,, 5. = —é&, - 

Applying formula (11) to the curves d and D, we have 


(24) e"A = 6+ n, sin 6 — n, cos 8, 


since the angle from C to D was called 6. For d and D the angle is — 8: 


(25) e"A = § — n, sin 6 — n, cos 8. 
Tinally for Z and C, 
(26) eT = —m, 


as the curvature of L is zero and the initial angle is zero. 

Adding (24) and (25), using the fact that 6 + 6 = 0, and substituting from 
(26) we obtain the first symmetry formula (4). 

The second symmetry formula (5) follows from (12) precisely as (4) from (11). 
For the third formula (6) we use (13), but then also (24), (25), (26), the three 
corresponding relations derived from (12), and finally (22). For (7) and (8) a 
similar procedure is followed. The remarks about (23) of course apply to the 
last term in (8). 

In his papers on fifth order invariants and symmetry in the plane, Kasner 
employed the various formulas to derive a number of further results. Some of 
these, such as the remarkably simple symmetry formulas for a curve tangent 
to the base curve, the derivation of the right angle invariant from the invariant 
of a horn angle of second order contact by means of conformal symmetry, the 
lative invariants, and at least part of the discussion on bisection, carry over 
at once to surfaces. As for inversion, it would naturally be defined on a general 
surface, at any rate in the present connection, as Schwarzian reflection in a 
geodesic circle (of constant geodesic curvature). Inversion formulas could then 
be derived from the symmetry formulas by setting all the derivatives of curva- 
ture for the base curve equal to zero. But on a surface not of constant Gaussian 
curvature, this kind of inversion would not have the property which it has in 
the plane of turning (geodesic) circles into circles. For if we set; = T: = A, 
= 4: = 0 in (6), it does not follow that A, must vanish. 


St. Jonn’s Conuuce, 
ANNAPOLIS, Mp. 
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the symbols in it other than K, and K, do depend on the particular net, but the 
value of the whole expression does not. So far as isothermal nets are con- 
cerned, this could be shown by a very simple argument from what has already 
been proved, using the definition of an isothermal net as the conformal image 
of an orthogonal net of straight lines in a plane, and the fact that (3) is invariant 
under conformal transformations within one plane. 

For a general orthogonal net, however, a separate calculation is necessary. 
Let dv/du = f(u, v) represent any family of curves on 2 such that the curve 
through O is tangent to C there; that is, such that f vanishes at O. Then 
du/dv = —f represents the orthogonal trajectories. Taking oc, 7, a and 6 as 
referring to this new net, it is easy to compute that at O 


e"K, = K,, OC” Ker = Ku — wKu t+ foKo, ea = —m + fu, 


with similar relations for K,, K,, and 8. Forming the expression (23) we find 
that f cancels. Hence (23) is in fact invariant under any change of the 
orthogonal reference net. 

The last remark holds good even if K in (23) stands for any scalar whatever 
on the surface 2, since the argument did not depend on K’s being the Gaussian 
curvature. For any scalar K, the value of (23) is the same for all orthogonal nets 
having given directions at O. 

It can be shown in a similar way that among all nets of curves which pass 
through O in the given directions (but are not necessarily orthogonal except at 0), 
those for which (23) has the same value as it has for the orthogonal nets are 
characterized by this property: for either family of curves in the net, if the 
orthogonal trajectory through O is drawn, it has contact of higher than first 
order with the other family’s curve through O. 


5. Uniqueness of the invariants 


Let two horn angles of first order contact in a plane have the same value for 
(1) and the same sign for the curvature difference. Given any positive integer n, 
there exists a conformal transformation in the plane which makes the sides of 
one angle coincide with the corresponding sides of the other to within an order 
of contact higher than n. Otherwise expressed, in a plane a horn angle of first 
order contact has no conformal invariant of finite order other than Kasner’s invariant 
and the sign of the curvature difference.” 

It follows easily that the italicized statement is true also for horn angles on 
surfaces. For if we map such angles onto a fixed plane, the value of (1) and the 
sign do not change, and then we can apply the above result in that plane. 

It is probable, though not yet proved, that two horn angles in a plane which 
have the same value of (1) and like signs are conformally equivalent without 
any reservation. If so, the same would be true on surfaces. 

Statements of exactly the same kind can be made for horn angles of second 
order contact and for general right angles. 





5 See Kasner’s 1912 paper. 
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6. Derivation of the symmetry formulas 


The conformal symmetry across the curve C on the surface = is determined 
by a conformal mapping of a straight line L in a plane P onto C, as explained 
in §2. We may suppose that the rectangular cartesian codrdinates u, v in P 
are chosen so that L is the u-axis. Then C is the v = 0 line on >. 

Given the symmetric curves D and D on =, we know that the two curves d 
and d in P which correspond to them are mirror images of each other under the 
ordinary reflection in ZL. Consequently the initial curvature 6 of d is the nega- 
tive of the initial curvature 6 of d, and similarly 6, = —6,, 52 = —é.,---. 

Applying formula (11) to the curves d and D, we have 


(24) e"A=6+n, sin 0 — n, cos 8, 

since the angle from C to D was called 6. For d and D the angle is —@: 
(25) e"A = 6 — n, sin 0 — n, cos 8. 

Finally for Z and C, 

(26) e"T = —t, 


as the curvature of L is zero and the initial angle is zero. 

Adding (24) and (25), using the fact that 6 + 6 = 0, and substituting from 
(26) we obtain the first symmetry formula (4). 

The second symmetry formula (5) follows from (12) precisely as (4) from (11). 
For the third formula (6) we use (13), but then also (24), (25), (26), the three 
corresponding relations derived from (12), and finally (22). For (7) and (8) a 
similar procedure is followed. The remarks about (23) of course apply to the 
last term in (8). 

In his papers on fifth order invariants and symmetry in the plane, Kasner 
employed the various formulas to derive a number of further results. Some of 
these, such as the remarkably simple symmetry formulas for a curve tangent 
to the base curve, the derivation of the right angle invariant from the invariant 
of a horn angle of second order contact by means of conformal symmetry, the 
relative invariants, and at least part of the discussion on bisection, carry over 
at once to surfaces. As for inversion, it would naturally be defined on a general 
surface, at any rate in the. present connection, as Schwarzian reflection in a 
geodesic circle (of constant geodesic curvature). Inversion formulas could then 
be derived from the symmetry formulas by setting all the derivatives of curva- 
ture for the base curve equal to zero. But on a surface not of constant Gaussian 
curvature, this kind of inversion would not have the property which it has in 
the plane of turning (geodesic) circles into circles. For if we set T; = T2 = Ai 
= 42 = 0 in (6), it does not follow that A, must vanish. 


Sr. Joun’s Conuzcs, 
Annapouis, Mp. 














ON THE PERMUTATION OF THE CONVERGENTS OF A CONTINUED 
FRACTION AND RELATED CONVERGENCE CRITERIA 


By Joun Q. Jonpan AND WattTerR LeIcuTon, Jr. 
(Received May 31, 1938) 


1. Introduction 
Let 
R ie <. 2 he 


be a continued fraction in which the z, are complex numbers different from 
zero. Pringsheim’ has shown that the conditions 


(1.2) | an | S 1/4 (n = 2,3, 4,---), 


are sufficient for the convergence of (1.1). Szasz’ has pointed out that } is 
the largest number which can be used as the right hand member of (1.2). 

Leighton and Wall’ showed that sufficient conditions for the convergence of 
(1.1) are 


(1.3) | Longe | P 25/4, | Zon | Ss 1/4 (n = 1, 2,3,---), | xe | = 5. 


Denoting by X, and Y, the numerator and denominator respectively of the 
n* convergent of (1.1) they found explicit expressions for the elements of a 
continued fraction with its n* convergent A,/B,, satisfying the conditions 


An = OnXn + BX» ’ 
(1.4) (n = 0,1,2,---), 
B, = anY n + BnY nds ’ 


where the a, , 8, are arbitrary complex r —.abers. 
If the numbers a, and #, are assigned the values 


Aen _ 0, Bon _ 1, 
221 = 1, Bon4i oe 0, 


the transformation interchanges consecutive pairs of convergents of (1.1). The 
two continued fractions then converge or diverge together, and it is possible 
to establish, among other results, conditions (1.3). 





1Q. Perron, ‘‘Die Lehre von den Kettenbriichen,” 1913 edition, pp. 254-259. 

20. Szasz, “Uber die Erhaltung der Konvergenz Kettenbriiche bei independenter 
Veranderlichkeit aller ihrer Elementer,’’ Crelle, Bd. 147 (1916), pp. 132-160. 

3 Walter Leighton and H. S. Wall, ‘‘On the Transformation and Convergence of Con- 
tinued Fractions,’’ American Journal of Mathematics, Vol. LVIII, No. 2, April, 1936. 
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The present paper investigates the transformations of the form: (1.4) which 
result from permuting sets of three and four consecutive convergents. New 
forms of convergence criteria appear. The discussion is divided into three 
parts. In section 2 we carry out in some detail a typical case where the con- 
vergents are permuted in sets of four. In section 3 we tabulate the results of 
the other cases which arise in permuting four consecutive convergents of (1.1). 
In section 4 we tabulate the corresponding results when permutations are made 
in sets of three. In order to simplify the statement of our results we shall use 
the following abbreviated notation. Let 


(1.5) bmn + K (an/bn) 
n=m+1 


be a continued fraction formed from 
(1.6) bo + xk (a,/ bn) 


by dropping all those terms preceding b,. We denote the n“ convergent of 
(1.5) by An,m/Ba.m-' In particular we shall find the following formulae useful. 


Xi. = 1, 

Xo. = 1, 

Xim = 1+ Sm, 

Xo,m = 1 + Sgt + Lmi2, 

= 1 + Lngr + Smite + Lmis + Gm4iXmis , 
Xam = 1 + Sgr + Lmg2 + mss + Gms + Lmpilmts 
+ Lmpilmis + Lm420m+4 ; 
X5,m = 1 + Sgr + Smee + Sms + Lmis + Lmys + Lmpilmsts 
+ Lm penis + Lm4stmes F Lmplmyslmys + Fm4ihm4s 

i + Lm41Xm44 + Lm42Um44 - 
| In the above the Xn.m’s denote numerators of convergents of a continued 


fraction 1 + K (2»/1) of the type (1.5) and formed from (1.1). 
n=m+1 


2. A typical transformation 


We shall first prove an important and typical theorem and corollary. 
THEOREM 2.1: If the numbers x, satisfy the conditions 
| 1 


| l 
Q.1) |__| <1/4, |=) < 1/4 /<1/4, (n =1,2,3,---), 
| Xian—2X14n| ifs, Ya! = 1/4, Lan-2| / : 


the continued fraction (1.1) converges. 
\=snEnCnnnengnuieeentiniieseesns 


‘Perron, ibid., p. 14. 
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j Coro.tuary 2.1: If for n = 1, 2, 3, --- the numbers x, satisfy the conditions 
(2.2) | tenu1| S 1/5, | tn-2 | 2 4, | tin | S 1/5 


the continued fraction (1.1) converges. 
If X, and Y, are determined from the relations 


X-1 = 1, Y_4 = 0, Xo = RB Yo = ™ 
a = Kant + InXn-2 ) 
= Yn-1 + Sek «+8 ’ 


a 


(n = 1, 2,3, ---), 


peep" the quotient X,/Y, (n = 0, 1, 2, --- ) is defined’ to be the n™ convergent of 
Hee (1.1). Similarly let the n™ convergent of the continued fraction 
be designated by A,/B,, where 
ns ” ‘Ay = a By = 0, Ao = bo ’ By = 1, 
(2.4) An = brAn-i + GnAn-2, 


(n = 1, 2, 3, si ). 
B, ad bw Bn-1 + OnBn_2 7 


We seek to determine the numbers by , b; , be, --- , @1, G2, --+ in terms of the 
numbers zx, in such a way that 


Aa = Xan ; 
Aint = Xan, 
Ainy2 = Xan+2 
(2.5) emit ee ee...) 
Ban = Yani ; 
Banys = Yan, 





Banya = Yan+2 ; 





Bans su Yan+s ’ 





For simplicity we designate relations (2.5) by the matrix 7 : 


Oo 
— 
rm) 


0 
(2.5a) 


eS @ = 
SoS @ © 
ore © 


0 
oll: 
1 











5 Perron, ibid., p. 5. 
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By the substitution in (2.3) of the values of the A’s and B’s given by (2.5) 
we arrive at 


Xanii = danXan—1 + GinXan-2 , 

Yanti = dinYan—1 + GinYan-2 . 

But from (1.1) and the recursion relation 

Xangi = Xan + LangtXan—1 = (1 + Lang1) Xan + TanXan—2 , 

Yontt = Yan + LantiYan-1 = (1 + Langs) Vana + LanYan—2 

By subtracting (2.7) from the corresponding equations of (2.6) we have 
[Din -— (1 + 2ang1)|Xan-1 + [Qin — Zin]|Xan2 = 0 
[bin — (1 + 2angs) Yana + [Gan — tal Yano = 0. 

Hence din = Zan, Din = 1 + Zanzi, Since 

Xin—1 X4n-2 


Vent Yan—2 
and by similar procedure we obtain as complete results 


(2.6) 


(2.7) 


(2.8) 


= (—1) tin Zin-2 +++ 11 ¥ 0,~ 








(29) Qin = Tin, Oint1 = —Zingt, Ginye = 1, Gangs = —LanyoLinys , 

bin = 1 + Santi, Danzr = 1, Dingo = Linge, Dangs = 1 + anys - 
In general the initial conditions, that is the values of by , b; , and a; have to be 
determined separately since always A = X = 1, Bi = Y_, = 0, but in 
this particular case it is unnecessary, as is evident from the relations (2.5), 
or (2.5a). Application of Pringsheim’s condition for the convergence of (2.3)° 
to (2.9) yields the theorem. 

The corollary follows immediately from this. 

TurorEM 2.2. If the quantities x, are functions of any set of variables ( finite 
or infinite in number), the continued fraction (1.1) converges uniformly in every 
closed region throughout which conditions (2.1), or (2.2) are satisfied. 

The proof is immediate. 

In passing it is well to emphasize that the results (2.9), or the left-hand 
members of the expressions (2.1) without the absolute value signs, are important 


| not only because they yield new convergence criteria but also because they 
define a transformation of the continued fraction (1.1) into an equivalent one 


(.e. one which converges or diverges with (1.1), and if both converge, then they 
converge to the same value). 
3. Further results of permuting convergents four at a time 


In the following the matrices indicate the particular transformation which 
yields the given results. We have the theorem. 








‘Perron, ibid., p. 259. 
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; THEOREM 3.1. The continued fraction (1.1) converges if 
2 |an| < 1/4 (n = 2,3, 4, ---)s 
bd 
* where the value of an is given by any one of the following sets of relations. 
mm | Lin+2 
» = 1 x. ny 2 = > yp? 
1) 21° ° ae ey gD 
° 0 0 0 1 mu * __ Tanti (n =1 2.3... -) a = hy 
001 0 Xizn’ eg , X12 
1 0 0 0 wal Zen 
‘shan Tat peoede ee 
" (3.10) 
hae 0 1 0 0 = Van+1 ( ee 1 2 3 ) 
0 0 01 Anil = ea OPE N= 1,4,90,°**)- 
1-0 0 O A4n-1 = —Xijsn—2; ain = — Xin; 
0001 
(3.2) _ Tn Vin+1 X1,4n42 ae ta T4n42L4n+3 X14n—1 
es 001 0 aeieeen X44n-1 ; 7 Xan—t 
010 0 on 
= Bon at” ss 
(n = 1, 2,3, ); ae it+m+% 
0010 Qan-2 = — X14n-s, Oni = X1,4n-2, 
(3.20) 010 0 a Lan—1L4n-X1,4n41 Cnet = Tinq1Tin42X1,4n—2 
100 0 } ae X4an-2 
0.8: ON @argssp 
01 0 0 — X1,2nX1,2n42 eas We bh 
aay 1 9 9 ° - Tame ot SwOUe 
000 1 1 
Goa ey Be Dace hs... cline ee 
00 1 0 MD) 
001 0 ‘ian X1,4n-3 “ on ths 1 
a4) |i ° 9 9 9 Ree’ rope Xian-2’ 
010 0 iin, se Lan—1LinX1,4n+ i — — _~ént+l 
000 1 . X1,4n—-2X3,4n—1 : i X3,4n—1 . 
(n = 1, 2,3, see), 
100 0 — X1,4n—2 aes al 1 
(3.40) 00 0 1 m — in’ . Xisn-1 
01 0 0 ae & LanLang1X1,4n42 ws seit t as Tan+42 
0 0 1 0 wo X14n—1X3,4n F “? X3,4n i 
= 1,2,3,--. nas... 
(n ), a2 Xu. 





















































7 This result was also obtained by Leighton and Wall, loc. cit. 
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1 X. 
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wah ds Van+1 MPSS. ss Lan42Tin43X1,4n—1 
Ain = X ’ Ain4ss = ’ 
3,4n—1 X 14nt2X 3,4n—1 
” ToX3 
(n = 1, 2,3, ---), ye > . 
XiiX1,2 
1 Xi 4n-2 
me" — , U1 = ——, 
1,4n—2 Van-1 
a Lan on Lin4rTangod 1,4n—2 
an = — X ime n+ = — ’ 
3,4n—2 xX 14n+1X 3,4n—2 


(n = 1, 2,3, ---). 
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Xi1X12 
(n = 1,2, 3, ---), oe = —. 
— ZXor3 
Ou om 1 Qin = X3,4n-2 
—oo ’ p= ee 
Xi4n-2 Xi4n ~2X1,4n 
dis _ Lan%an+1Tan+2 inn Tin48A 3,4n—2 
i => ver n+2 — <a 
X1,4nX5,4n—-2 : X5,4n-2 
Xs 
(n = 1, 2,3, ---) a= —-s> 
» 4) Y» ’ Tan 
1 a Lin—-1X3,4n 
2 7 a CCU 
2 X1,4n-2 , X5,4n-2 
a LanLan41Vin+2 lung = — X3,4n 
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, 
000 i1 pice ld Vana aye X44n—1 = 
0010/ ~ Iu’ Xsan’ | § 
(3.16) a. 
100 0 om ie scl V4n—10inV4n41Vin42Vin42 th 
010 0 oe XsanXsin-2 yt 
G0 = X4an—1 y 
sis X 1,4n42X3,4n-1 : tf 
i! 
i aL Xo Hh 
Se. ee th 
0010 oe Lan—1 a X4an-2 if 
Si 00 0i1 wits X14n-2” ? X14n-2X34n—1 Ait 
1 (3.17) ih | 
0100 is aie oa Van—1VinVin41V0in42Vin+3 a = Xaan—2 it 
100 0 Kins X 3,4n-1 5,4n—-2 : acne in—2 { p 
(n= 1,2,3,---), a=-¥", i 
0001 aecehe 1 di ee Sad X5,4n-2 if | 
0100 ara - Lin—1X3,4n My | 
0010 a LanVan4i1Lin+2 ls aia: X5,4n-2 tt . 
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' 010 0 ” al Lan—1V4nX4n41Lin42V4n+3 dissed i X5,4n-2 
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| Some of the preceding convergence criteria have particularly simple corol- 
laries. The number of each corollary below corresponds to that of the trans- : 
formation from which it results. 

Corotuary 3.1. The continued fraction (1.1) converges if wy, |' 







| tine] <4, |remnl St Ital 24, (n = 1, 2,3, --). Hi | 
Corotuary 3.10. The continued fraction (1.1) converges if 


| Lan | s z, | Zana | < i, | Lan | P 4, (n sad 1, 2, 3, e+) 
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Coro.uary 3.2. The continued fraction (1.1) converges if 


ms|l+¢u|S%, ms|1+2%| Si, (m > 0), 
m m 
<= - -———_ n— - ” =1 ae 
| Cans | = 14+ [420|’ | a4 2 | 1+ [42n-1]’ (n ,2,3 ) 
Corouuiary 3.20. The continued fraction (1.1) converges if 
m <|1+ 2n-2| S 3, mS |1+2%m4| S i, (m > 0), 
m m 
.| 2 fon | 2 —) n = 1,2,3,---). 
|e |S TF] agen’ | Pan | 1 + | 42n+2| ( ) 


Corotiary 3.3.2 The continued fraction (1.1) converges if 
| Zen42| S 3, | ten42| 2 32, (n = 1, 2,3,---), || 25. 


Coro.uary 3.4. The continued fraction (1.1) converges if 


| 
O<ms Lhies S34, |amal 25, 
V4n-2 | 
| tan | <1 — 2m, | 2an+ | < 2m/5, (n = 1,2, 3, ---). 
Coro.uary 3.40. The continued fraction (1.1) converges if 
1 + Can-1 
Lan—1 


| tango | S 2m/5, (n = 1, 2,3, ---), | 22 | 


Sd | tn| = 5, | anga | S 1 — 2m, 


0< ms 





1 
Is: 


lA 


Corouuary 3.5. The continued fraction (1.1) converges if 


1 + Zan 
x. 


4n 


| tune] S1—2m, (n=1,2,3,---), |ae| S 3. 


| tn | = 5, O<ms| Ss i, | tang | S 2m/5, 





Corotuary 3.50. The continued fraction (1.1) converges if 


| tun2| = 5, O<ms Ltt < 


’ 





re] 


| Lan—t 
| tan | S 2m/5, | angi] S1—2m, (n=1,2,3,---). 

Corotuary 3.6. The continued fraction (1.1) converges if 

M—12|an41| 24, | t2n| =29M/5, | tins | S 4/25, (n = 1, 2,3, ---). 

Coro.iary 3.7. The continued fraction (1.1) converges if 


| in| 2 4, 0<ms |e < 


Lon+2 - 





§ This result was also obtained by Leighton and Wall, loc. cit. 
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| tinza | S m’/4, (n = 1, 2,3, ---), ms [tl sy 


0 
) The analogues of Theorem 2.2 resulting from Theorem 3.1 and the corol- 


+ laries above are evident. 


4. Results of permuting convergents three at a time 
When we permute convergents three at a time we have the following theorem. 









































0), Here as in the preceding section the matrices indicate the particular trans- 
formation that yields the given results. 
-+). TarorEM 4.1. The continued fraction (1.1) converges if 
lan| $3 (n = 2, 3, 4, ---) 
where the value of a, 1s given by any one of the following sets of relations. 
aS 1 _— _ Van+1 
1 0 0 aan = Lan’ Bsn = Ren’ 
(4.1) 001 
= —7m! . ai — 
01 0 A3n42 = » pal (n 1, 2, 3, ), a2 X.:’ 
rf , 
01 0 Aa3n-1 = ’ a. = —-——, 
Vn-1 2,3n—1 
(4.10) |}1 O 
Lee? (n = 1, 2,3, ---). 
X2,3n—-1 
010 — eet, a =e, 
( 4 2) 0 0 1 By 3,3n—1 
1 0 0 Bai2 = — pe (n ad 1, 2, 3, a es -), 
X3,3n—1 
ee 
tT ate 
001 ~_=- a Cress = eae 
(4.20) 1 0 0 3,3n—1 3,3n—1 
01 0 Asn42 = X20 (n _ 1, 2, 3, “¢ -), a= tS. 
.). T3n+2 — Le 
00 1 An = ~Soes, Gn = ae 
Py (4.3) 0 1 0 2,3n 2,3n—1 <4 2,3n 
100 digg ws GD. (n = 1, 2,3, ---), 
X2,3n—-1 
ao = Pai. som 
: 1+ 


As immediate results of the first four of the above conditions we have respec- 
tively the following corollaries. 
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Corouuary 4.1.’ The continued fraction (1.1) converges if 
| 22 | St, | ten | 2 4, | Tans | S 3, | Len+2 | S t, (n = 1, 2, 3, re), 


Corotuary 4.10. The continued fraction (1.1) converges if 








| wn | S 2, | Yeni | S 2, | Lsn2 | = 4, (n = 1, 2,3, ---). 
Corouuary 4.2. The continued fraction (1.1) converges if 
1 n 
0< Se St, | Zenza | S | ten |/20, 
| ten42| = &, (n = 1, 2,3, ---), || 2 5. 
Coro.uary 4.20. The continued fraction (1.1) converges if 
| Zan | = i, | Xsn42 | = | tan42 |/20, 
og < [Lt tm] <3 (n = 1, 2,3, --+), o</its <i 
T3n+2 — 2 











The analogues of Theorem 2.2 are again, as in section 3, immediately evident. 

In conclusion we again stress the fact that each of the formulae (3.1) to 
(3.19) and (4.1) to (4.3) inclusive, not only leads to new convergence criteria, 
but also defines a transformation of the continued fraction (1.1) into an equiva- 
lent continued fraction. 
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® The same result was obtained by a different method by Leighton and Wall, loc. cit. 
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A THEORY OF CONNECTIVITY IN TERMS OF GRATINGS’ 


By J. W. ALEXANDER 
(Received April 28, 1938) 


1. Our original intention was to develop a simplified theory of connectivity 
applicable to any locally bicompact, topological space. However, it was found 
that the essentially combinatory character of the theory could be brought out 
more sharply if we looked at the problem from a more general point of view 
and thought of a space not as a collection of points but as a primitive entity 
appearing as an element in a boolean algebra. 

In §3 we shall give a very general definition of a space, without introducing 
the notion of a point, and shall say what it means for a space to be normal, 
bicompact, or even locally bicompact. The points of a space will often be 
hiding in the background, waiting to be constructed by suitable limiting proc- 
esses. Whether they are actually there or not will, however, be no concern 
of ours, as the entities with which we shall be dealing—chains, cycles, ete.— 
will all be obtainable by finite processes, without a passage to the limit. 

On a space x, we shall construct certain configurations, called gratings, §4. 
A grating will be analogous to a complex (or, more precisely, to a family of 
complexes) determining a manifold. It will have both an homology theory 
and a theory of intersecting chains. Hence we shall be able to define its 
connectivity groups and to imbed these last in a connectivity ring. By con- 
structing suitable invariant gratings on the space zx we shall arrive at invariant 
systems of chains and cycles leading to invariant connectivity groups and rings. 
In particular, we shall discuss the theories of the open, the closed, and the 
bicompact chains. If a space is normal, the first two theories will lead to the 
same connectivity ring, §20, if bicompact, the last two will, §22. The theory 
of the bicompact chains will be the one. giving the most satisfactory generaliza- 
tion of the classical theory. 

Given a normal, bicompact space z, subject to one very natural restriction, 
and given, further, a closed subspace z of z and the open complement y of z, 
we shall obtain relations between the chain systems of the three spaces z, y, 
and z, §23. We shall also obtain a relation of duality between the invariants 
of the complementary spaces x and y when the containing space z is “simply 
connected.’’ 

We shall pay more attention to questions of formal manipulation than would 
have been necessary if we had merely wanted to define the invariants of a space. 





‘This paper is the outgrowth of a short series of lectures delivered by the author at 
Cambridge University in April 1936. It includes, in greatly revised form, the material 
outlined in two abstracts On the Connectivity Ring of a Bicompact Space, Proc. of Nat. 
Acad. of Sei., vol. 22 (1936), pp. 300-303 and pp. 381-384. 

883 













i 
| 
} 


re 











8 Se pe 
— es Ee ss = 


= 
+= SE Se 


=H 


as 


4H 
i 

















884 J. W. ALEXANDER 


In fact, one of our main objectives will be to develop an efficient working tech- 
nique adapted to the solution of concrete topological problems. Thus, in 
particular, we shall include a number of theorems which will be helpful in 
evaluating the invariants of certain special classes of spaces. 


2. We remind the reader that a boolean algebra A consists of a set of elements x 
and of two binary operators ~ and A, called union and intersection respec- 
tively, such that: 

1) The union 2; ~ 22 and intersection 1; ~ £2 of two elements of A are ele- 
ments of A. 

2) Each of the operations ~ and A is associative and commutative, and 
each is distributive with respect to itself and with respect to the other. 

3) There exist two elements 0 and 1 satisfying the relations 


OU 2 =2, 0A2=0, loz=1, lArt=2. 


4) To each element x there corresponds an element y, called the complement 
of z, such that we have 


aey=1 tay=0- 


If the elements of a boolean algebra are sets of objects and if the symbols 
~ and A denote logical addition and multiplication respectively, it will be 
possible, by extension, to define the union and intersection of an infinite set 
of elements. However, we shall not be able to do this in the general case unless 
we also enlarge the algebra. 

It will be convenient to introduce an intersection operator (°) corresponding 
to each element z of A. The operator (°) will transform an element z of A 
into its intersection with z, 2° = x ~ z. Owing to the distributive properties 
of union and intersection we shall have 


(x vy) = 2 vy, (x ii y)° — x ~ y’, 


Yw2 Ynz 


3 
WT wails. od ee 2 


x 


3. We shall start with an arbitrary boolean algebra A and an arbitrary pre- 
ferred class of elements p of A such that: 

1) The elements 0 and 1 belong to the class; 

2) The union and intersection of two elements of the class belong to the class. 
The complements of the elements p will be called the elements g. They will 
also form a preferred class with the properties 1) and 2). 





* The four postulates, as stated above, are not independent. Various sets of inde- 
pendent postulates for boolean algebras have been given by E. V. Huntington: Sets of 
independent postulates for the algebra of logic. Transactions of Amer. Math. Soc., vol. 5 
(1904), pp. 288-309. 

’ Of course, we might also introduce an analogous union operator, but this will not be 
necessary. 
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A space will simply be any element z of the algebra A. A space z will meet 
s space y if we have zx ~ y ¥ 0; it will dominate y, x D y, if we have either 
of the following equivalent relations: 

t~y = 7, TAY=Y; 
in which case we shall also say that y is a subspace of x. The closed subspaces 
y [open subspaces q°| of x will be the intersections with x of the preferred ele- 
ments p [of the preferred elements q], 


zx 


p =ZAP, Q=2agq. 

Lemma [3:1]. Jf y is a closed [open] subspace of x and z a closed [open] sub- 
space of y then z is a closed [open] subspace of x. 

For 

Y=MA%2=PAnay > 2= (MAM) Hz, 

and similarly for the other case. 

Lema [3:2]. The union and intersection of two closed [open] subspaces x 
and y of a space z are both closed [open]. 

For 


T=aAAZY= Pane > 


roy = (Mw pM) Az, LAY = (Pi A Pr) A zZ. 


Every space x will be the unit element of a sub-algebra X of A consisting of 
all subspaces of x. We shall say that two spaces x and y are homeomorphic 
provided there exists a simple isomorphism between their algebras X and Y 
such that the closed subspaces of x are paired in the isomorphism with the 
closed subspaces of y (and, therefore, also the open subspaces of x with the 
open subspaces of y). 

There is one special case in which we shall want to define the intersection of 
an infinite set of spaces. We shall say that the intersection of a finite or 
infinite set of spaces x, is 0 provided 0 is the only space dominated by all the 
spaces x, of the set. If the spaces z, are finite in number, this definition will 
obviously be consistent with the direct definition, 7, ~ 22 A -:: A tn = 9, 
in terms of the intersection operator. A space x will be said to be bicompact 
if to every set of closed subspaces p’ of x such that their intersection is 0 there 
corresponds a finite subset having this same property, 


x =z 4 
Ds; ~ Psy ~ °°" ~ Ds, = 9. 


A space will be said to be locally bicompact if it is homeomorphic with an open 


subspace of a bicompact space.’ 
en SS habe 

‘Of course, this is merely the Heine-Borel-Lebesgue condition restated in terms of 
closed sets. 

5’ Some such designation as semi-bicompact might, perhaps, be more appropriate. How- 
ever, for point spaces of the more usual types, the above definition is equivalent to the 
classical one, in spite of its different formal appearance. 
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THEOREM [3:3]. Every bicompact space is locally bicompact. 

For a space x is an open subspace of itself, 7 ~ 1 = zg. 

THEOREM [3:4]. Every closed subspace y of a bicompact space x is bicompact. 

For suppose there were a set of closed subspaces p? of y such that their inter- § 
section was 0 and such that they contained no finite subset with the inter- 
section 0. Then these same subspaces, regarded as closed subspaces of z, 
[3:1], would imply that z was not bicompact, contrary to hypothesis. 

Coro.uary [3:5]. Every open subspace y of a locally bicompact space x is 
locally bicompact. 

For z is of the form x = q, ~ 2, where z is bicompact, and y of the form 
yY = q2 ~ x. Therefore we have y = (%1 A qe) A 2. 

THEOREM [3:6]. The union z = x ~ y of two bicompact spaces x and y is 
bicompact. 

Proor. We must show that to every set of closed subspaces pi = p, ~ z 
of z such that their intersection is 0 there corresponds a finite subset o having 
this same property. Now, corresponding to the subspaces p; there will be 
certain closed subspaces p} = ps ~ x of x such that their intersection is surely 
also 0. Therefore, since xz is bicompact, there will be a finite subset o* of the 
subspaces p; satisfying a relation of the form 


(3:1) Pea ~ Da eee ~ Den = 9. 


Moreover, by a similar argument, there will be a finite subset o” of the closed 
subspaces p? = p, ~ y of y satisfying a relation of the form 


(3:2). ae os a le iE on Ponte bas 0. 


The subset composed of the spaces p:, corresponding to the spaces p%, of o° 
together with the spaces p;,,,, corresponding to the spaces p: of o” will be the 
desired subset c. For if o had an intersection u different from 0, we would have 
either u ~ z ¥ QOoru A y ¥ O (because u = (uA x) (uA y)). Moreover, 
the spaces of the set o” would all dominate u ~ x and the spaces of the set o” 
would all dominate u ~ y. Therefore we would arrive at a contradiction with 
either (3:1) or (3:2). 

A space x will be said to be normal provided that to each pair of closed sub- 
spaces pj and p2 with the intersection 0 there correspond two open subspaces 
qi and g2 with the intersection 0 such that gj and qg3 dominate pi and 72 
respectively.” 

THEOREM [3:7]. Every closed subspace of a normal space is normal. 

By [3:1] and the definition of normality. 

If the underlying boolean algebra A consists of all the subsets of a point 
set [P] and if the operations ~ and ~ denote logical addition and multiplica- 
tion respectively, we shall say that the elements x of the algebra are point spaces. 





° Cf. the classical definition of normality for ordinary topological point spaces. 
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4, A covering pair (a, c) of a space x will be any ordered pair of subspaces 
aand c of x such that their union is z,a 4c = x. The barrier b of a covering 
pair (a, c) will be the intersection of the two members of the pair, a ~ ¢ = b. 
The positive and negative sides of the barrier b will be the subspaces c and a 
respectively. An indexed pair (a, , cs) will be a covering pair in association with 
anindex s. If two indexed pairs (a, , c,) and (a; , c;) differ in index only we shall 
ay that each is a replica of the other. 

A grating T of x will be an arbitrary set of indexed pairs (a, , c,) of without 
repeated indices. A grating may be finite or infinite. If two or more of its 
indexed pairs are replicas of one another, we shall call the grating a singular 
grating, or & grating with repeated covering pairs. 

If Tf; and Tl, are any two gratings of x such that every indexed pair of I; 
belongs to I, we shall say that T, is an approximation of T; and that Tr: is a 
refinement of T;. The union T = 1, —~ TI: of two different gratings l', and IT; 
of z will be the common refinement of I’; and [2 consisting of the combined 
indexed pairs of the two gratings. 

A typical example of a grating will be the codrdinate grating of the point 
space R” of n real variables —;. This grating will be determined by the n 
coordinate hyperplanes &; = 0 and will consist of » indexed pairs (a, , ¢s), 
such that a,, b,, and c, are the subspaces determined by the conditions £, < 0, 
i, = 0, and &, 2 O respectively. 


5. With every grating I we are going to associate an abstract ring II, called 
the ring of chains of T. As a preliminary step, however, we shall first set up 
a auxiliary ring II* formed by taking the ring of all the integers and by 
adjoining as new and independent marks the symbols a, , b, , and c, associated 
with the various indexed pairs of f. We shall assume that the adjoined marks 
commute with the integers but not with one another, so that a general element 
of the auxiliary ring will be representable by a polynomial K in the adjoined 
marks, with integer coefficients. The order of the factors in the terms of K 
will, of course, be significant, since the adjoined marks are not commutative. 
Fach polynomial K will represent a distinct element of II*, and the sum, differ- 
ence, and product of two elements of II’ will be formed according to the usual 
polynomial algorithms. 


6. For the moment, we shall ignore the underlying grating and examine the 
auxiliary ring II* from a purely formal point of view. Every polynomial K 
of II* will be a linear combination of monomials of the form 


(6:1) F = 24,205 -** 2 (2,, = Ge,;, be, OF Co,), 


where, by convention, we shall want to include the monomial F = 1, corre- 
sponding to the case n = 0. Moreover, the monomials (6:1) will be linearly 
independent. Therefore, a linear operator operating on the polynomials K 
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will be fully determined when we state how it operates on the monomials 
(6:1) alone. 

A polynomial [monomial] will be called a z-polynomial [r-monomial], or a 
polynomial [monomial] of type 7 if it is homogeneous of degree 7 in the com- 
bined marks 6, (as distinguished from the marks a, and c,). Thus, a general 
polynomial K will admit a unique decomposition into a sum of the form 


(6:2) K= pe od (r “ss 0, 1, 2, +++), 


when K is a r-polynomial. We shall call the polynomials K" the r-components 
of K. For any particular choice of K, at most a finite number of 7-components 
will be non-vanishing. (It may be well to observe that the polynomial 0 should 
be thought of as of all types simultaneously.) 

It will be convenient to think of (’) as a type operator transforming each poly- 
nomial K into its r-component K’. Moreover, it will be convenient to intro- 
duce a conjugation operator (*) transforming each polynomial K with compo- 
nents K into the conjugate 


(6:3) K* = 9) (-1)'K, 
of K, formed by merely changing the signs of all the components of K of odd 


types. The type operators and the conjugation operator will obviously be 
linear. 


(6:4) (K+ LY’ =K+sTL' (K + L)* = K* + L*, 

and we shall have the following simple relations, 

(6:5) (KL)* = K*L* 

and 

(6:6) K** = K [K** = (K*)*]. 


7. A more significant operator will be the boundary operator (’) which will 
transform a polynomial K of II* into a polynomial K’, called the boundary of K. 
We shall assume that the boundary operator is linear: 


(7:1) (K+ L) = K'+TL’, 
so that it will be sufficient for us to define the boundaries of the monomials (6:1). 


The cases F = 1, a;, b, , cs will be disposed of by writing 
(7:2) ’=0, a=b, b=0, a =—b. 
The remaining cases, where F contains two or more factors, will be treated by J 
induction with respect to the number of factors. We shall write F in the form 
zL, so as to exhibit its first factor z (¢ = a,, b,, or c,), and shall then define 
F’ by the recursion formula 


(7:3) (2L)’ = 2’L + 2*L’. 
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Lemma [7:1]. Relation (7:3) will continue to be valid if we allow the symbol 
L to represent any polynomial whatever of the ring II* 

For L can represent any monomial (6:1) with the possible exception of 1, 
since F = zl is any monomial with at least two factors. Moreover, L can 
also represent the monomial 1, as may be verified by inspection. Therefore, 
fnally, L can represent any polynomial whatever, since the boundary operator 
is linear. 

TueoREM [7:2]. If K and L are arbitrary polynomials of the ring 11° the 
boundary of their product is 
(7:4) (KL)’ = K'L + K*L’. 

Proor. Since the boundary and conjugation operators are both linear, the 
problem reduces to the case where K is a monomial. The sub-case K = 1 is 
trivial. The remaining sub-cases will be treated by induction with respect to 
the number of factors in the monomial K. This time we shall write K = Fz, 
so as to exhibit the last factor z of K. Then, by the hypothesis of the induc- 
tion, we shall have 
(KL)' = (F-2L)' = F’-2L + F*(z2L)! = F’2L + F*2'L + F*2*L' = K’L + K*L’ 


By repeated applications of (7:3) the following formula for the boundary of 


any monomial F = 2,,2., --- Zs, Other than 1 may easily be obtained: 
(7:5) F’ = (25,205 --+> 2,)’ = } (—1)7Fe1782"""78;-) 2,, ae RO Pe cee Me. 
Here we must, of course, make the convention that the type r(z., --- 2s;_,) of 


the product of the first 7 — 1 factors is 0 when z — 1 vanishes. By (7:5) the 
boundary of a r-monomial is a linear combination of (7 + 1)-monomials. 

TaeorEM [7:3]. The boundary of a r-polynomial is a (r + 1)-polynomial. 
(By (7:1) and (7:5).) 

TaroreM [7:4]. The boundary of the conjugate of a polynomial K is the 
negative of the conjugate of the boundary of K, 
(7:6) (K*)’ = —(K’)*. 

Since we have 

Key = {E (-w' ey = {Dn cKy} = 

TuxoreM [7:5]. The boundary of the boundary of a polynomial K always 
vanishes, 
(7:7) K” =0. 


The proof reduces, as usual, to the case where K is a monomial. The sub- 
tase K = 1 is again trivial. In the other subcases we write K = zl and pro- 
ceed by induction. We have 


K" = (eL)" = (@/L + AL’) = 2"L + (/)*L' + YL + AL". 
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Moreover, the first term in the last member vanishes, by (7:2), the second and 
third terms cancel, by (7.6), and the last term vanishes, by the hypothesis of 
the induction. Therefore, finally, K” itself must vanish. 


8. A set of polynomials K, of II* generates a sub-ring II% of II* consisting of 
all linear combinations (with integer coefficients) of expressions of the form 


(8:1) K. Ka >>: Ka, (n arbitrary), 


where the Ka,’s are arbitrary polynomials of the set. It also determines a 
(two-sided) ideal 2% consisting of all linear combinations (with integer coeffi- 
cients) of expressions of the form 


(8:2) LK.M, 


where K, is in the set and where L and M are arbitrary polynomials of II’. 
We shall use the conventional notation K = 0 (or, more explicitly, K = 0, 
mod 2%) to indicate that the polynomial K belongs to the ideal 02. The 
notation K = L will, of course, indicate that K and L belong to the same 
residue class, modulo 2%. The congruences K, = 0 formed by identifying the 
determining polynomials K, of 2% with 0 will be said to form a determining set 
of congruences of 2% . 

A sub-ring [ideal] will be said to be preferred if the components and boundary 
(hence, also, the conjugate) of every polynomial of the sub-ring [ideal] belong 
to the sub-ring [ideal]. 

THEOREM [8:1]. A necessary and sufficient condition that a sub-ring II [an 
ideal 2] generated by [determined by] a set of polynomials K. be preferred is that 
the components K7, and boundary K’, of every polynomial of the set belong to the 
sub-ring [ideal]. 

Proor. The necessity of the condition follows from the very definition of a 
preferred sub-ring [ideal]; its sufficiency can be proved as follows. Every poly- 
nomial K of IT% is a linear combination of expressions of the form (8:1). There- 
fore, the 7-components K’ and boundary K’ of K are linear combinations of 
expressions of the form 


Ku, Ka, «++ Ke, (1+ 12+ +++ +m =7); 
and of the form 
(K.,K., --» Ka) = K,,KaKu --+ Ka, 
+ Kt Ki.Ka; toe Ka, 


+ Kt,Kt,Kt, --- Ka, 
respectively. The components and boundary of K therefore surely belong to 
II since the components, boundaries (and, therefore, also the conjugates) of 
the polynomials K, belong to II%. Similarly, every polynomial K of the ideal 
Q is a linear combination of expressions of the form (8:2). Therefore, the 
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components K* and boundary K’ of K are linear combinations of expressions 
of the form 
L*K%M’ (ut+to+yv= 7), 


and of the form 
(LKaM) = L'K,M + L*Ki,.M + L*K*M’ 


respectively. Therefore, the components and boundary of K belong to Q% . 

Let 11% be any preferred sub-ring of II* and 9% any preferred ideal. More- 
over, let II% mod 9% be the ring of the residue classes of IZ , modulo 93. Then 
ye shall define the 7-components and boundary of the residue class containing 
the polynomial K to be the residue classes containing the 7-components K" 
and the residue class containing the boundary K’ of K respectively. This 
definition will evidently be independent of the choice of K within its class, 
since a congruence K = L will imply the congruences K” = L’ and the con- 
gruence K’ = L’. 


9, The ring of chains II of the grating [' will be formed by reducing the 
auxiliary ring II* modulo a suitable preferred ideal 2°. The ideal 2* will be 
suggested by the following heuristic consideration. 

We shall fix our attention on the case where I is the coordinate grating of 
the space R” of nm real variables (cf. §4). Then the codrdinate hyperplanes 
t, = 0 determining the grating I will subdivide the space R” into a complex 8 
such that a cell of the complex will be determined by imposing on each of the 
coordinates ~, one of the three conditions 
(9:1) &, a 0, &. — 0, g, z 0. 

We shall use the notation 


(9:2) ° F = 2yZe--+ Zn 


| torepresent a cell of @, where z, will be either a, , b, , or c, according as we have 


$0, = 0, or =0. If the number of symbols b, appearing in F is 7, the 


| dimensionality of the cell will, of course, be n — 7. By a slight departure 


fom the current terminology, we shall call the cell F a r-cell rather than an 


) (n — 7)-cell.’ 


Now, the complex ® has both an homology and an intersection theory, since 
it is constructed in a space R” of the manifold type. We shall obtain the 
ideal 2° for the special grating under consideration by expressing the chains 
of symbolically in terms of the polynomials of II*. To each chain of @ there 
will correspond a class of polynomial symbols. The class corresponding to the 
chains 0 of @ will be the desired ideal 0. 
iene RT 4 

"In the present theory it is not the concept of dimensionality so much as the dual 
‘oncept which is significant. 
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Let us associate the mark 1 with the entire space R" and the marks a, , b, , c, 
with the subspaces & < 0, & = 0, and & 2 O respectively. Then the geometry 
of chains in the space R” suggests, at once, that we make the following identifica- 
tions which we shall first write, then interpret: 


(9:3) a,+c, =1, 

(9:4) aa, = 4,, a,b, = 6,, ba, = 0, b.b, = 0, 

(9:5) 0,0; = a0; , a,b, = b.a,, b.b, = —bdib,, (s ¥ 2). 
Let us also write, for future reference, the additional relations 

(9:4’) a,c, = c,a, = 0, bc. = bz, c.b, = 0, Cle = CG, 

(9:5’) Gc: = ca,, be: = cb, Cli = Cle, (s ¥ t), 


which are immediately derivable from (9:4) and (9:5) respectively, taken in 
combination with (9:3). 

The geometrical interpretation of Relations (9:3) is immediate. We are 
merely identifying the 0-chain consisting of the entire space R” with the refine- 
ment of itself consisting of the two half spaces £, S$ Oand &, 2 0. To interpret 
Relations (9:4) and (9:5), let us recall that in the classical theory of inter- 


secting chains the formal product of two chains corresponds, in general, to § 


their geometrical intersection, with suitable conventions about orientation. 
However, there are certain exceptional cases in which the chains are in singular 
positions with respect to one another and in which a special convention is 
needed to define their formal product. Relations (9:5), dealing with marks in 
different indices s and ¢, correspond to the general case. The products appearing 
in their various members symbolize the oriented intersections of the spaces 
represented by the marks, and the relations themselves tell us how the orienta- 


tions are affected when we change the order of the marks. Relations (9:4), | 


dealing with marks in the same index s, correspond’ to the exceptional cases. 
Putting it simply, they symbolize the convention that we are to give the chain 
corresponding to the first of the two marks a ‘virtual’ displacement in the 
direction of increasing £ before we form its geometrical intersection with the 
chain corresponding to the other mark. We shall see in just a moment (§11) 
that the ideal Q* determined by (9:3), (9:4), and (9:5) is precisely the one 
required to make the ring II* mod simply isomorphic with the ring of 
chains of 0. 

The rough argument outlined above suggests the rigorous formal procedure 
which is to be followed in the general case. Let II* be the auxiliary ring of an 
arbitrary grating I. Then we shall simply define the ideal 2’ to be the one 
determined by the congruences (9:3), (9:4), and (9:5). The ideal 2” will evi- 
dently be a preferred one. For if we take any congruence belonging to any 
one of the three sets and identify either the 7-components or the boundaries 
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of its two members, we can immediately verify, by direct calculation, that the 
resulting congruence is a formal consequence of the original congruences of the 
st from which it was derived. 


10. To make the ring of chains II an effective working instrument, we shall 
want to be able to tell when two different polynomials of II* represent the same 
chain. The desired criterion will be obtained by defining a linear operator 
(’) reducing each polynomial K of II* to a normal form K", 


(10:1) K*=K mod 2", 


such that two different normal polynomials will never be congruent, modulo 0”. 

Given an arbitrary polynomial K of II* we shall first eliminate all the marks 
¢, with the aid of Relations (9:3), thereby reducing K to a linear combination 
K’ of monomials of the form 


(10:2) F = 2,20. -+* 20, (z., = Ge, or b,,). 


It will then be sufficient to define the normal forms of the monomials (10:2). 
The case F = 1 (n = 0) will be disposed of by writing FY = F = 1. In handling 
the remaining cases, it will make matters clearer if we first arrange the indices s 
associated with the covering pairs of I in some arbitrary linear order, which 
we shall call their normal order. Now, suppose the indices s; and 8:4; of two 
consecutive factors of F are distinct (s; ~ 8:41), but not in normal order. Then, 
by (9:5), we may permute the two factors so as to bring their indices into 
normal order, provided we change the sign of the entire expression if both the 
factors are b,’s. Moreover, if the indices s; and s;4; are identical, (s; = 8:41), 
then, by (9:4), we may discard the factor z,, if it is an a, , or reduce the whole 
expression to 0 if z,, is a b,. Thus, by a finite succession of steps, we can 
reduce the monomial F to what we shall call its normal form F”, where F” 
will either vanish or be a product of factors with distinct indices arranged in 
normal order. 

It is important to notice that the normal form F” is independent of the order 
in which the steps of the reduction are carried out. Indeed, when we permute 
two factors in different indices we leave unchanged the sequential order of 
the factors in each separate index s. Moreover, when we reduce a sequence 
of factors in the same index s, the sequence invariably reduces to a, if all its 
factors are of the form a, , it reduces to }, if its last factor is b, a’. the others 
are of the form a, , and it reduces to 0 if any factor except the lust is 6, . 

The normal form K” of a general polynomial K will be obtained by re -ucing 
K to the form K’, in which the c,’s have all been eliminated, by then reducing 


} the terms of K° to normal form and, finally, by collecting like normal terms. 


There remains the question whether two normal polynomials K” and L” 
can be congruent, modulo 2*. Now, since the reduction of a polynomial to 
normal form is independent of the order in which the successive steps in the 
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reduction are performed, the formal identity KY = L” necessarily implies the 
formal identities (MKN)”* = (MLN)*. Therefore the polynomials K of normal 
form 0 will be the elements of an ideal 2 within the ring II*. If we can show 
that the ideal 2 contains (and, therefore, coincides with) the ideal 2* we can 
be sure that no two normal polynomials will be congruent, modulo 2°. But 
this last point can be settled, at once, by merely verifying that the determining 
polynomials of 2* (appearing in (9:3), (9:4), and (9:5) after transformation of 
the right-hand members) all have the normal form 0 and, therefore, all belong 
to. Thus, the ideals 2 and Q’ must surely be identical. 

From this point on, we are going to discard the auxiliary ring II* in favor of 
the ring II. Let us, therefore, agree to regard two polynomials K and L as | 


formally identical 
K=L 


if they represent the same chain of II’,° 
K=L mod 0’. 
The elements K of II will be called the chains of II (and also of I). 
11. We can now complete the identification of the chains of a codrdinate 


grating I with the chains of the complex 9 associated with I (cf. §9). 
TuroreM [11:1]. Let T be any finite grating made up of n indexed pairs 


(a, , Cs), (8 = 1,2,---,n). Then the chains K of T consist of all linear combina- 
tions of the 3” chains of the form 
(11:1) F = 220 +++ Zn (2; = a;, b;, orc). 


Moreover, these last are linearly independent. 

Proor. Every chain K of I is a linear combination of normal monomials F’. 
Moreover, by the introduction of suitable dummy symbols z, = 1, the normal 
monomials F” may evidently be written in the form 


(11:2) F* = W120 -++ Ln (xi = 4, b; , or 1). 


Therefore, to express a chain K as a linear combination of chains F we have 
only to express it as a linear combination of normal polynomials F” and then 
to replace the dummy symbols zx, = 1, wherever they occur, by the equivalent 
expressions a, + c; (cf. (9:3)). The linear independence of the chains F follows 
immediately from the known linear independence of the chains F”. We merely 
observe that each of the two sets (11:1) and (11:2) is linearly dependent on 
the other and that each consists of precisely 3” chains. 

In the case where I is the coérdinate grating of a space R” we shall identify 
the chains (11:1) of I with the chains determined by the individual cells (9:2) 





8 It may be remarked that a similar convention is made in the theory of ordinary commu- 
tative polynomials, in which we identify a polynomial K with all polynomials obtainable 
from K by permuting the factors in the various terms of K. 
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of the complex 0, thereby identifying the ring of chains of I with the ring of 
chains of 9. 

Now if I is an arbitrary grating and K an arbitrary chain of I there is always 
some finite approximation I“ of T to which the chain K also belongs. Suppose 
the covering pairs of I are (a, , cs), (s = 81, 8, +++, 8). Then, by what we 
have just shown above, there will be a unique way of expressing the chain K 
as a linear combination 
(11:3) K* — y oi? 


of chains of the form 
(11:4) F = 25,20, +++ Zsq (2,, = G,,b.; OF Co,;), 


We shall say that K* is a canonical form of the chain K. There will thus be 
as many canonical forms K* of K as there are finite approximating gratings I’ 
containing K. We shall call the chains F“ (11:4), of a finite grating I'* the cells 
of '. An infinite grating will not have cells. 


12. Every preferred sub-ring © of the ring of chains II will have a connec- 
tivity theory analogous, in every essential respect, to the classical theory of 
chains on a manifold. A chain [7-chain] K of ® will be called a cycle [7-cycle] 
if its boundary vanishes; it will be said to bound, or to be homologous to 0, 


K~0O, 
if there exists a chain L of ® such that its boundary is K, 
: L’ = K. 


We shall allow the terms of an homology to be transposed in the usual r:anner, 
so that K ~ L will be equivalent to K — L ~ 0. 

TuroreM [12:1]. Every bounding chain [r-chain] is a cycle [r-cycle]. 

Because K = L’ implies K’ = L’”’ = 0, by (7:7). 

Corotuary [12:2]. If two chains K and L are homologous, they have the same 
boundary. 

Because K — L ~ 0 implies (K — L)’ = K’ — L’ = 0. 

Lemma [12:3]. The components K’ (and, therefore, also the conjugate K*) 
of a cycle K are cycles. 

By [7:3] and (6:2). 

Lemma [12:4]. Every linear combination of cycles [1-cycles; bounding r-cycles] 
is a cycle [r-cycle; bounding r-cycle]. 

Since the bounding operator is linear. 

Turorem [12:5]. The r-cycles form a group A’ with respect to addition; the 
bounding cycles form a subgroup A’ of A’. 

Py [12:4] and [12:1]. 

We shall call the group =” = A’ mod A’ the 7 connectivity group of the ring ®. 

Lemma [12:6]. The product KL of two cycles K and L is a cycle. 
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Because K’ = L’ = 0 implies (KL)' = K’L + K*L’ = 0. 

THeEorREM [12:7]. The cycles of & form a preferred sub-ring A of ®. 

By [12:3], [12:4], and [12:6]. 

Lemma [12:8]. Jf L is a bounding cycle and K an arbitrary cycle, the products 
KL and LK are both bounding cycles. 

Proor. Since K is a cycle, we have K’ = (K*)’ = 0. Moreover, since L 
is a bounding cycle, there exists a chain M of such that M’ = L. Therefore, 


we have 
(K*M)’ = (K*)'M + KM’ = KM’ = KL, 


and 
(MK)' = M’'K + M*K’ = M’'K = LK, 


thus establishing that KL and LK are bounding cycles. 

THEOREM [12:9]. The bounding cycles form a two-sided preferred ideal A 
within the ring A of all the cycles of ®. 

By [12:3], [12:4], and [12:8]. We do not assert that A is a preferred ideal of 
the ring ®. 

We shall call the ring 2 = A mod A the connectivity ring of the ring ®. To 
be exact, the system = is a somewhat stronger invariant than an ordinary ring, 
since its underlying group (with respect to the operation of addition) admits 
a well determined decomposition into the direct sum of the connectivity groups 
= (r = 0,1, 2,---). If two connectivity rings are to represent the same 
invariant it is not enough that they be simply isomorphic. They must also 
be completely isomorphic, by which we shall mean that there exists a simple 
isomorphism between the two rings pairing the elements of the 7 connectivity 
group of one ring with the elements of the 7 connectivity group of the other, 
(r = 0, 1, 2,---). Since the product of two 0-cycles is a 0-cycle, we may 
regard the system =° not merely as a group but as a sub-ring of the system 2. 


13. There are a number of obvious but useful generalizations of the con- 
nectivity ring of 6. Suppose, for example, we have two preferred subrings ® 
and W of II. Then, as an immediate consequence of [12:8], the cycles of 
which bound in W will form a preferred ideal A(®, Y) within the ring A(#) of 
all the cycles of 6. We shall thus be able to form a ring Z(@, ¥) = A(#) mod 
A(®, WV), called the connectivity ring of ® relative to WV. 

Another important case is the one where we have a preferred sub-ring @ and 
a preferred ideal 2 of II. We shall say that a chain K of II is a cycle, modulo Q, 
if its boundary is in Q, 


K'=0 mod Q, 


and that a cycle K, modulo Q, is homologous te 0, modulo Q, 


K~0 mod Q, 
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if there exists a chain L such that we have 
L'=K mod 2. 


The entire discussion of §12 will obviously be valid if we operate with chains, 
eycles, and homologies, modulo &, in which case we shall be led to the con- 
nectivity ring =(® mod Q) of the ring @modQ. In the classical theory, systematic 
use of concepts analogous to the above has been made by Lefschetz. 

We shall now say a word about the system consisting of the ring of chains IT 
itself in combination with an arbitrary preferred ideal 2 of II. This is the 
system which arises in connection with the topological duality theorem. 

Lemma [13:1]. Let II be the ring of chains of a gratingT. Then every cyci2 K 
of Il is homologous to an integer. In other words, the connectivity ring = of II 
reduces to the ring &* determined by the 0-chains and is simply isomorphic with 
the ring of the integers.” 

Proor. Every cycle K of the ring II is expressible as a linear combination 
(11:3) of cells of some finite approximation I'* of [. Moreover, if we write 
F* = 2@* (2 = a, b, c; index not written) so as to exhibit the first factor z of 
each cell F* of * we shall have 


(13:1) K=K*= > (Aa + uid + vic) Gi, 


where, for the case n > 1, the expressions G‘ will represent the cells of an 
approximating grating I’ with n — 1 indexed pairs, while, for n = 1, there 
will only be one term in the sum and we shall have Gj = 1 

To prove that K is homologous to an integer, we shall proceed by induction 
with respect to the rank n of the approximating grating [“. If we subtract 
from K the boundary of the chain > uaGe we shall obtain a cycle 


K, = K — (Lo maGt)’ = DL va + vic) — Do msa(G4)’ 
homologous to K, which may evidently be reduced to the form 
(13:2) K. = 2 (pa + vic), 


since each of the expressions (G;)’ is a linear combination of cells Gi. More- 
over, the coefficients p; and yv; will have to be equal; otherwise the boundary 
of K, would contain a non-vanishing term (p; — v:)bG;, and Ko would fail 
tobe a cycle. In other words, K. will have to be of the form 


(13:3) K, = Dela t+ dG? = Li eG. 

Thus, for the case n = 1, K, will reduce to the integer p; , while, for the case 

n> 1, it will reduce to a cycle of f°. The cycle K (K ~ K.) will, therefore, 

always be homologous to an integer, by the hypothesis of the induction. 
Lemma [13.2]. If II is the ring of chains of a grating I the only 0-cycles of Il 

are the integers. 





* Of course a 0-cycle never bounds, since there are no chains of type —1 for it to bound. 
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Proor. Every 0-cycle of II must be of the form (13:2), since it contains 
no symbols 6,. It may, therefore, be expressed in the form (13:3), whence, 
by induction, it must be reducible to an integer. 

THEOREM [13:3]. Let II be the ring of chains of a grating T and let Q be a 
preferred ideal of Il containing no integer chain of Il. Then the r™ connectivity 
group of II mod Q is simply isomorphic with the (r + 1)** connectivity group of ©, 


(13:4) 0’ (II mod Q) = 7(Q). 


Proor. A r-cycle of II mod Q@ is a 7-chain K of II with boundary in 2. 
Therefore the boundary operator (’) transforms every 7-cycle K of I mod 2 
into a (r + 1)-cycle K’ of 9. Moreover, every (7 + 1)-cycle of Q is the trans- 
form K’ of at least one r-cycle K of II mod Q, since it bounds a cycle K of I, 
by [13:1] and [13:2]. Thus, to establish the isomorphism (13:4) we have 
only to show that each of the two relations 


(13:5) K~0 mod Q 
and 
(13:6) , K'’ ~ 0 in 2 


implies the other. Now (13:5) implies the existence of a chain L of II satis- 
fying the relation L’ — K = 0, mod Q; whence, L’ — K must belong to Q; 
whence we must have (L’ — K)’ = L” — K’ = K’ ~ 0inQ. On the other 
hand, (13:6) implies the existence of a chain M of © satisfying the relation 
K' — M’ = 0; whence, K — M must be a cycle of II; whence, there must be a 
chain N of II satisfying the relations N’ = K — M; whence we must have 
N’ = K ~ 0, mod 2. 

Coro.tuary [13:4]. Let Q be a preferred ideal of the type specified in [13:3]. 
Then the product of two cycles of Q is always homologous to zero in Q. 

Proor. We have seen that the cycles of 2 are the boundaries K’ of chains 
K of t!. Therefore, if K’ and L’ are any two cycles of Q we shall have 


(KL’)’ = K'L’ + K*L” = K'L' ~ 0 in II. 

Moreover, the chain KL’ will belong to Q, since L’ belongs to Q and since 2 
is an ideal. Therefore we shall also have K’L’ ~ 0 in Q. 

Remark. Theorems [13:3] and [13:4] obviously remain valid if II is any 


ring of chains such that: (a) Every cycle K of II is homologous to an integer, 
and (8) The only 0-cycles of II are the integers. 


14. With each chain K of a grating [ we are now going to associate a space 
| K |, called the locus of K, which will be defined as follows. To simplify matters 
we shall choose our notations in such a way that the space on which the grating 
r is constructed is the unit element 1 of the underlying boolean algebra.” 





‘0 This is evidently always possible, since every sub-space z of 1 is the unit element of a 
sub-algebra consisting of all sub-spaces dominated by z. 
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Then the loci of the chains 0, 1, a, , b, , and c, will be defined to be the spaces 
represented by the symbols themselves. Moreover, the locus of a canonical 
monomial 


(14:1) F = QéyiZeq °° + Zens (2., = Ge,, be;, OF Ce,3 ¥ # 0) 


(ie. a monomial without repeated indices, in the canonical form (11:4)) will be 
defined to be the intersection of the loci of the factors of the monomial, 


(14:2) | F | = 2 A 2g Ate A ee 

Finally, the locus of an arbitrary chain K, written in canonical form 
(14:3) K = K* = icf, 

will be defined to be the union of the loci of the term of K, 

(14:4) K = |aFi |u| ak: | o--+ 4 | onFs |. 


Since a chain K can usually be expressed in more than one canonical form, the 
following theorem will be required to make the definition of the locus | K | 


determinate. 
TuroreM [14:1]. Two different canonical forms K* and K® of K determine 


the same locus | K |. 

Proor. Let K* and K® belong to the finite approximating gratings I’ and 
’ respectively. Then there is a third' canonical form K*”" belonging to the 
union P*’* = [* I of the two gratings. Thus, since we can pass from 
either of the gratings I'* or I’ to the grating I'*’" by the process of adjoining 
one new indexed pair at a time, the theorem reduces to the special case where 
I’ can be obtained from I“ by the adjunction of a single new pair (a, c), (index 
not written). But, in this simple case, the theorem is immediate. For the 


relation a ~ c = 1 implies, at once, 
| Ff | = | aFS | | cFF |; 
whence, 
|K| =| Daw? | =| OM@ + OFF | =| 2 wiki. 
THEorEM [14:2]. The locus of the sum [difference] of two chains K and L is 
dominated by the union of the loci of K and L, 
(14:5) |K+zL\/C|K||L\. 


This may at once be seen by expressing K and L in canonical form with 


respect to the same approximating grating I". 
TunoreEM [14:3]. The locus of the product of two chains K and L is dominated 


by the intersection of the loci of K and L 
(14:6) |KL|G|K|A|LI. 
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Proor. The theorem obviously reduces to the case where K and L are 
cells of the same approximating grating I’, 


K = 24,20, +++ Zany L = We,Wey +++ Weny (Zoi) We; = Qe;, bg;, OF Cz;). 
Now, in this special case, the product KL either vanishes or is of the form 
KL = Us, Usy eee Us, (us; = as; . b.; . or Cos), 


where, by (9:4) and (9:4’), we have | us; | = | 2; | A | ws; |. Relation (14:6) 
therefore follows at once. 
TuHEoreM [14:4]. The locus of a chain K is the union of the loci of its com- 


ponents 

(14:7) JK) =|K’|l|K'\||K’le---, 
whence, in particular, 

(14:8) |K’ | |K |. 


-This is obvious if we express K in canonical form. 
THEOREM [14:5]. The locus of the boundary of a chain K is dominated by 
the locus of K. 


(14:9) | K’|o | K|. 


Proor. The theorem again reduces to the case where K is a canonical 
monomial. The proof is then an immediate consequence of (7:5). 

THEOREM [14:6]. The set of all chains K of a grating T such that their loci 
are dominated by a space x is a preferred ideal Q, of T. 

By [14:2], [14:3], [14:4], and [14:5]. 

We shall say that a chain K of I is empty if its locus is 0, i.e. if it belongs to 
the ideal 2 determined by the element 0. The connectivity ring Z (II mod %) 
of the set of all chains of I, modulo the empty chains is an important invariant 
of the grating I. We shall call it the connectivity ring Z(T) of I, 


(14:10) =(T) = Z(il mod %). 


15. Now, lei T be a grating of the space 1, and let the indexed pairs of I’ be 
(a,, cs). Then if x is any subspace of 1, we shall say that the intersection 
operator (*), §2, transforms the grating I’ of 1 into the grating I’ of + made up 
of the indexed pairs (a¢ , c?), 


a =a, ~ 2; C= G&A 7. 


Moreover, we shall say that (*) transforms a chain K = ¢(a,, b., cs) of I’ into 
the chain K* = ¢(az, bf, ci) of I”. 

THEOREM [15:1]. Let (x, y) be any covering pair of the space 1, let II be the ring 
of chains of any grating T of 1, and let Q, be the preferred ideal of IL composed of 
all chains of 1 such that their loci are dominated by y. Then, if II” and Q, are 
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the intersections with x of II and Q, respectively, the rings = (II mod Q,) and 
= (I1mod 9%) will be completely isomorphic, 


(15:1) = (II mod Q,) = = (II mod 9). 


Proor. Since the operator (*) transforms the chains K of II linearly into 
the chains K* of II*, and since every chain K” of II’ is the transform of a defi- 
nite chain K of II, the problem reduces to showing that the two relations 


(15:2) K=0 mod Q, 
and 
(15:3) K* =0 mod QF 


are equivalent. Now (15:2) is merely the condition that the locus | K | of K 
shall not meet the complement z of y, while (15:3) is the condition that the 
locus | K* | of the intersection of K with z shall not meet z. Furthermore, 
ihe space x dominates the space z, since (z, y) is a covering pair. Therefore 
the locus | K | will meet z if, and only if, the locus | K* | does. 


16. The problem of evaluating the connectivity ring Z([) = (II mod Q,) of a 
grating I can often be simplified by substituting for T a suitable approximating 
grating T;. An approximation IT; of I will be called a basic approximation 
provided that to every chain K of I such that the boundary of K is congruent, 
modulo 2, , to a chain of I; there corresponds a chain K; of I, such that we 
have Ki ~ K,modQ,. This condition evidently implies: 

(i) That if a chain K of I is a cycle, mod Q, , it is homologous, mod Q, , to a 
cycle K, of T; , mod Q, . 

(ii) That every cycle L, of I; , mod Q, , which bounds a chain K of I, mod Q, , 
also bounds a chain K, of I’; , mod Q, . 

TurorEM [16:1]. If T, is a basic approximation of T its connectivity ring is 
completely isomorphic with the connectivity ring of T, 


(16:1) A(l,) = 2(P). 


Proor. If we operate modulo Q, every element of =(I’) is a maximal class [K] 
of cycles of ! homologous in I’, every element of Z(I';) a maximal class [Kj] of 
cycles of T; homologous inT,. Therefore: 

(«) Every element [Kj] is a subclass of an element [K]. (Obviously.) 

(8) Every element [K] includes at least one subclass [Ki], (by (i) above). 

(y) No element [K] includes more than one subclass [K,]. For if 1; is any 
cycle of [K] belonging to I, , and K, any element of the known subclass [K;] 
of [K], we must have ZL; — K; ~ 0, mod Q,, in IT’, by the very definition of [K]. 
Therefore, by (ii) above, we must also have L; — K; ~ 0, modQ,,inT,. There- 
fore, finally, ZL, must belong to the subclass [Kj]. 

The correspondence associating each class [K] with its well-determined sub- 
class [K,] sets up the desired isomorphism between the rings Z(I'1) and (I). 
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‘ THEOREM [16:2]. Jf 1, 7s a basic approximation of T and 2 a basic approzi- 

; mation of T, , then T2 is a basic approximation of T. 

. This is an immediate consequence of the definition of a basic approximation. 

sy Lemma [16:3]. A sufficient condition that T, be a basic approximation of T 
is that to every finite approximation T“ of I there correspond a finite approximation 
Tr? of P, such that Y? be a basic approximation of T* — T%. 

Because of the fact that every chain K of I belongs to some finite approxi- 
mation I'* of ©. (The condition stated in the lemma is also necessary, but we 
shall only require its sufficiency.) 

Lemma [16:4]. Let I" be any finite grating with the cells Ff and let T" be a 
refinement of T* formed by adjoining to T* a single new indexed pair (a, c), (index 
not written). Then T° will be a basic approximation of [’° provided the locus of a 
cell F¥ never meets the two members a and c of the pair (a, c) unless it also meets 
the barrier b; or, in other words, provided each cell F{ satisfies one, at least, of the 
following three conditions: 


(16:2) bFi + 0, aF; = 0, cF; = 0, mod Q, , 


ae 


Proor. We shall prove that when we operate modulo Q every chain K* 
of r'’’ with boundary congruent to a chain of ’“ is homologous to a chain K“ of P'*. 
Let us write the chain K ® in canonical form, 


(16:3) K® = Do (aa + wid + vic)F?. 
Then the desired chain K“ may be chosen to be the following one: 
K* = K® — (>) waF?)’ 
= L (pia + vic) Fi ; 


(ef. the proof of [13:1]). The chain K“ will obviously be homologous to K', 
since K* — K° is a boundary. Moreover, it will reduce, modulo Q, to a 
chain of I’, as we shall see by examining each of its terms separately. 

(i) Suppose that for the cell F{ appearing in a term (p,a + v:c)Fj we have 
bF¢ # 0. Then we must have p; = »;, otherwise the boundary of K* would 
contain a non-empty term (p; — v;)bF{ and would, therefore, not be congruent 
to a chain of [“. Therefore 


(pa + vic)Fi = p(a+c)Fi = pFi. , 
(ii) Suppose we have aF{ = 0. Then 

(pa + vic)Fi = va + c)FF 
(iii) Suppose we have cF{ = 0. Then 

(pia + vic) Fi = p(a + c)Fi — piFi. 4 


) The chain K* therefore reduces to a linear combination of cells of T'“, whence 
wy it follows that I'“ is a basic approximation of r’’. 
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THEOREM [16:5]. A sufficient condition that an approximation 1, of a grating 
[ be a basic approximation is that to each indexed pair (a, , c.) of T there correspond 
a finite approximation I’, of T; such that every 0-cell of T', be dominated either by 
a, or by Cs . 

Proor. We shall show that when we operate modulo Q, every chain K of I 
such that its boundary is congruent to a chain K;, of I; is homologous to a chain 
of [;. Let us measure the remoteness of K from I, by the number of distinct 
indices appearing in K which are not associated with the indexed pairs of I, . 
Then, if the remoteness of K from I, is 0, we may, at once, write K, = K, 
without further argument. The case where the remoteness of K is an integer 
n(n > 0) will be treated by induction with respect to n. Let I'* be any finite 
approximation of I’ containing K, and let (a,, c,) be any indexed pair of I“ 
but not of f;. Then, under the condition stated in the theorem, there exists 
a finite approximation I'j of I, such that every 0-cell (and, therefore, also every 
cell) of If is dominated either by a, or by c,. Now suppose we form the union 
rv? =~ 7* CTY of the two gratings ['* and If and the approximation I” of 
r*’* obtained by omitting the pair (a,, c,). Then, since I” is a refinement of 
ri every cell F? of '’ must be dominated, a fortiori, either by a, or by c, , from 
which it obviously follows that we have | b,F? | = |a,F?|or|c.?|. Therefore, 
F? cannot meet both a, and c, without meeting b,. In other words, I’, must be a 
basic approximation of T°’ *, since it fulfils the conditions of [16:4]. We there- 
fore conclude that the chain K (which belongs to I“ and therefore to T'“’°) is 
homologous, modulo Q, , to a chain of I” of remoteness no greater than n — 1 
from T';. The chain K is, therefore, homologous, modulo Q, to a chain of I, , 
by the hypothesis of the induction. 

CoroLLaRy [16:6]. A sufficient condition that an approximation T; of a 
grating T be a basic approximation is that to each indexed pair (a, c) of T there 
correspond an indexed pair (ay , C1) of T1 such that we have either 


arn, cc, 
or 
@ C1, Cur. 


For, in this case, the approximating grating consisting of the single pair 
(4; , c:) fulfils the conditions of the theorem. 

Corotuary [16:7]. If I is a singular grating with repeated covering pairs, the 
non-singular grating T', formed by discarding all but one pair from each set of 
replicas, is a basic approximation of T. 

This is an immediate consequence of [16:6]. We notice, further, that when- 
ever the grating I contains two pairs (a,, cs) and (a;, c:) such that a, = ¢ 
and c, = a, we may also discard either of the two pairs. 


17. The covering pairs of a grating I determine certain associated covering 


pairs obtainable in the following manner. We take any finite approximation 
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I“ of I and arrange the 0-cells in two arbitrary classes A and C such that each 
0-cell belongs to at least one of the two classes and, possibly, to both. Then 
if a is the union of the loci of the 0-cells belonging to A, and c the union of the 
loci of the 0-cells belonging to C, the pair (a, c) is evidently a covering pair of 
the space containing the grating [. We shall say that (a, c) is a pair implied 
by the grating I. 

TuHEorREM [17:1]. An approximation T; of T ts a basic approximation of T 
provided every indexed pair (a, c) of T is a pair implied by T; . 

For suppose a@ and ¢ are constructed out of the 0-cells of a finite approximation 
Ty of fy. Then every 0-cell of 'f is covered by one, at least, of the members a 
and c of (a,c). Therefore, the theorem is a consequence of [16:5]. 


18. We shall now prove a useful lemma about singular gratings. Let IT be a 
singular grating made up of certain indexed pairs (a, , c.), and let s — t be a 
single-valued transformation of the indices with the property that if (a, , c,) 
is any covering pair of I’ then the pair (a;, c,) determined by the transformation 
s — tis a replica of (a,,c,). Thenif K = ¢(a,, 6s, cs) is an arbitrary chain of 
we shall say that the chain L = ¢(a;, 6: , c,) determined by the transformation 
s — tis a replica of K. The replicas of a cycle will obviously all be cycles. 
Moreover, if 2 is any replica-containing preferred ideal (i.e., a preferred ideal 
such that the replicas of every chain of the ideal are in the ideal), the replicas 
of a cycle, modulo Q, will obviously be cycles modulo 2. The ideal Q, of 
the empty chains is a typical example of a replica-containing preferred ideal. 

Lemma [18:1]. Let I be a singular grating, let II be the ring of chains of I, 
and let Q be a replica-containing preferred ideal of 11. Then if K is a cycle of Il 
modulo Q, every replica L of K is homologous to K, modulo Q. 

The theorem may be proved by induction with respect to the number of 
distinct indices n appearing in K. For the case n = 0, we shall have K = L = 
const. For the case n > 0, we shall write 


K = Di(a + wd + v0) Fi, 
(ef. [16:3]), whence 
L = Do (sa + wi + vy) OF, 


where a, 8, y, and ®; are replicas of a, b, c, and Ff respectively. According to 
the argument in [16:3], we shall now have 


K~K — (DnbF?)’ = Do F%, mod 2; 
L~L—(dn66%)' = Doc @?, mod 2. 

Moreover, by the hypothesis of the induction, 
DoF? ~ DY o8%, mod ©. 


Therefore, finally, 
Kw~L, mod 2. 
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Remakk. In defining a replica L of a chain K we are not assuming that the 
inverse of the transformation s — ¢ is single-valued in the indices. The replica L 
may, therefore, be degenerate, in the sense that two or more indices of K may 
be transformed into the same index of L. If L is a degenerate replica of K, 
K is not a replica of L. 


19. A covering pair (a, c) will be said to dominate a covering pair (a; , c:) 
if the spaces a and c dominate the spaces a; and ¢; respectively. A grating I 
will be said to dominate a grating I, if there is a one-one correspondence between 
the indexed pairs (a, , c.) of T and the indexed pairs (a,, , c.,) of I such that 
each pair (a, c,) dominates the corresponding pairs (a,,, ¢.,). If I! dominates 
T; , we shall say that each chain K = ¢(a,, b,, c,) of I dominates the corre- 
sponding chain K; = $(as,, bs, , ¢s,) of Ti. 

TurorEM [19:1]. IfT dominates T, , the congruence K = 0, mod Q, , evidently 
implies the congruence K, = 0, mod Q,; whence, if K is a cycle [a bounding cycle], 
mod Q, , so also is Ky. 

A grating T will be said to dominate a grating I’; sharply if it not only dominates 
the grating I’, but has the further property that K, = 0, mod Q, , implies K = 0, 
mod Q, . 

THEOREM [19:2]. Jf I dominates I; sharply, the connectivity rings of the two 
gratings are completely isomorphic, 


(19:1) ar) = X(T)). 


Because the cycles [bounding cycles], mod Q, , of one grating correspond to 
the cycles [bounding cycles], mod Q, , of the other. 


20. In applying the theory of gratings to a general space x, the two most 
plausible gratings with which to operate are: (i) the grating I’, consisting of all 
covering pairs (a, , cp) such that a, and c, are both closed; (ii) the grating I, 
consisting of all covering pairs (a, , ¢,) such that a, and c, are both open.” We 
shall call the covering pairs of I’,[of I',] the closed [open] covering pairs of x, and 
the chains of I',[of I'g] the closed [open] chains of x.” Moreover, we shall say 
that the rings Z(I',) and X(T) are the closed and open connectivity rings of the 
space respectively. For a general space x, these two rings will be independent 
invariants. However, we shall prove that if the space z is normal the rings will 
be completely isomorphic with one another. 


1 The grating I’, consisting of all covering pairs (a, , c,), such that one member is closed 
and the other open, appears to be of no particular interest. For, by [16:6], there is a 
basic approximation I, of I, consisting of all covering pairs of I, such that one member 
is the complement of the other. Moreover, since the barriers of I, are all empty, every 
chain, modulo Q, , of I, reduces to a 0-chain. 

The terms ‘closed’ and ‘open,’ as applied to chains, are sometimes used in quite another 
connection to indicate whether or not a chain is a cycle. To avoid confusion, we shall 
only use them in the sense indicated in the text. 
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Lemma [20:1]. Let x be an arbitrary normal space. Then every open covering 
pair (aq, Ca) of x dominates some closed covering pair (ay , Cp). 

Proor. The lemma is merely a restatement, in dual form, of the condition 
that x be a normal space. The complements a, and y, of a, and c, are closed 
spaces with the intersection 0; the spaces a, and c, are the complements of 
two open spaces a, and y, with the intersection 0 and such that a, and y, 
dominate a, and 7, respectively. 

THEorEM [20:2]. Let x be a normal space, let T, and IT, be the gratings of the 
closed and of the open covering pairs of x respectively, and let Tp. , be the unions of 
the gratings T, andT,. Then the connectivity rings of Tp and Tp. , are completely 
tsomor phic, 


(20:1) EBT ,) = ET puq)- 


For, by [20:1] and [16:6], I, is a basic approximation of T. ¢. 

Next, we shall prove our assertion that if x is a normal space the rings Z(T,) 
and Z(I,) are completely isomorphic. As a first step we shall replace the 
gratings I’, and I’, by two singular gratings ['% and r'¥ made up of replicas of 
the covering pairs of [, and of I, respectively. Let us consider all possible 
couples 


(20:2) (ay , Cp): (Aq , Ca), (ay & aq, Cp & Cy), 


involving an arbitrary closed covering pair (a), Cp») in association with an 
arbitrary open covering pair (a, , c,) dominating (a,, cy), and let us assign a 
distinguishing symbol s to every such couple. Then we shall define I'S and I? 
by saying that each couple s determines an indexed replica of its first member 
(ay , Cp) belonging to I'* and an indexed replica of its second member (a, , Cz) 
belonging to [¥. Moreover, we shall assign to the two replicas the index s 
associated with their determining couple. The grating 1'* will thus contain at 
least one replica of every closed covering pair (ap , Cp), since we can always form 
a couple (20:2) consisting of the pair (a,, cp) and of the open covering pair 
(1, 1). Similarly the grating ['* will contain at least one replica of every open 
covering pair (a, , C,), since, by [20:1], there is at least one closed covering pair 
dominated by (a, , cz) with which (a, , c,) may be coupled. Therefore, by [16:7], 
we shall have the relations Z([',) = Z(f'*) and Z(f,) = (rs), so that the problem 
will reduce to proving the relation Z([*) = Z(I'*). 

Now, the grating I'¥ clearly dominates the grating I's , since the s*® covering 
pair of '¥ dominates the st" covering pair of '*. To avoid ambiguity we shall 
say that a chain K, of I'¥ s-dominates that particular chain K, of '% with which 
it is associated when we couple the covering pairs of '* and If of like index. 
(The chain K, may also dominate, though it will not s-dominate, other chains of 
I'S corresponding to other ways of coupling the covering pair of the two grat- 
ings). Let us now make the following observations. Every cycle [bounding 
cycle] K,, mod Q, , of I'¥ s-dominates a cycle [bounding cycle] K, , mod © , 
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of !*. Therefore, if it were always true that the chain K, s-dominating a cycle 
(bounding cycle] K,, mod Q, , of '} was a cycle [bounding cycle], mod Q, , of 
r*, the desired isomorphism would follow without further argument. Since 
this is not the case, we shall be reduced to proving that among the replicas 
of a cycle [bounding cycle] K,, mod &, , of I'* there is at least one which is 
dominated by a cycle [bounding cycle], mod Q, , of f¥. This will be sufficient 
to establish the desired isomorphism, since we have shown, [18:1], that every 
replica of a cycle K, mod Q, , (whether of ['* or of '*) belongs to the same 
homology class as K. We shall first prove three easy lemmas. 

Lemma [20:3]. Let x be an arbitrary normal space. Then to every finite set 


of closed subspaces p; (t = 1, 2, --- , n) of x with the intersection 0, 

(20:3) Pin Ppen-++ Apr = 0, 

there corresponds a set of open subspaces q; (i = 1, 2, --- , n), also with the inter- 
section Q, 

(20:4) URBRA+AG=29, 


such that each subspace q; dominates the corresponding subspace p; . 

Proor. The case n = 1 is trivial; the space pi must necessarily be the space 0, 
and we may, therefore, write gq, = 0. The case n > 0 follows, immediately, 
by induction with respect ton. Let us denote the intersection of the first n — 1 
subspaces p; by p = pi A Po A +++ A Pn-1, 80 that (20:3) may be written 
DP ~ Pn = 0. Then we shall have two subcases to consider, according as 7 is, 
or is not, the space 0. If we have p = 0, we know, by the hypothesis of the 
induction, that there exist open spaces gq; (¢ < n) dominating the spaces p; 
respectively and satisfying the relation gq. ~ g, A --- A Gn = 0. Conse- 
quently, to complete the determination of the q,’s, we have only to write g, = 1. 
If we have p ¥ 0, we know, since the space is normal, that there exist open 
subspaces g and g, dominating p and p, respectively, and such that we have 
q~ 4, = 0. Therefore we may complete the determination of the q;’s by 
merely writing g; = q (¢ <n). This completes the proof of the first lemma. 

Lemma [20:4]. Let x be an arbitrary normal space. Then to every finite set 
of closed subspaces p; (i = 1, 2, ---, n) of x there corresponds a set of open sub- 
spaces q; (¢ = 1, 2, ---, n) dominating the spaces p; respectively and such that 
for every subset of the p,’s with the intersection 0, 


(20:5) Pe, ~ Peg  *** Dem = 0, 
the corresponding subset of the q,’s also has the intersection 0, 
(20:6) Gs, ~ Yen D4 A Vem = 0. 


Proor. There are, in all, a finite number of relations (20:5). Let us number 
them with the indices a = 1, 2, --- ,h. Then, by [20:3], corresponding to the 


‘* This and the next lemma are proved in Alexandroff and Hopf, Topologie, p. 71 et seq. 
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ath relation (20:5) there will be a set of open subspaces g;; dominating the 
corresponding spaces p,, and having the intersection 0, 


(20:7) Ys ~~ Uso mtn Tem = 0. 


Now, for any index s not appearing in (20:7), let us write g¢ = 1, so as to com- 
plete the determinations of the gf’s. Then, the desired subspaces g; may be 
obtained by merely writing 


G=UNAGA9G. 


The space q; will obviously dominate the space p; , since each gj dominates p; . 
Moreover, Relations (20:7) will imply Relations (20:6). 

Lemma [20:5]. Every finite approximation T°, of I’. is sharply dominated by 
some finite approximation T; of T; . [Notice that, in general, the grating T} is 
not the one with which T°, is coupled when we associate the covering pairs of “9 
with the similarly indexed pairs of T; .] 

For suppose we denote the covering pairs of I’, by (a), c,), and the covering 
pairs of ©} by (ai, cs). Then, by [20:4], the open sets a; and c; may be so 
chosen that whenever a cell of I’) is empty, so also is the corresponding cell 
of [). 

On the basis of [20:5] we can, at once, prove the last outstanding point: that 
if K, is a cycle [bounding cycle], mod Q,, of there is always a replica L, 
of K, which is s-dominated by a cycle [bounding cycle] K,, mod Q, of I>. 
Indeed, every cycle K, of I's belongs to some finite approximation I, of I’ 
sharply dominated (in the notation of [20:5]) by a finite approximation I} of I’ . 
Let the correspondence between the covering pairs of I’, and I’) be 


(20:8) (a), cp) : (ah, c). 


Then every couple appearing in (20:8) also appears in (20:2) where it is asso- 
ciated with a definite index s. Now suppose we merely re-index the pairs 
(a’,, c},) of 9, and the pairs (a},, c,) of T}, so that they shall both have the index s. 
Then the effect of this change of indices will be to transform the grating I’; 
into a replica I’, of itself and the grating T°} into a replica I’? of itself, such that 
the covering pair of index s in IZ sharply dominates the covering pair of the 
same index sin. The replica in I’? of the cycle K, in I’ will be the desired 
replica L,. For it will be sharply s-dominated by the corresponding chain of 
T’; , which last will also be a cycle, mod Q, . 

The case where K, is a bounding cycle, mod Q, , can be treated in a similar 
manner. If K, bounds, there is a chain M, such that we have M tt Re, 
mod Q, ; the chain M, belongs to a finite approximation T°? of 3; to T°, there 
corresponds a finite approximation T} of Ty, and so on. The isomorphism 
(>) = =(I>) is, therefore, established; whence, also, the desired theorem: 

THEOREM [20:6]. Let x be any arbitrary normal space. Then the closed and 
open connectivity rings of x are completely isomorphic: 


(20:7) -(l,) = =(T>). 
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21. We now observe that the entire argument of §20 will continue to be valid 
if we replace the grating I’, by an arbitrary grating r, of closed, indexed covering 
pairs, such that every open covering pair dominates at least one covering pair 
of ,. The connectivity ring of any such grating I} will, therefore, be com- 
pletely isomorphic with the closed connectivity ring of the underlying space 


(21:1) B(r>) = (,) = Z(I,). 


Given a normal space x, a grating I'!, made up of closed, indexed covering 
pairs of x will be called a fundamental grating provided that if a, and y, are 
any two closed subspaces of x with the intersection 0 there exists a finite approxi- 
mation of I, of I’, such that no 0-cell of I, meets both a, and y>. 

THEOREM [21:1]. Let x be a normal space, and let T°, be a fundamental grating 
of z. Then the connectivity ring of T°, is completely isomorphic with the closed 
connectivity ring of x, 

m(r?) = =(T,). 


Proor. Let I} be the grating made up of all the covering pairs implied by 
r’, (ef. §17). Then, by [17:1], we shall have 


(r}) = £(r>). 


Therefore it will be sufficient to show that the connectivity ring of T°), satisfies 
Relation (21:1). Let (a,, c,) be any open covering pair of x. Then the com- 
plements a, and 7, of a, and c, respectively are closed sets with the intersection 0. 
Hence, by hypothesis, there exists a finite approximation I’, of I’) such that 
no 0-cell of I%, meets both a, and yp. Now, let a, be the union of the loci of 
the 0-cells of I'4, which do not meet a», and let cp be the union of the loci of the 
0-cells which do not meet yp. Then (ay, cp) is a covering pair implied by I}, . 
Moreover (ap, Cp) is dominated by (a,, c,). Therefore, finally, the gratin, I’; 
satisfies Relation (21:1). 

ILLustRaTION. Let R be the point space of a (finite or transfinite) set of 
real variables —;. Moreover, let the topology of the space R be determined 
by the conditions that a point P, shall be a contact point of a set of points P 
if, and only if, to each positive number « and to each finite set of codrdinates 
fi, , fi, , +++ ; &, there corresponds a point P of [P] such that we have 


|&,(P) — &,(Po) | < € (s = 1,2, --- ,n). 


Then, according to a theorem of Tychonoff,“ every closed, bounded” subspace S 
of R is a bicompact, topological space (and, therefore, also, a normal space). 
Moreover, every bicompact, topological space can obviously be pictured as a 
closed, bounded subspace S of a space R. (We merely take as the codrdinates 
§(P) of a variable point P the set of all continuous, bounded functions of P.) 


“A. Tychonoff, Uber die topologische Erweiterung von Réumen, Math. Ann. Bd. 102 
1930). 
’* .e., bounded in each codrdinate. 
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Now suppose we wish to evaluate the closed connectivity ring of the space S. 
Then we may choose as a fundamental grating the grating T, cut out by the 
hyperplanes of the form & = 4; (Ai; rational), i.e., the grating consisting of all 
indexed covering pairs (a;;, ¢c:;) such that a;; and c;; are determined by the 
conditions &; S \;; and £; = \,; respectively. For, given two closed subspaces 


a, and y, of S with the intersection 0, it follows at once from the normality of S 
that there exists a finite approximation I’, of I’, such that no 0-cell of I’, meets 
both a, and y,. If the dimensionality of the containing space RF is countable, 
the grating I’? wili be composed of a countable number of covering pairs. 

In connection with the above example, we have one further remark to make 
which is often of considerable practical use. Suppose it is possible to find a 
finite grating I’; made up of closed covering pairs of the space S, such that the 
0-cells (and therefore all the cells) of I> are convex. Then the connectivity 
ring Z(I'*) of the grating I’? is completely isomorphic with the closed connectivity 
ring =(I',) of S. Indeed, suppose we form a refinement I}, of Y by adjoining 
to I’ any one covering pair (a, , Cy) of the fundamental grating rr’, determined 
by the hyperplanes &£; = \;;. Then, since the cells of - are convex, no cell 
F; of © will meet both a, and cp without meeting the barrier b,. Therefore, 
by [16:4], we shall have Z(I’,) = (I>). Moreover, the cells of I’, will also be 
convex, since each will be of one of the forms al; ; b,F: , or cypF;. Thus it 
follows, by induction, that if I% is any finite approximation of I’), we shall have 
Hy, —T*) = £(P'3); whence, by [16:3], =(T°) = =(I>). 


22. Within the ring of the closed chains II, there is an important sub-system 
Q, consisting of all chains of ', with bicompact loci. 

THroreM [22:1]. Let II, be the ring of all the closed chains of a space x, and 
let Q, be the sub-system of Il, consisting of the chains of I, that are bicompact (1.e. 
that have bicompact loci). Then Q, is a preferred ideal of 1p. 

Proor. If K and L are arbitrary chains of the system 2, so also are the 
chains of K + L, by [14:2], [3:6], and [3:4]. If K is a chain of Q and L an 
arbitrary chain of II, , the chains KL and LK both belong to 2, by [14:3] 
and [3:4]. Therefore, 2, is an ideal of II,. If K is a chain of 2, so also are 
its components, by [14:4] and [3:4], and so also is its boundary, by [14:5] 
and [3:4]. Therefore, Q is a preferred ideal. 

Thus we have three different systems, Ip , 2, , and 2,, which can be combined 
in any of the ways indicated in §13 so as to determine invariants of the space z. 
Perhaps the most satisfactory generalization of the classical connectivity ring 
of a manifold is the ring Z(Q, mod Q,), rather than the more obvious ring 
=(II, mod Q,). The two rings are, of course, identical if the space z is bicompact. 
Suppose, however, the space z is a region in n-space or, more generally, an 
open manifold of the classical type. Then the analogues of the classical (n — 1)- 
chains of x will be the closed r-chains (as defined in this paper) such that their 
loci are bicompact. We shall call the ring Z(Q, mod Q,) the bicompact con- 

nectivity ring of x. 
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93. We shall bring the discussion to a close by proving a very general form 
of the topological duality theorem. To begin with, let us consider an arbitrary 
normal bicompact space 1, and two complementary subspaces xz and y of 1, 
such that z is closed and y open. Moreover, let us ask ourselves to what 
extent the invariants of the subspaces z and y are determined by the covering 
pairs of the containing space 1. 

First, we notice that the intersection with y of each closed covering pair 
(a, , Cp) Of 1 is a closed covering pair (a‘,, ci.) of y. Furthermore, each closed 
covering pair of y may be thought of as the intersection (a, , cy.) with y of the 
closed covering pair (af, ~ 2, cl, ~ x) of 1. Therefore, if T’, is the grating of the 
closed covering pairs of 1 and I, the intersection of I, with y, the grating I’, 
must be made up of replicas of all the covering pairs of y; whence, by [16:6], 
its connectivity ring =(II?, mod 22) must be completely isomorphic with the closed 
connectivity ring of y. We can evaluate this last ring in still another way. 
Since the spaces x and y are complementary, the ideal 2? formed by the chains 
of II, with loci dominated by zx will be identical with the ideal 22 formed by the 
chains with loci dominated by 0. Hence, by applying Relation (15:1) with 
the réles of x and y interchanged, we shall have 


(23:1) Z(%, mod 2%) = Z(1, mod Q,). 


The situation with reference to the intersection I} of the grating I’, with z 
isa trifle more complicated. The intersection with zx of a closed covering pair 
(a), Cp) of 1 is, indeed, a closed covering pair (a, c;) of z, but, in this case, 
we cannot assert that every closed covering pair of x is an intersection of the 
form (a3, ¢>). It is easy to see, however, that the covering pairs of the form 
(@,, ¢>) constitute a fundamental set. Indeed, every open covering pair of zx 
may be thought of as the intersection (aj, cz) with x of an open covering pair 
(a, ~ y, ¢ ~ y) of 1. Moreover, since the space 1 is normal, the covering 
pair (a; ~ y, co ~ y) dominates a closed covering pair (a, , cp) of 1 intersecting 
rin a closed covering pair of x of the form (a3,, c>). Hence, by §21, the grating 
I’, is made up of a fundamental set of closed covering pairs of x. Hence, also, 
the closed connectivity ring of x is expressible in either of the forms 


(23:2) = (11%, mod 23) = Z(II, mod Q,). 


One FurrHer Remark. If the locus of a closed chain K, of 1 is dominated 
by y, the intersection K%, of K, with y is necessarily a bicompact chain of y, 
since its locus coincides with the locus of K, and is, therefore, a closed subspace 
of the bicompact space 1. Let us assume that every bicompact subspace of 1 
is closed with respect to 1.°° Then we can further assert that every bicompact 
chain of y is congruent, mod 9 , to the intersection K%, with y of a closed chain 
K, of 1 dominated by y. For a bicompact chain of y is a closed chain of y 
and may, therefore, be thought of as the intersection L%, with y of some closed 


This property is apparently not implied by the assumptions of §3. 
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chain L, of 1, where L, is not necessarily dominated by y (ef. the derivation of 
(23:1) above). Moreover, by the special assumption about the bicompact sub- 
spaces of 1, the locus | L’, | is closed with respect to 1. Therefore, since the 
space | is normal, and since we have 


z-~|Z5|=90, 


it follows from [20:3] that there exists a closed covering pair (a, , cp) of 1 such 
that we have 


(23:3) a ~x =0, Cp ~ | L5| = 0. 


Thus, we may write K, = a,L,. By the first relation in (23:3), the chain K, 
will be dominated by y, since it fails to meet x. Moreover, by the second rela- 
tion in (23:3), we shall have | c),L*,| = 0; whence, Ki, = a} Li, = (4, + ch) L' 
= L*,, which is what we set out to prove. 

We shall say that the space 1 is simply connected if its closed connectivity 
ring =(IIp mod Q,) consists only of the elements determined by the various 
multiples of the 0-cycle 1 and is, therefore, isomorphic with the ring of all the 
integers. 

THEOREM [23:1]. Let 1 be any simply connected, normal, bicompact space with 
the property that every bicompact subspace of 1 is closed. Moreover, let x and y 
be two complementary proper subspaces of 1 such that x is closed and y open. Then 
the + bicompact connectivity group of x is simply isomorphic with the (r + 1)* 
bicompact connectivity group of y. 

Throughout the proof it is to be understood that we are operating modulo 
the empty chains. We form the grating I, of all the closed covering pairs of 
the containing space 1 and evaluate the bicompact connectivity groups of x 
and y in terms of the bicompact chains of the intersections 5 and Ty, of T, 
with x and y respectively. Let K be a 7-chain of I’, with boundary K’ domi- 
nated by y. Thus K* is a bicompact r-cycle of 5 and (K’)” is a bicompact 
(r + 1)-cycle of I. Moreover, the correspondence K*:(K’)” thus induced 
by the 7-chains K has the property that every bicompact 7-cycle of I, and 
every bicompact (7 + 1)-cycle of I, appears in it at least once. Finally, by 
the argument used in proving [13:3] the cycle K* bounds a bicompact chain 
of I, if, and only if, the cycle (K’)” bounds a bicompact chain of r,. The 
isomorphism of the- 7** bicempact connectivity group of x and the (7 + 1)* 
bicompact connectivity group of y is, therefore, established. 

InLustRATION. Let the space 1 be the hypercube 


0S&51 


in the space of FR of a (finite or transfinite) set of real variables £;, and let x 
be any closed (and, therefore, bicompact) subspace of 1. Since the hypercube 1 
is convex, it follows immediately from the discussion at the end of §21 that it 
is simply connected. Theorem [23:1] is, therefore, applicable to the subspace 
z and its complement y. 


INSTITUTE FOR ADVANCED StTupy. 
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LINEAR FUNCTIONALS ON CERTAIN SPACES OF ABSTRACTLY- 
VALUED FUNCTIONS 


By S. Bocuner anp A. E. Taytor! 
(Received May 27, 1938) 


1. Introduction 


This paper is concerned with the study of certain classes of abstractly-valued 
functions which arise naturally in connection with the theory of integration of 
functions with values in a Banach space. These classes correspond to the usual 
classes C, L”, M, etc. which are well known in analysis. The subject matter of 
the paper is divided into seven sections as follows: §2 contains most of the 
technical apparatus, which consists of the Lebesgue integral of abstract functions 
as defined by Bochner,” and several types of integrals based on the notion of the 
Riemann-Stieltjes integral. Since, in the case of abstractly-valued functions, 
there may be a distinction between an indefinite integral and an absolutely 
continuous function,’ we have found it important to introduce the class of‘func- 
tions of finite p-variation, corresponding to the classical criterion for a function’s 
being the indefinite integral of a function of class L’. For certain Banach 
spaces it is known that the distinction mentioned above does not arise.‘ Such 
a space is said to satisfy condition (D) [for the precise statement see §2]. We 
have obtained some information about the implications of this condition and its 
relation to other properties of the space [see especially §§4, 5 and 7]. §3 con- 
tains the determination of the most general linear functionals on the various 
function classes under discussion. §4 is devoted to a discussion of weak con- 
vergence and its relation to condition (D). In §5 the interrelations of condition 
(D), weak completeness, and reflexiveness of Banach spaces is taken up. In §6 
we have results on the Parseval relation and properties of the Fourier coefficients 
of abstract functions. Counter examples to show the divergence from classical 
theory are given. In §7 we return to the question of reflexivity and condition 
(D), obtaining a criterion for spaces which satisfy this condition. Finally, in §8 
it is shown how by the methods of Fourier series it is possible to characterize 





‘ National Research Fellow. 

*S. Bochner, Integration von Funktionen, deren Werte die Elemente eines Vektorraumes 
sind, Fundamenta Mathematicae, vol. 20 (1933), pp. 262-276. We shall refer to this paper 
as Bochner I. 

*S. Bochner, Absolut-additive abstracte Mengenfunktionen, Fundamenta Mathematicae, 
vol. 21 (1938), pp. 211-213. See also the paper of Clarkson referred to in footnote 4). 

‘J. A. Clarkson, Uniformly Convex Spaces, Transactions of the American Mathematical 
Society, vol. 40 (1936), pp. 396-414. 

Nelson Dunford and A. P. Morse, Remarks on the Preceding Paper of James A. Clarkson. 
Transactions of the American Mathematical Society, vol. 40 (1936) pp. 415-420. 
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linear operations on an arbitrary Banach space X to one of the well known 
function spaces L”, M, C. 


2. Integration of Abstract Functions 


A definition of the Lebesgue integral for functions on a real interval to a 
complex Banach space X has been given by Bochner.’ Using Bochner’s defini- 
tion of measurability and summability we introduce the following classes of 
functions. We choose for convenience the interval (0, 27) and assume all 
functions to be defined almost everywhere (a.e.) and measurable. L?{X}(p = 


1): the class of functions f with values in X for which ||f|| = ( é isl” a)” 


exists. With this definition of norm L’{X} is a Banach space.° If p = 1 we 
omit the index. M{X}: the class of essentially bounded functions f with values 
in X. [f is said to be essentially bounded if there exists a number A = 0 such 
that the set where ||f(¢)|| > A is of measure zero. The least such constant A is 
called sup’ *f@||]. With ||f|| = sup’ \|f(@®|| M{X} is a Banach space. 


As a class it is contained in all the classes L”{X}. 
If X is the complex number system we omit the X from the above symbols. 
We shall also be interested in the following classes of functions: 
V’{X} (p = 1): the class of functions f with values in X, defined everywhere on 
(0, 2x) and such that the sums 


> |) — F-) ||? 


v=1 It, nit t,, |? 


are bounded for all partitions {t,},0 = t < t; <--- < t, = 22. The least 
upper bound of all such sums is denoted by V’(f). We define ||f|| = ||f(@)|| + 
{V"(f)}"”. With this norm V?{X} is a Banach space. (The completeness 
of V”{X} follows from the easily proved semi-continuity property: if 
In, f €V?{X} and if f,(t) > f( for 0 < t S$ 2 then {V"(f)}"” < lim {V(f,)}"”). 


If p = 1 we write V{X} instead of V'{X}; functions of this class are said to be 
of bounded variation. 

AC{X}: the subset of V{X} for which the sum )., || f(t, + h,) — f(t,)||, taken 
over any set of non-overlapping intervals (t, ,t, + h,), tends to zero with 2_, h,. 
AC {X} may be regarded as a complete subspace of V{X}. 

V {X}: the class of functions f defined everywhere on (0, 27), with values in X, 
and such that for some constant A = 0 ||f(t + h) — f(t)|| < Alh| whenever 
t,t + hare on (0, 27). The least such constant A is denoted by N(f); we write 
lf|| = ||f()|| + N(f). With this norm V*{X} is a Banach space. As a class 
it is contained in all the classes V?{X}. 








*See Bochner I. The present paper presupposes a knowledge of Bochner’s definition of 
the integral. 

® For facts and terminology concerning Banach spaces we shall refer to Banach, Opéra- 
tions Linéaires, Warsaw, 1932. We shall deal throughout with complez spaces. 
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All the classes V”{X} with 1 < p S @ are contained in AC{X}. The in- 
definite integral of a function of class L”{X} (p > 1) is in V’{X}; the indefinite 
integral of a function of class L{X} is in AC{X}; the indefinite integral of a 
junction of class M{X} is in V°{X}.’ 

It is well known that for some spaces X a function f may be in V{X}, or even 
in AC{X} or V*{X}, without being differentiable at any point. For a number 
of the usual spaces of analysis, for instance if X = L” (p > 1) orif X =? 
(p 2 1), this situation cannot occur, and the relation between differentiation 
and integration is as in the ordinary case of numerical functions (see footnotes 
(3), (4)). Accordingly we lay down the following definition: 

DeriniTION A Banach space X will be said to have the property (D) if when- 
werf ¢ V{X} then f has a derivative a.e. 

If X has property (D) the following things are true: 

(I) Afunction f e AC{ X} is the indefinite integral of its derivative f’, and V(f) = 


| “WO lt 
(ll) If f ¢ V"{X} (p > 1) then f’ e L”{X} and V*(f) = [iro 


(III) If f e V°{X} then f’ « M{X} and N(f) = sup? ||f’(é)||. 

Remark: If we denote by ACo{X}, Vi{X}, Vo {X} the subclasses of AC{X}, 
V"{X}, V°{X}, respectively, for which the elements f have the property f(0) = 
Nit is clear from the above that when X has property (D) the spaces ACo|X}, 
Vi{X}, Vo{X} are equivalent,® respectively, to the spaces L{X}, L’{X}, 
M{X}. 

The proofs of I-III are not essentially different from the corresponding proofs 
for numerical functions, and we shall omit them. 

We shall introduce several types of integrals of abstract functions; the basic 
idea behind each type is the Riemann-Stieltjes integral. We begin with the 
following considerations. If X is a complex Banach space denote by C{X} 
the class of functions f defined and continuous on the interval (0, 27), with 
values in X. With ||f|| = max ||f(é)|| C{X} is a Banach space, and in fact a 

2a 


0<t< 
closed subspace of M{X}. If Y is a second Banach space we derote by [X, Y] 


the class of all linear operations T on X to Y. With || 7 || = ~~ \| Tz || [X, Y] 


isa Banach space. If Y is the complex number system [X, Y] is denoted by X* 
and T is called a linear functional. We shall refer to X* as the space conjugate 
to X, 

We are now ready to define the integral 


(21) [ “ars, 


"The proofs of these facts do not differ from the corresponding proofs for numerical 





| functions. See for instance, Titchmarsh, Theory of Functions, Oxford 1932, chapters XI, 


XII. 
* For the concept of equivalence of two Banach spaces see Banach, loc. cit. p. 180. 


SE 
=—- = 


a 








eS a Ke 
aa ee 


> a ae —— = 
= Toi ae BRS 
eee 


REE ot 
































SSE a ey 


ia a 
—_— 
= 


Be 


ae oe 





— 
c= 
SSS SS ert 


ee ee a 
333 SSS 














916 8. BOCHNER AND A. E. TAYLOR 


where 7'(t) « V{[X, Y]} and f(f) eC{X}. This is done as follows. Correspond- 
ing to a partition D: 0 = th <4, < --- < t, = 2m and points 1,, 4,1 S 1, < t, 
form the sum (an element of Y) 


S(D) = LIT) — Teas(,). 
If we put |D| = max ,|t, — t,.| then it may be proved in the usual way that for a 


sequence of partitions D; with |D;| — 0 the sums S(D;) approach a limit (in Y) 
which is independent of the particular sequence {D;}. This limit is called the 
integral of f with respect to 7’, and written in the form (2.1). From the manner 
of definition it is clear that 


[arose 


We shall make use of this integral in two special cases only—first when T is 
a functional, so that [X, Y] = X*, and again when Y = X and T'(t)z has the 
form a(t)z, where a(t) is a numerical function of bounded variation. 

In an exactly similar way we define the integral 


(2.3) [ " 1 dFO, 


where 7'(¢) « C{[X, Y]} and F(t) e V{X}. The approximating sums have the 
form 


(2.2) < max ||f( || V(7). 














S(D) = > T(r,)[F(t,) — F(t)]. 
The integral is an element of Y satisfying the inequality 


(2.4) i "1nd dF 














< max || T(é) || V(P). 
t 
We may specialize T(t) in the same manner as above. 
If in (2.1) T(¢) happens to be the indefinite (Lebesgue) integral of a function 
t 
in L{[X, Y]}, say T(é) = [ A(s) ds, then T’(t) = A(é) a.e. and the integral 
0 

(2.1) may be expressed as a Lebesgue integral 


(2.5) i, “aris = [ "As at. 


Here A(t) f(é) is a function with values in Y, integrable in the sense of Bochner. 
(2.5) may be proved by first showing that it is true if A(¢) is a step-function and 
then treating the general case by approximation in the mean.’ We omit details. 
Similar remarks apply to the integral (2.3). 





* For the possibility of approximating, in the mean, to any integrable function by step 
functions, see Bochner I. 
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nd- We next propose to define an integral similar to (2.1) under somewhat different ‘ 
St, dreumstances. We shall limit ourselves to the case that Y is the complex ' 
umber system. Suppose, then, that f(t)e L’{X} and that #(t) « V*{X*} 
where p > 1 and p '+q = 1 (we shall hereafter assume that when p and q are 
mentioned in the same connection they stand in this relation). We define an | 




















ra Mag integral ae 
a 2x hy 
Y) Be (26) J de(t) f(t) i | 
the Fi 
eed ssfollows. If f(t) « C{X} it is defined as in (2.1); this integral will exist, since ; 
y'"{X*} is contained in V{X*}. Now we see from the approximating sums that 
| * || H(t.) — S(t.) |I*\""/< Up | 
1S(D)| = (Xp HBG — SmaI) CS lscrdIP e — bl) | 
v=1 |t, — ty-1|¢ v=l yf 
Me and hence that, for continuous f(é), | 
e 
2r 2x 1/p : 
01) [oso] s ren(["isoira) ” 
Now the linear manifold of continuous functions is everywhere dense in L”{ X} ' | 
and on this manifold the integral, as defined, is a linear functional of norm is | 
(V'"(6)}"". It therefore admits a unique extension to define a linear function ay 
. om L’{X}, with the same norm.” We define the integral (2.6) in general by i 
this extension. Then (2.7) is still valid. i 4 
In certain situations the integral (2.6) may be expressed as a Lebesgue integral. yf ! 
The precise theorem is the following hit 
‘fe ‘hy 
THEOREM 2.1. If & (t) is an indefinite integral, say ®(t) = [ g(t) dt + con- iy 
ih 
stant, where y(t) « L{X*}, then g « L*{X*}, o(t) f@) € L, and it | 
2x 2x i 
08) [axon = [oro q 
1 4 , i } 
Proor: &’(¢) exists and is equal to. g(t) a.e. (see Bochner I). That g(t) « I | 


LN X*} is proved as in the classical case. It also follows that V“{®} = 
\|e(t)||° dt. The truth of (2.8) for continuous f(¢) is a consequence of (2.5). 
For the general case we need to know that ¢(¢) f(t) « L and that 

(2.9) 


[econo at| s (fie irae)" ( [soir a)” 


If a functional U is defined and linear on a linear manifold Xo which is everywhere 
dense in X, with |U(z)| < A ||a|| for all z « Xo then U admits a unique linear extension to 
the whole of X in such a way that the above inequality continues to hold. 

The fact that the continuous functions (and likewise the step functions) are everywhere 
dense in L?{X} is used at a number of places later in the paper. 
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These facts are proved by appealing directly to the definition of measurability 
(Bochner I) and then proceeding as in the usual proof of Holder’s inequality. 
Finally, the truth of (2.8) is deduced by approximating f(é) in mean by con- 


2x 
tinuous functions f,(t). If [ If) — fn(t)||? dé — 0 the left side of (2.8) is 
0 


Qe 2r 
defined as the limit of [ d&(t)f,(t) = [ g(t)fn(t) dt. On the other hand this 
0 0 


last expression converges to the right member of (2.8), as follows from (2.9). 

An entirely analogous discussion may be carried out for an integral similar 
to (2.6) where it is assumed that ®(t) e V“{X} and f(t) eL{X}. For continuous 
J(t) the integral is defined as in (2.1). From the approximating sums it follows 
that in this case 


(2.10) | [ * qa(os(d) < N(S) [ "1 48) || at 





The integral is thus a linear functional defined on the linear manifold of con- 
tinuous functions in L{X}; since this manifold is everywhere dense the func- 
tional has a unique linear extension to all of L{X}. This extension defines the 
integral in general. (2.10) remains valid. Corresponding to Theorem 2.1 we 
state 


t 
THEOREM 2.2. If ®(t) « V°{X*} ts an indefinite integral, say &(t) = [ g(i)dt & 
0 


+ constant, then g(t) « M{X*}, oft) f@® e Lif f(t) « L{X}, and 
2x 2x 
(2.11) [axa = [" conoae 
We omit the proof, merely noting that (2.10) becomes, in this case 


(2.12) 








[comma < sup || o(é) || [iisoiia 


Finally, we shall state explicitly for later use the two following properties of 
the Lebesgue integral: (1) If f(t) « L{X} and g « X* then gf (f) « L and 


(2.13) i “ of) dt = ¢ ( [ “50 at); 


(2) if g(t) « L{X*} and ze X then g(t)x e L and 
2x 2r 
(2.14) [ g(t)adt = ¥(x), where y= [ g(t) dt. 
0 


These are provable directly from Bochner’s definition of the integral. 
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3. The Form of Linear Functionals 


We begin with the space C{X}. 
TororEM 3.1. Jf U is a linear functional defined on C{X} there exists a func- 
tion &(t) « V{X*} such that V(®) = ||U|| and for each f(t) «C{X} 


8.) U(f) = [ " dwostd, 


the integral on the right being a Riemann-Stieltjes integral of type (2.1). For any 
4(t) eV {X*} the above integral defines a linear functional of norm S V(#). 

Proor: Since C{X} is a subspace of M{X} we may, by the Hahn-Banach 
theorem," extend U to the whole of M{X} without increasing its norm. We 
shall use the same symbol to denote the extended functional. Corresponding 
toan « e X and a real number s, 0 S s S 2m define an element f,,, « M{X} as 


follows 


fo. z(t) - 0, 
(3.2) Ogres 
| = s> 0. 
Saal 0, s <t S 2z, 


Then U(f;,2) defines, for each s, a linear functional on X. We write 
(3.3) (s)z = U(fs,z) 


and observe that (0) = 0, ||#(s)|| < |{U||. (s) is an element of V{X*}. 
For ifm, ---,2%,¢Xand0=h <t<--- <t, = 2ris a partition 


n 


Y |8(b)e — €¢p.)te] = De |U Vines) — USenue 
= U(E linn, — Sound) SI] U |] max | 2 


v=] 
where the ¢, are appropriately chosen complex numbers of unit modulus. Hence, 
ife > 0 is given, and we choose z, so that ||z,|| = 1 and 


|S(¢t,)a, — &(t,«)2>| > || @(t,) — #4) || — * € 


= it follows that 


¥ |/#(4) — 2)|] s |IU Il +« 


from which we infer V(®) < ||U||. It then follows, in the usual way” that U(f) 
has the form (3.1). The last assertion of the theorem is clear from §2. 





" Banach, loc. cit. p. 55, Theorem 2. For complex spaces the theorem was recently 
proved by H. F. Bohnenblust and A. Sobezyk, Bulletin of the American Mathematical 


Society, vol. 44 (1938), pp. 91-93. nee . 
"Banach, ioc. cit. p. 60. To shorten the writing we have whenever possibie omitted 


arguments which do not differ essentially from those used in Banach’s book. 


























































920 S. BOCHNER AND A. E. TAYLOR 


j Next we consider L’{X}, p > 1. 
TuEeorREM 3.2. To a linear functional U defined on L”{X} there corresponds a 
‘ function &(t) « V"{X*} such that V*(%) = ||U||*, and U is given by the formula 
“ (3.1) where the integral is of type (2.6). Conversely, for any ®(t) « V°{X*} the 
integral defines a linear functional of norm S [V%()]"". In case the space X* 
satisfies condition (D) the functional takes the form. 
2r 
(3.4) U(f) = [ g(t)f@ dt, 


2 


where o() €L*{X*) and |\U" = [ile 
Proor: Define f.,-(¢) and ®(s) by (3.2), (3.3). For 2, ---, 2%, « X anda 
partition {t,}, proceeding as we did above we find that 
Y [#62 — dae] $ (ICI [lal le — teal) 
Now for any positive « and non-negative numbers },, --- , b, we can choose 
aa 2,, |!x,|| = b,, so that 
|()2, — &(1)2,| > || (4) — &¢-)|| [zl] — £. 
Then 
YU) — #6) 1b. < IHD OF | — tal) +6 
and so 


n n l/p 
> ||) — 264) |b, s rae» b? It, — tal) ; 


If we put a, = |!%(t,) — &(t,_,)||, b, = [a,/(t, — t,.)]””, then the above in- 








equality becomes ] 
n 

% |16(6) — aI" = pry0 
x -.F Nos g 
and so ®(t) e V*{X*} with V7() < ||U||*. On the other hand, if f,,(é) is a step t! 
function which takes on the value z, in the interval i,_, < ¢ < t,, then ( 
n d 
(3.5) fal) = Le Fez) — fe.r2(0), f 
aia 2r n CC 
I lIfa(t) ||? dt = Do || z-ll” |[t — tal, 0 
0 v=1 tl 
and dl 


n 


[U(fn)| = > [b(t,)x, — B(t,_1)2,] 
< (= @() = (6-1) i (= lay ||? |t, — to )" 


v=1 |t, — a 





< [9G — 26.)|I lize 
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or 


[UG] = vre@rs( [isto|rrae) ”, 


whence if f eL”{X}, and f, is chosen so that i || f(t) — fa(t)||?dt — 0, we see that 


\U\| < (V*(@)]"*. Therefore ||U|| = [V%(#)]"*. 

If f(t) happens to be continuous it is easily seen that U(f) is given by (3.1), 
the integral being of type (2.1). The rest of the theorem follows from the 
results of §2. 

Finally, consider L{X}. 

TueorEM 3.3. To a linear functional U defined on L{X} there corresponds a 
function &(t) « V"{X*} such that N(®) = ||U||, and U is given by (3.1) where the 
integral is of the type meant in (2.10). Conversely, for any B(t) « V"{X*} the 
integral defines a linear functional of norm < N(#). If X* satisfies condition (D) 
the functional takes the form (3.4) where o(t) « M{X*} and ||U|| = ‘sup’ || e(2)|]. 

Sts? 


Proor: Defining f.,., ®(s) as in the previous cases we see that if s and 


s+ hare in (0, 27), (h > 0), then 


[96 + Re — 82] = |UGeraa) — UG) $ 11U Ih [liz lia 


Hence ||@(s + h) — ®(s)|| < ||U|| |h|, so that &(s) « V“{X*} and N(®) s ||U||. 
But for the step function f,(¢) of (3.5) 


UG] SH |G) — #-)]| Ilar|l $M) DX | — ba] lize 


'U(a)| < N@) [ fad at 


whence it follows that for any f(t) e L{X}, |U(f)| S N(®) ||f\|, that is, ||U|| s 
N(). Hence ||U|| = N(#). The rest of the theorem follows as in the treat- 
ment of L”{X}, by referring to the discussion in §2. 

We conclude this section with a few remarks about conjugate spaces. The 
space X* of all linear functionals on X is called the conjugate space of X. From 
the results just obtained it is easy to verify that the conjugate spaces of L”{X} 
(p > 1), L{X} are equivalent,® respectively, to the spaces Vj{X*}, Vo{X*} 
defined in §2. For instance, in the case of L”{X} we have shown that to a linear 
functional U corresponds a function &(t) « Vj{X}* with ||U||* = V*(). This 
correspondence is clearly linear and isometric. To demonstrate the equivalence 
of [L”{X}]* and V${X*} it is merely necessary to show that if ®(¢) « Vo{X*} 
then for the functional U defined by (3.1) we have U(f,,2) = #(s)z. This is 
clearly true fors = 0. If s > 0 define, for z e X, 


x, Ostss 

-n(t— 1) veeee+ > 
fr) = n}’ a ie n’ 

0, s+ Sts 2. 























* 





922 S. BOCHNER AND A. E. TAYLOR 


Then f,(¢) is continuous and f, — f,,. in the metric of L’{X}. Hence U(f,) > 
U(fs,2). But 


vy) = [avon = wx + [ "aa [n(o+ } ‘Ve, 


|U(fn) — &(s)x| S || 2]| variation of & over (s, s+ \}, 


and ihe right side approaches zero with 1/n. Hence U(f.,2) = (s)z as we 
wished to prove. 
Similar remarks apply to the conjugate space of L{X}. 


4. Weak Convergence 


In this section we shall consider the weak convergence” of sequences in the 
spaces L’{X},p 21,andC{X}. In the latter case it is shown that the eriterion 
for weak convergence is a direct generalization of the criterion for the ordinary 
space of continuous functions C. A similar generalization is valid for the spaces 
L’{X} if X* satisfies condition (D), but not necessarily otherwise, as we demon- 
strate by a counter-example. 

Consider first L’{X}, p > 1. 

THEOREM 4.1. If X* satisfies the condition (D) then in order that a sequence 
{fn} of elements of L”{X} converge weakly to an element f « L”{X} it is both neces- 
sary and sufficient that 

2 


1) the sequence I || fn(t)||? dt be bounded, and 
0 


2) tim ¢ ( [ fn(t) it) = ([ fi at) for each s,0 S s S 2x, and each ¢ « X*. 
0 0 


Proor: The conditions are necessary, for it follows from the weak con- 
vergence that the sequence of norms || f, || is bounded, and o( [ f® it) isa 
0 


particular functional on L”{X}. 

The conditions are also sufficient. For since X* satisfies condition (D), a 
linear functional U has the form (3.4). Now if ¢(é¢) is a step-function, say 
g(t) = ¢, in the interval (t,_; < t < t,) , where {t,)} is a partition, andgi, --- , ¢n 
are in X*, then 


[coma => Hat) 


where we make use of (2.13). It follows easily from this and condition 2) that 


[ " olt)fa(t) at —» [ * los at 


t ty 


of(t) dt = 2 o-( 


ty—1 ty— 





18 Banach, loc. cit. p. 138. A sequence {z,} of elements of X is said to converge weakly 
to x eX if g(xn) — ¢(z) for each linear functional ¢ defined on X (i.e. g « X*). 
14 Banach, loc. cit. p. 133, Theorem 1. 
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if o(t) is a step funciion. Now the step functions form an everywhere dense 











. set in L*{X*}, which is in this case, since X* satisfies condition (D), equivalent ' r 
to the conjugate space of L?{X}. Therefore, by the usual reasoning” it follows git 
that f, converges weakly to f. 
We next consider L{X}. 
THEOREM 4.2. If X* satisfies condition (D) then in order that a sequence {f,} 
of elements of L{X} converge weakly to an element f « L{ X} it is both necessary and 
™ sufficient that 
(1) Given « > 0, there exist a 6 > 0 such that | \|fn(t)||dt < € for all sets S 
} 8 
on (0, 2x) of measure less than 6, 
(2) lim (ff fr(t) it) = o(f 194 0 < s S 2n and each ge X*. 
the wee 
ion @¥ Remark: Condition (1) implies that || fn()|| dt is a bounded sequence. 
ary 
ces Also (1) implies and is implied by the seinen condition with f, replaced 
on- byf —f,. Hence for the proof we may as well assume that f(t) = 0. 
: We consider first the sufficiency. It follows from (2) [with f(é) = 0] that 
2x 
nce [ g(t)fn() dt > 0 
es- © 
if y(t) is a step-function. Now since X* satisfies condition (D) the most general 
linear functional L{X} has the form (3.4). If g(t) «M{X*} we choose a sequence 
\yi(t)} of step-functions, uniformly bounded and converging to g(t) a.e. Then 
c given 6 > 0 we can find a set E of measure > 2x — 6 on which ¢;,(¢) converges 
] wiformly" to g(t). Let € be given and choose 6 in accordance with condition 
n- §]} (1), where S is the set complementary to HZ. Finally, choose 7 so large that 
—— ilvi(t) — g(t)|| < eontheset E. Then 
i Qr 
| | eontoat| s | [too - torte 
ae 
Ly Qr 
oh +| [too — extorsato ae + | [ ocnpaco | 
i 8 
* re 
se [isto iiae+ ame +| [ odepaco at, 
te where M is a common essential bound for ¢{¢) and ¢;(¢) on the interval. But the 
; ; 2r J E 
| integrals [ \|fn(t) || dt are bounded and the last term on the right of the in- 
i 0 
} ¢quality approaches zero with 1/n. Hence f, converges weakly to f = 0, as was 
to be proved. 
ly For the proof of the necessity we require the following lemma. it | 








** Bochner I, p. 264. 











924 S. BOCHNER AND A. E. TAYLOR 
Lemma. Given « > 0, f(t) « L{X}, and a measurable set E on (0, 21) there 
exists a function y(t) «e M{X*} such that 
a) ||p(t)|| = Lifte EZ; 
b) g(t) = 0 af t is not in E; 


°) [ ott) 0) at| = f \is@ || at - « 


Proor: Choose a sequence {f,} of step functions so that f, — f in the metric 
of LX}. Then [ Is — fal || at > 0 and f Iisa || ae f iiselia 


For a given n, and ¢ ¢ E choose ¢,(é) so that ||gn(é)|| = 1 and gn(t) fa(t) = || fn(2)||."° 
Define ¢,(¢) = 0 of tis not in EZ. Since f, is a step-function we may make our 
choice so that ¢, is also a step function. Then 


[ eats) at| = [ Loads) — galt)falt)] dt + [ oalt)falt | 














IV 


[iiscoiia - [iso - s01ae 


Since the right member of this inequality approaches [ \|f() || dt we may 
Ez 


choose for our ¢(¢) a definite ¢,(t) for a sufficiently large value of n. 

To return to the proof of Theorem 4.2, it is clear that condition (2) is necessary. 
Suppose that f, converges weakly to zero, but that (1) is not true. Then for 
some « > 0 there exists a sequence of sets {H,} with measure |E,| — 0, and a 
sequence {n,} such that 


(4.1) [ isa. lat > y= 1,2,-- 
By a suitable thinning out process we may assume that the #, are non-overlap- 
ping sets.” For convenience we shall write f, in place of f,,. We shall define a 
function g(t) « M{X*} for which [ * g(t) fa(é) dt does not approach zero, thus 
contradicting the hypothesis of ie convergence. 

To do this choose 6; > 0 so that [ || f(t) || dt < /3 if |S| < 6. Then choose 
gi(t) according to the spite a) — c) of the lemma, where « = @/6, 
f=fi,andH = £,. Thus | [ econ au| > 5@/6 by (4.1). Now by hypothe- 





16 For the possibility of this choice see Banach, loc. cit. p. 55, Theorem 3, and the refer- 
ence in footnote (11). 

17 Compare with Lebesgue, Annales de la Faculté des Sciences de Toulouse, tome 1 
(1909) esp. pp. 53 and 58. 


, 
ck 


fo 








here 


ay 





LINEAR FUNCTIONALS ON CERTAIN SPACES 925 





sis | gilt)fn(t)dt — 0. We choose m: so that for n = mz [ i (t)fn(t) at | < f 
E Bi ‘ 
@/3 aad |Ems + Emit + aa? | < 61. Write qe = E,, mM = 1, ee = En, and 


choose 52 so that 4 || Fma(t)|| dt < @/3 if |S| < 4. Choose g2(t) by the lemma 









so that ||ge(£)|| = 1 on e2, = O elsewhere, and 


|| etna at z [ lfm, (t) || dt — /6 = 5e/6. 





Then I gi(t)fn(t) dt + [ ¢o(t)f,n(t) dt + 0 and we choose m,; so that for n = ms 
el e2 Bu 









[ erlt)fn(t) dt + [ vrlt)fn(t) a < 4/3 


and also |Em, + Em,41 + --- | < 6a. Continuing in this way we define {m;}, 
le; = Em}, {6s} so that | || fm; (t) || dé <e0/3 if [S| < 6;, g¢(t) so that ||s()|| = 1 
8 


in e;, = 0 elsewhere, 




















[ gilt) fm; (t) dt| = 5e/6, [ er(t)fn(t) dt + ...-+ 4 vi(t)fn(d) a < &/3, 1) 
gi(t) in e;, o(t) = O elsewhere, g(t) « M{X*}, || o(t) || = 1 in Dies, ot) =0 i | 
: 


elsewhere. This implies that 








| 
ifn = min, and | Emiy, + Emyiti +--+: | < 6;. Then if we define y(t) = vy | 
| 
| 





olt)fn,(t) a < 9/3, (; 

eyt-**+eg-1 v | 
eOfutdat| sf Ifa) It < 0/8, | 
est+itestet:*: ectiter+et*** be 











for | @i44 + Ci+2 +... | <6;. But then 


[ "elt a = | J oi(Nfndt) at - | 





olt)fn(@) at 
| 


eyt *+ei—1 





elt)fn«(t) at 





est+iteit+et*: 





5€ & & & 

>—-5-5=7>0 
—_- 2 «. © se 

which is a contradiction. Hence the conditions are necessary. a 

: In order to show that it is essential for the space X* to satisfy condition (D) 

in Theorems 4.1 and 4.2 we choose for X the space (1). Then X* is equivalent 






“cree 
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to the same (m),”* and it is known that (m) fails to satisfy condition (D).” 
For the sequence {f,} «L”{X} we choose the following functions: f,(#) = 
(9 @), f°, --- ) where f<”(t) = 6%, cos nt, 6, being the Kronecker symbol. 
Then f,(t) is neal (in fact continuous), and therefore i in L?{X}, p =1. 
Moreover || f,(¢) || = | cos nt| < 1. peed 


| Lf fn(t) at 


so that the left member of the above uae tends to zero with 1/n. Accord- 
ingly {f,} satisfies the conditions of both the foregoing theorems (where 
f(t) = 0). Nevertheless the sequence does not converge weakly to zero, as 
we shall prove by exhibiting a linear functional U such that U(f,) does not 
tend to zero. 

To define U take a sequence {g®()} of numerical functions (measurable) 
such that |g” (t)| S$ 1. If f@) = SO, f°, --- ) belongs to L?{X} then 
f(t) «L’. Hence the series 219" @F"(t) converges ae. and since 
eg’ sf? | < ||f@ || the series defines an integrable function, whose 
integral we define to be U(f). Then if p > 1 


|U(f)| = fe J (3: OO) 


s ["iisoiias ea*( [iso irae) 


so that U is a linear functional on L’{X}, p 2 1. Now we select g(t) in 
particular to be g(t) = cos vt/| cos vt | if cos vt & 0, g(t) = 0 otherwise. 
2r 


Therefore U(fn) = i |cos nt| dt = 4, which gives the desired result. 
0 


We turn now to C{X}. 

THEOREM 4.3. In order that a sequence {fn} of elements of C{X} converge 
weakly to an element f «C{X} it is necessary and sufficient that 

a) || fn(t) || < A for some constant A, 

b) lim g(f.()) = ¢(f@) for each t, 0 < t S 2x, and each ¢ « X*. 


As in the discussion of the previous theorem it may be observed that there 
is no loss of generality in assuming that f(¢) = 0, so we shall do this. The 
conditions are clearly necessary. The proof that they are also sufficient depends 
on a lemma of general nature, which we consider first. 

Lemma. Let X be a separable space. Let ®(t) «V”{X*}. Then there exists 
a function g(t) defined a.e. with values in X* such that for each x eX ¢(t)x 1s 
integrable, and 


(4.2) [core =(s)x —&(0)z, 0 <s S 2z. 


= * sin ns 























18 Banach, loc, cit. p. 67. 
19 See the paper of Clarkson referred to in footnote 4). 
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Proor: Choose a linearly independent, denumerable, everywhere dense set 
z,} in X. Since | O(¢ + h)xn — P(t)xn| S N() || x, || we know that except 
on a certain set S, of measure zero the function (¢)z, has a derivative y,(t), 
of which it is the indefinite integral. Let EH be the set remaining after dis- 
carding (S; + Se +.---). EH is of measure 27. Let Xo be the (not closed) 
linear manifold determined by the set {z,}. For each ¢ « E we define a func- 
tional go(t) on Xo by the equations ¢go(t)x = be a,y,(t) if x = >. a,2z,. Then 
ajc = d/dt &(t)x, and | go(t)z| S N(#) || ||, so that go(t) is linear. But 
then, because Xo is everywhere dense in X, ¢o(t) admits, for each ¢ e Z, a unique 
linear extension” g(t) defined throughout X, with the same norm. It is clear 
that g(t)x is integrable. We must verify that (4.2) is satisfied. It is satisfied 
if ce Xo, for then go(t)z = g(t)x. In general, if x eX, and yn — x, yn € Xo, 


then B(s)e — &(0)x = lim [®(s)y, — (0)y,] = lim [ g(t)y, dt. But 
no no 0 
o(t)y. > o(f)x a.e. and since | g(t)y.| S N(#) || y. || it follows by the con- 


8 


vergence theorem of Lebesgue that [ g(t)yndt — | ¢(t)x dt, which is what 
0 0 


we wish to prove. 
We now return to the proof of Theorem 4.3. By Theorem 3.1 we have to 


prove that given ®(t) e V{X*} then 


2r 
lim d®(t)f,(t) = 0. 
no J0 
Let us introduce a function v(¢), the total variation of ®(¢) over the interval 
(0, ). v is a non-negative, bounded, non-decreasing function such that” 


|| (4) — B(te) || S | v(h) — v(é) | 


vhas at most a denumerable set of discontinuities, and its points of continuity 
are among those of ®(#). Let a = v(2r) = V(@). We introduce a parameter 
ron the interval (0, a) and define a function V(r) as follows: ¥(r) = (t) 
ifr = v(t) and v is continuous at ¢. Otherwise let 


&(t + 0) 8, 
v(t + 0) — v(t— 0) 
in the interval o(f — 0) < 7 S v(t + 0), thus making W linear there. Then 
\|V(n1) — W(re) || S | 71 — 72| so that We V°{X*} [for the interval (0, a)]. 
If f(t) « C{X} we define a function g(r) on (0, a) by putting g(r) = f() if 7 = v(t) 
and v is continuous at ¢ or if v(¢ — 0) S$ r S v(t +0). Then g(r) is continuous. 
From these definitions we,infer at once that 


[ " qe(os() = [ “ad¥(a)g(2). 


! *® The use of this device was suggested by the paper of Dunford and Morse referred to 
in footnote 4). 


7r — v(t — 0)) 





W(7) = &¢ — 0) + 
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; / Now if X is separable we see from the lemma that there exists a function 
¥(r) defined a.e. on (0, a) such that ¥(¢)z is measurable, and 


B 
i V(r)x dr = V(B)x — V(a)z. 
Since || ¥(r) || S 1 ae. it is easily proved that ¥(r)g(7) is integrable and that 


[ava = [vero ar az 


We have now to prove that 
| lim ¥(7)gn(7) dr = 0, 
no J0 


where g,(7) is defined in terms of f,,(¢) as described above. By condition a) we §& 
have | ¥(r)ga(r) | < A. But by condition b) ¥(r)gn(7) = o(#falt) > 0 ae. 
and so we are through if X is separable. 

If X is not separable we consider the totality of values of f,(¢), 0 S ¢ S 2z, 
n = 1,2, --- , and the closed linear manifold Xo determined by this set. Since 
fa(t) is continuous it is easy to see that Xo is separable. But any linear func- 
tional U on C{X} is also a functional on C(Xo), and so, by the above reasoning 
U(fn) — 0. This completes the proof. 

It will be observed that the conditions stated in the foregoing theorems all 
have two things in common. In the first place it is assumed that the norms 
\| fn || are bounded, and second, that U(f,) — U(f) for all functionals U of a 
certain class (the step functions in the conjugate space). The question arises | 
as to whether the mere assumption that U(f,) — U(f) for all U of some proper . | 
subclass of the conjugate space is enough to insure the weak convergence of 
the sequence f, to f. That such a situation can arise is*shown by the following 
theorem, where the functionals required by the hypothesis need not even be 
everywhere dense in the conjugate space. 

THEorREM 4.4. If f,(t) is a sequence of elements of C{X} such that 


(4.3) tes ¥ da()f,(t) = 0 


Saran reap RRC rer Sect re thn 


for all pure jump functions ®(t) « V{X*} then the sequence || f(t) || is uniformly th 

bounded and therefore (4.3) is also true for all ®(t) « V{X*}. - 
Proor: Suppose that || f,(¢) ||is unbounded. Then there will exist asequence th 

of points ¢, such that || f,(t,) || + 0. Since the functions are continuous we 

may assume that the points ¢, are all different, and by choosing if necessary @ “ 

subsequence we may assume that > 


(4.4) Il fa(tn) || > 
) Now let A, = max; || f,(¢) ||. We may suppose that A, S Anyi. We construct ma 





* 
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a sequence of indices {m,} and a sequence {¢,} of elements of X* with the 
















































on 
following properties: a | 
i (a) || Yr || _ 1/m,, | erfm,(tm,) > & i ! 
y—1 C) oh 
() 2 | eifmg(tm:)| < 1/3, De leibmeltms) | < 1/33 y 
2} = =y et 
r) Kal 
(c) > 1/m, < @ ; U 
Suppose for a moment that we have done this. Then we define a pure jump i | 
function ®(t): | 
#(t) _ Dotn,<t Pr A | 
al " pind site | 
“ Its total variation is V(#) = 2 1 || ¢,||, which is finite, by (a) and (c). We | 
2. have, for any vy = 2 i | 
| (2m x nf 
r, | i dq fn, (0 | - > Gifm, (tm;)| = | Prfm,(tm,) i | 
e “Ss ey | 
y—1 -) i 
# 7 p | Gifm, (tm;) | sina die | Gifm, (tm;) | > 3 fs | 
g i=1 t=y+1 | 
1 by (b). Since this contradicts (4.3) the proof is completed if we can establish by 
’ (a), (b), (¢). ty 
“ Begin by taking m; = 1 and choosing” ¢; so that || gi || = 1 and | gifi(t) | = ,t | 
. fit) || > 1 [see (4.4)]. Next choose me so that mz > 2°-3Am, and th 
» \vifrltr) | < 3if m 2 me. This can be done since ¢f,(¢) — 0 for any fixed ¢, | 
f t by virtue of (4.3). ge is then chosen with || g2 || = 1/me, | gofm(tm,) | = i) | 
5 ee (1/me) || frg(tm,) || > 1. If mi, +++, m1, ¢1,°++,¢-1 have been chosen, a 
: choose m, so that m, > 2’-3Am,_, and | gifn(trs) | +--+ + | Gofn(tm,-,)| < 4 ii | 
if n = m,; then choose ¢, with ||¢,|| = 1/m, and |¢,fm,(tm,)| = re | 
(1/m,) = || > 1. Since | Gifm,(tm;) | 4 Am,/m; and Aw, 4 Aw,;-; if bi : 
1 2» + 1 it is clear that all the conditions (a)—(c) are satisfied. if 


5. Reflexive Spaces 


We have already defined the space X* conjugate to X. We denote by X** 
the space conjugate to X*. It is well known that X is equivalent to a closed 
subspace of X**, namely, the set of all linear functionals G defined on X* of 
the form G(v) = ¢(zx) for some x e X.” 

Derinition. X is said to be reflexive if all the elements of X** have this form, i 
so that X** and X are equivalent.” it 


I ne Ce tk ee 













* If @ corresponds to z in this manner then by Banach, Theorem 3, p. 55, ||@|| = ||z!|. 
*? We prefer the term reflective to the adjective regular used by Hahn, Journal fur Mathe- , 
matik, vol. 157 (1927), p. 220. y | 
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We shall later need the following result. 

TueorEM 5.1. If X is not reflexive X* is likewise not reflexive. 

Proor: Denote by X,; the subspace of X** which is equivalent to X under 
the correspondence defined above. Since X; is closed, and a proper subspace 
of X** we can find a functional Fp defined over X** (i.e. an element of X***) 
such that Fy ~ 0 and yet Fo(G) = 0 if GeX,.% Now if X* were reflexive we 
could write Fo(G@) = G(go) for some g ~ 0 « X* and all Ge X**. But then 
G(go) = 0 if G ¢ X;—that is g(x) = Oif re X. This contradicts g ~ 0 and 
completes the proof. 

Another concept which is closely related to that of a reflexive space is that 
of weak completeness. 

Derinition. X is said to be (sequentially) weakly complete” if whenever {x, 
is a sequence such that lim ¢(z,) exists for each g « X* then there exists an x e X 


no 


for which lim ¢(2n) = ¢(2). 


It is well known that every reflexive space is weakly complete. Now if 
X and X* satisfy condition (D) and if X is reflexive it follows from the results 
of §2, 3 that L”{X} is reflexive if p > 1, and hence weakly complete. It will 
be shown in §7 that if L”{X} is reflexive then X must also be reflexive and X, 
X* must satisfy condition (D). Under these hypotheses on X, X* we shall 
now show that L{X} is weakly complete in the above sense. 

TuroreM 5.2. If X is reflexive and if X, X* both satisfy condition (D) then 


L{X} is weakly complete. 
2 


Proor: Let {f,} be a sequence in L{X} and suppose that lim g(t)f,(t) dt 


no J0 


exists for each g(t) « M{X*}. Let us write 


G.(e) = [ “olf dt, Gy) = lim Gale). 


no 


Then G, , G are elements of [M{X*}]*. We have to prove that G has the form 


2r 
Ge) = [" elonoat 
for some f(t) « L{X}. 
For fixed ¢, s, g « X*, 0 S s S 2z, define H,(s)g = [ gfn(t) dt, H(s)e = 
0 
lim H,(s)g. The function H(s) thus defined on (0, 21) to X** is absolutely 


no 


continuous—that is H(s) e AC,{X**}. To prove this take a set of non-over- 





23 Banach, loc. cit. p. 57. 

*4 Banach, loc, cit. p. 140. We emphasize the adjective sequentially to distinguish this 
concept from a more far-reaching concept which has also been called weak completeness. 
See H. H. Goldstine, Duke Mathematical Journal, vol. 4 (1938), p. 123-131. We use the 
term in Banach’s sense only. 
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lapping intervals (é,, ¢, + h,). Let « > 0 be given and choose 6 > 0 so that 
[sc dt < 34,n = 1, 2,--- if | S| < 6. The possibility of doing this 
8 


follows by a simple argument from Theorem 4.2. Now if >>, h, < 6 and S 
denotes the above set of intervals we have, for || ¢, || = 1 


tyth, 
[ orf a(t) dt | 


’ 









po | Hn (t, + hy) or “a4 H(t.) | = pw 





< oe i “Il fa(t)|] at = [\isacoiiae < «/2. 





Hence, letting n — © 
DX | Ht + her — H(b)er| S «/2. 
But we can choose ¢, so that 
| H(t, + he, — H(t,)e| > || H(t +h.) — H(t) || — €/2m, 
where m is the number of intervals. Thus 
> || H@ +h) — Hi) || < «, 


which proves that H(t) «e AC){X**}. 
Now since X is reflexive there exists a function F(t) e AC){X} such that 
H(t)p = g(F()) for each ge X* and each t. But since X satisfies condition (D), 
we know that F’(¢) exists a.e. and is in L{X}, with 


F(s) = if " P'(8) dt. 


lim ¢ ( [ “palt) it) =» ( [ P'() it), 


whence, by Theorem 4.2, f, converges weakly to F’. 
In the opposite direction we have the easier theorem: 
>)  Tueorem 5.3. If L{X} is weakly complete so is X. 
}  Proor: Suppose that {2,} is a sequence in X such that lim ¢(z,) exists for 


each ge X*. Define f,(t) = zx». Thenf,eL{X}. For any linear functionai 
U on L{X} 










Thus 








Ul.) = [ * 1(Ofall) = O(2n)e0, 


where S(t) ¢ Vo{X*}. Hence lim U(f,) exists. But since L(X) is weakly 
complete there exists a function f(t) «L{X} such that 





peed I * wos, 
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for all &(¢) e Vo {X*}. Hence in particular if g e X* and ®(t) = ty. 


2rp(tn) o( [ a (t) it), 


2r 
whence, if we put = (37) [ f(t) dt, the proof is complete. 
0 


6. Fourier Series 


It was noted in Bochner I that with the abstract Lebesgue integral it is } 
possible to carry over much of the theory of Fourier series for abstract func- 7 | 
tions. We shall consider some aspects of this theory as it applies to our investi- gg 
gations of the spaces L”{X}. 

The following notation is used throughout. If f(t) « L{X} its Fourier coeffi- 
cients are defined by 


2r . -* 
(6.1) i= xf ee" f(t) dt n=0, +1,---. ( 
2r Jo 


So long as we work in the spaces L”{X} we may suppose that f is defined for 
almost all real values of ¢ and has the period 2x. The partial sums of the 
Fourier series for f are then 





n a 1 2r 
6.2) sat) = 3 ef =} Dacuste + wd 
where D,(u) is the Dirichlet kernel.” The Fejér sums (or first Cesaro means) tl 
corresponding to f are ( 
n 2r 
63) ot) = 0 (1- PL emp a} Kc +0 dy 

—n n+1 m Jo B 
where K,,(u) is the Fejér kernel.?* If o,(t) —> x the Fourier series is said to be 7 ti 
summable (C, 1) to the value x at the point t. x 
We require the following two standard theorems. 7 3 

THEOREM 6.1. If f(t), defined for all real t, has the period 2x and belongs to 
C{X} tts Fourier series is uniformly summable (C, 1) to f(t) on the interval (0, 27). . sf 
TueoreM 6.2. If f(t) « L’{X}, p = 1 then th 
2r * CO 
lim : I|f@ — on(t)||?dt = 0. 7 in 
no ; if 

These theorems are proved in the usual way. i 
If (t) « V?{X}, 1 < p S © the integrals j (6 

27 ; 
(6.4) a= 2 [eat | 3B 
2m Jo CO 
exist. They are of type (2.3). 7 ww 
7 ha 


* Zygmund, T'rigonometrical Series, Warsaw (1935), p. 21. 
26 Zygmund, loc. cit. p. 45. 
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We are interested in generalizations of Parseval’s theorem. The generaliza- 
tion takes the following form. 

THEOREM 6.3. If f(t) has period 2x and belongs to L”{ X} and if &(t) « V"{X*}, 
1< p,1/p + 1/q = 1, then 


5) x [anon = E at (6,0) 


the series on the right being summable (C, 1) to the expression on the left. If 
p = 1 the same result holds if we put q = ~. The formula (6.5) is valid if 
f(t) «C{X} and B(t) «e V{X*}. 

Proor: We must show that 


tim © (1-21 ey = ib [ avore. 


nO p= —n n + 1 


Consider first the case where f(t) « L”’{X}, b(t) « V°{X*}. Now 


1 [* a = |» | b: ivt 
al d®(t)o,,(t) be (1 a ef db(the"f, 


-> (1 ARs )a.K) 


an n+1 


by (6.4) and the properties of the Stieltjes integral (2.3). From this we see 
that it is sufficient to prove that 


(6.6) lim 4 [ i d®(t)o,(t) = 5 i * qe(Of(0. 


no Qr 








But this is true as a result of Theorem 6.2, for (6.6) merely expresses the con- 
tinuity property, that U(on) — U(f), where U is the functional on L”{X} 
defined by ®(¢). The conclusion for f(t) «C{X}, #(t) «V{X*} follows in a 
similar way from Theorem 6.1. 

In the theory of ordinary Fourier series it is known that the theorem corre- 
sponding to Theorem 6.3 for 1 < p < ~ is true even with the stronger assertion 
that the series on the right in (6.5) is convergent.” Now it may be seen from 
considerations similar to those in the proof just finished that (6.5) will be true, 
in the sense that the series is convergent, instead of merely summable (C, 1) 
if and only if 

. pe Wr ics 
(6.7) lim — [ d®(t)sn(t) = — i d&(t)f(2). 

no 27 Jo 2r Jo 
But this relation, for a fixed f(t) and all (t), means that the partial sums s, 
converge weakly to the element f in the space under consideration. This in 
turn implies that the norms || s, || are bounded. Concerning this matter we 


have the following theorem. 


*” Zygmund, loc. cit. p. 154. 
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TuroreM 6.4. If for each f(t) «L’{X}, p > 1, the partial sums s,(t) of the 
corresponding Fourier series have the property 


aman 2r 
lim (/ | (Pat) < o, 
noo 0 

then 


2x 
lim If) — sn(t) ||? dt = 0. 
nro 0 

Proor: We regard s, as being derived from f by an operation 7’, defined in 
L?{X} by the equation (6.2). 1’, is linear, for it is obviously additive, and if 
we apply a standard inequality” to (6.2) we get 


i rasil=([" tient irae)” s* [Docu au ([" iso irae)” 


Now by hypothesis lim || Tnf || < ©. Hence by a theorem of Banach and 


Steinhaus” there exists a constant A such that || 7,f || < A ||f|| if fe L?{X}. 

Let « > 0 be given and choose WN so large that || f — ow || < ¢«. This we can 
do by Theorem 6.2. Write f — ov = g. Nowif nis sufficiently large T,cy = 
ov, Tnf —f = Ta + on — f, and so || T,f — f|| S Ae + €, which proves 
that 7,f = s, — f (convergence in the metric of L”{X}). 

We shall now prove by counter-examples that there exist spaces X (namely 
M, (m), L, (l)) such that the hypotheses of Theorem 6.4 are not satisfied for 
any p > 1. For such spaces it follows that for at least one f ¢ L”{X} the partial 
sums 8, do not converge weakly to f, and therefore (6.5) is not in general true with 
the requirement that the series converge. 

For X take the space M. Let x(s) be a continuous numerical function with 
period 27. Define a function f(¢) on (0, 27) to M by the following rule: to 
the number ¢ corresponds the function z(s) = 2a(s + #) in M. Since 2(s) 
is periodic it is uniformly continuous on the infinite interval -»~ <s < ~. 
But 


lf) — f()|| = sup, | t0(s + t) — a(s + &) |, 


and so we infer that f(t) is continuous. It is also periodic. The Fourier coeffi- 
cients of f are elements of M. They are 


2x : . 2x ? 
fn = x | e'™ xo(s + t)dt = 5 “al | e*™ xo(u) du. 





28 The inequality in question is 


b d |r Wr d b I/r 
{[ [ h(s, t) dt | a} < [ if |h(s, t) |" a} dt, rel. 
a ce | c a 


See Zygmund, loc. cit. p. 67. 
29 Banach, loc. cit. p. 80, Theorem 5. 
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Thus R 
n : 2r : 
s(t) ie » ave df e”" x9(u)du at xi"(s + ) 


=—nN 


Le 





where x4"(s) denotes the n™ partial sum of the Fourier series of the function 
a(s). Therefore 






|| a(t) = Sup |zo"(s + )| = sup _|x0"(s) |. 


SERIE 





In particular, then, || s,(é) || is independent of ¢, and in order to have 





68) fim [nC IP a Fa eo! 





it is sufficient to choose 2(s) so that the partial sums of its Fourier series are 
unbounded. That such continuous functions exist is well known. 

The foregoing example can easily be modified so as to apply if X is the sequence 
space (m). To do this we first choose a denumerable set {7,} everywhere 
dense on (C, 27). Then with the above function 2(s) define the function f(¢) 
on (0, 27) to (m) with components f;(¢) by the equations f;(t) = xo(7; + ?). 
Since a continuous function is determined by its values on an everywhere | 
dense set the previous argument is not essentially affected. a 

In order to reach the situation expressed by (6.8) when X is either of the | 
spaces L, (1) we proceed indirectiy, making use of the counter-examples just tf 
constructed for the spaces M, (m), which are equivalent, respectively, to the De! 
conjugate spaces of L, (1). Suppose then that with this choice of X the 
hypothesis of Theorem 6.4 is satisfied. Then H) 


i [  a@(O) = lim 2 [ “ab(s,(0) = lim Do 44(f-.), 
for each f(t) « L?{X} and each (ft) « V*{X*}. But iy 
(6.9) Saf.) = 2 [ " galt) sd) at, i 


=—nN 

















pm cde i Nae i in 





2r 
where ¢,(t) = >”, e”' &, are elements of L*{X*} and the integrals [ gn(t)f(t) dt 


are therefore linear functionals U, on L’{X} of norm 


(6.10) || Ua || = ( i IL en(O) tae) 


Since we have 





> nent 


Povtcneneees 





U.(f) > UY) = [ * eos, 








*° Banach, loc. cit. p. 65 and p. 67. 
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the linear functionals U, converge weakly to the functional U, and therefore 
the norms || U, || must be bounded.” Now let ¢(¢) be a function in L*{X*} 
(X* equivalent to M or (m)) such that the partial sums of its Fourier series are 
unbounded. Such functions exist, as we saw above. If (t¢) is the indefinite 
integral of g(t), &(t) « V*{X*}, and the functions ¢,(t) = >", eb, are pre- 
cisely the partial sums of the Fourier series for g(t). But then the norms 
|| Un || in (6.10) must be unbounded, which is a contradiction. 

We observe’ that the space () satisfies condition (D), which is therefore not 
enough to guarantee the validity of the hypothesis of Theorem 6.4. 

We shall conclude this section with a few theorems about Fourier coefficients. 
It is known™ that Bessel’s inequality is not in general true—that is, there 
exist spaces X (in particular the space LZ) and functions f(t) e L{X} (even in 
C{X}) such that >>*, || f, ||? = ©, where {f,} are the Fourier coefficients 
of f(t). It is possible, however, to obtain theorems corresponding to the Riesz- 
Fischer theorem and the theorems of Hausdorff and Young. 

TueorEM 6.5. If 1 < p S 2 and x, is a sequence of elements in X 
(n = 0, +1, +2, --- ) such that for a certain constant A > 0 and all elements 
g « X* the inequality 


6.11) Y. |o(e) ? s 4? lel? 


holds, then there exists a function F(t) «C{X} such that for each g « X* o(F(t)) 
is the indefinite integral of a function of class L* with the Fourier coefficients 
{y(an)}. The inequality 


(6.12) ( [ r 


holds for each ¢. 

Proor: The Hausdorff-Young theorem” assures us that there exists, corre- 
sponding to each ¢, a function f,(¢) « L* with the Fourier coefficients {¢(z,)} 
and satisfying the inequality 


(4 [ Feld) |? at)" < (X. | (2) r) 


We have then only to show that there exists a function F(#) as described above 
for which d/dt o(F(t)) = f,(t). For a fixed ¢ define 


1/p 


4 cro) |'at) " = (Ep lee) 





G,() = [ Ud ~ oie 





31 Banach, loc. cit. p. 122-123, Theorem 2. 

*? Bochner, Abstrakte Funktionen und die Besselsche Ungleichung, Géttingen Nachrichten 
(1933) pp. 178-180. 

33 Zygmund, loc. cit. p. 190, (b). 
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1 Then G,(t) is absolutely continuous and periodic, so that its Fourier series 
1 converges uniformly to G,(¢). A calculation shows that 





1 2r 7 1 
z | G,(te™ dt = = Ota); n+ 0, 





and therefore 


(6.13) 














G00 = i 1 oa) “d 









where the prime denotes omission of the term corresponding to v = 0. The 
series in (6.13) converges uniformly as a function of ¢, yg, for 0 S ¢t S 2z, 
|g || <= 1, as may be seen by an application of Hélder’s inequality and use of 
(6.11). This implies that the series 


(6.14) g(t) = > i 


. = 











—1 41 
Ly ny 












converges uniformly and defines a function g(t) «C{X}. For G,(¢) defines a : 
function on (0, 27) to X** which is a uniform limit according to the metric a 
of X** of the sequence of functions in C{X,} defined by the partial sum i 


ye 
v 


“—@ 





ivt _— 1 
¢(2,), 












where X; is the closed linear subspace of X** equivalent to X, as described in §5. 
The corresponding functions in C{X}, which are 









. = re" —1 
: } ; Ty; 


—n Ww 

















] therefore converge uniformly to a limit function in C{X}, as asserted. We 
Hi sce that y(g(t)) = G,(t). If we put F(t) = ta + g(t), then g(F()) = it 
| ty(ao) + G,(t), d/dt o(F(t)) = f,(t), which completes the proof. it | 
THEoREM 6.6. If 1 < p, S 2 and F(t) «C{X} is such that for each ¢ « X* 
y(F(t)) is the indefinite integral of a function of class L”, and if for a certain ba 
constant A > 0 the inequality ve 


" 1 2r d 
6.1 ie bs 
am 2r [ at” 


holds, then there exists a sequence {x,} (n = 0, +1, --- ,) of elements in X such 
that {p(2n)} are the Fourier coefficients of d/dt o(F(t)), and 


(6.16) (x. | p(y) ')" < (2 {- Zoro at)’ 


Proor: The Hausdorff-Young theorem™ states that the Fourier coefficients 
of d/dt o(F(t)) satisfy an inequality of the form (6.16). Hence all that remains 
is to show that these coefficients can be put in the required form. Now 






=< 






(P(@)|" at = A? lle 
















** Zygmund, loc. cit. p. 190, (a). 





936 8. BOCHNER AND A. E. TAYLOR 


the linear functionals U, converge weakly to the functional U, and therefore 
the norms || U,,|| must be bounded.” Now let g(t) be a function in L*{X*} 
(X* equivalent to M or (m)) such that the partial sums of its Fourier series are 
unbounded. Such functions exist, as we saw above. If ®(t) is the indefinite 
integral of g(t), B(t) « V*{X*}, and the functions ¢,(¢t) = >", e’, are pre- 
cisely the partial sums of the Fourier series for g(¢). But then the norms 
|| U, || in (6.10) must be unbounded, which is a contradiction. 

We observe’ that the space (I) satisfies condition (D), which is therefore not 
enough to guarantee the validity of the hypothesis of Theorem 6.4. 

We shall conclude this section with a few theorems about Fourier coefficients. 
It is known™ that Bessel’s inequality is not in general true—that is, there 
exist spaces X (in particular the space L) and functions f(t) «eL{X} (even in 
C{X}) such that >>%, || fn ||? = 0, where {f,} are the Fourier coefficients 
of f(t). It is possible, however, to obtain theorems corresponding to the Riesz- 
Fischer theorem and the theorems of Hausdorff and Young. 

TuHeorEeM 6.5. If 1 < p S 2 and x, is a sequence of elements in X 
(n = 0, +1, +2, --- ) such that for a certain constant A > 0 and all elements 
gy « X* the inequality 


(6.11) .. | e(z,) |? S A? || ¢||? 


holds, then there exists a function F(t) «C{X} such that for each vg « X* o(F(t)) 
is the indefinite integral of a function of class L* with the Fourier coefficients 
{y(an)}. The inequality 


(6.12) (¢ [ j 


holds for each ¢. 

Proor: The Hausdorff-Young theorem” assures us that there exists, corre- 
sponding to each g, a function f,(¢) « L* with the Fourier coefficients {¢(z,)} 
and satisfying the inequality 


(E [isco rar)” s (Zier). 


We have then only to show that there exists a function F(t) as described above 
for which d/dt o(F(é)) = f,(t). For a fixed ¢ define 


1/p 


S oF (t)) a)" < (x. | e(zy) r) 





G,(i) = [ Wedd ~ ohadi. 





31 Banach, loc. cit. p. 122-123, Theorem 2. 

2 Bochner, Abstrakte Funktionen und die Besselsche Ungleichung, Gottingen Nachrichten 
(1933) pp. 178-180. 

33 Zygmund, loc. cit. p. 190, (b). 
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Then G,(t) is absolutely continuous and periodic, so that its Fourier series 












converges uniformly to G,(¢t). A calculation shows that 
: [ene at = ¥ ole) n+0 
Q2r Jo * _”” ’ 
and therefore 
x ivt as 1 
(6.13) G,(t) = Le : —— (2) | 






where the prime denotes omission of the term corresponding to vy = 0. The 
series in (6.13) converges uniformly as a function of ¢, yg, for 0 S t S 2z, 
|g || S$ 1, as may be seen by an application of Hélder’s inequality and use of 
(6.11). This implies that the series 


= <e —1 At 


—~ Vv 





















converges uniformly and defines a function g(t) «C{X}. For G,(t) defines a 
function on (0, 27) to X** which is a uniform limit according to the metric 
of X** of the sequence of functions in C{X,} defined by the partial sum 


ye ole), a 


Ww 
where X; is the closed linear subspace of X** equivalent to a, as described in §5. 
The corresponding functions in C{X}, which are 


n ve” os 
) ae Ly, 


—n Ww 
therefore converge uniformly to a limit function in C{X},as asserted. We } 
see that y(g(t)) = G,(t). If we put F(t) = ta + g(t), then g(F(t)) = Bis 
to(zo) + G,(t), d/dt g(F()) = f,(t), which completes the proof. ht 
TuEorEM 6.6. If 1 < p, S 2 and F(t) «C{X} is such that for each ¢ « X* i 4 
y(F(t)) is the indefinite integral of a function of class L”, and if for a certain Fi 
constant A > 0 the inequality Pn | 
mn | 


(6.15) I i |@ o(F(t)) Pat < A? ||¢||? 
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Raia hated nt Oc dnt A = 







Qe Jo {dt 
holds, then there exists a sequence {x,} (n = 0, +1, --- ,) of elements in X such 
that {y(a,)} are the Fourier coefficients of d/dt p(F(t)), and 


(6.16) (Soe. )" (¢ [ *|4 oro) Pat) 


Proor: The Hausdorff-Young theorem™ states that the Fourier coefficients 
of d/dt o(F(t)) satisfy an inequality of the form (6.16). Hence all that remains 
is to show that these coefficients can be put in the required form. Now 
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** Zygmund, ioe. cit. p. 190, (a). 
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[Seer at = (Pen) - FOO), 


[emo a le oon + im [eg at 


2r d 
o(P@r) — F(0)) + ine (fF dt), (nO). 
Hence if we define {z,} by the equations 


to = 5 (F(2n) — F)), 

Tv 

(6.17) ~~ 

2, = % + — [ e '™ F(t) dt, 
2m Jo 


we see that {y(z,)} are the Fourier coefficients of d/dtg(F(t)). It may be 
proved as before that 





c) ivt 
P() — F(0) = tr — Le ——*z,. 
Remark: If p = 2, g = 2 also and the two theorems are converses of each 
other. In this case the inequality (6.16) becomes an equality. 
It is to be emphasized that the derivative d/dt y(F(t)) need not be expressible 
in the form ¢f(t), where f(¢) is a function on (0, 27) to X. This is illustrated 


by the following example. Let X be the space I’ of sequences x = {£,} such 


that >», | & |? = ||a|/? < «©. Then the functionals (x) take the form 


g(x) — a Pré>, 


where {y,} €/° also. Corresponding to any such ¢ there is a function f,(¢) 
of class L’ with the Fourier coefficients {y,}, and if we put 


a) = [40 — ea 


then G,(¢) is absolutely continuous and 


J tvt 
G,(t) an + : > at 


—00 Ww 





Let F(t) be a function on (0, 27) to ’ defined by the sequence {F,,(¢)}, where 
F(t) = (e'"’ — 1)/in, n + 0, Fo(t) = t. This function is well-defined, and 
¢(F(t)) = too + G,(t), d/dt o(F(t)) = f(t). It may be verified by the reader, 
using Theorem 6.5, that F(t) « C(I’). Nevertheless it is impossible to write 





th 
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j-(t) in the form g(f(¢)). For suppose f(t) were given as a sequence {f,(¢)} in 
P, so that 


felt) = of) = Dy of.(0. 


Since f,(t) has the Fourier series >» ve” we see that f,(t) = e'. But then 


ce) 


Ld» | f,(t) |? = ©, so that such a representation is impossible. 


7. A Theorem on Reflexive Spaces and the Condition (D) 

In §5 it was noted that if X and X* both satisfy condition (D) and if X is 
reflexive then L”{X} is reflexive if p > 1. We shall now consider a converse 
proposition. 

THEOREM 7.1. For a fixed p > 1 and a fixed space X let L?{X} be reflexive. 
Then X is reflexive and X, X* both satisfy condition (D). Therefore L?{X} is 


reflexive for every p > 1. 
Proor: Consider a function f**(t) e L’{X**} and a function #(¢) e Vj{X*}. 
Then we can form the integral 


(7.1) [ "s**()aa(d), 


defined as an extension of an integral of type (2.3) in the same way that (2.6) 
was derived from (2.1). The above integral defines a linear functional on the 
space V${X*}, which is equivalent to the conjugate space [L”{X}]*. Since 
L’{X} is reflexive every functional on [L”{X}]* has the form 


(7.2) i "dao, 


where ®(t) « Vj{X*} and f(t) e L”{X}, the latter function being determined by 
the given functional. Consequently with f**(t) is associated a certain 
S() « L?{X} such that (7.1) and (7.2) are equal for all @(¢) « Vo{X*}. If in 
particular we take for f** a constant function f**(#) = 2**, where 2** « X** 
then for a suitable {0 e L°{X} 


(7.3) [ f**(@d0(t) = x**[(27)] = [ “dos. 
If we choose, for a given n, and ¢ e X* 
&(t) = [ e '™ ods, 


then (0) = (27) = Oif n # 0. Therefore 


£ d&(t)f(t) = o( Ei eit g(t) i) we 
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and so, for the Fourier coefficients of f(t), f. = 0 if nm = 0. By Theorem 6.3 
the relation (7.3) becomes 
a**[@(2r)] = 2xo(fo), 
where 
aa! f ag Se 
2r Jo 2r ' 


T 


fo = = [ "p(Oat. 


Therefore, writing ¢ = (27), we get 
x**(p) = (fo). 


This expresses precisely the fact that X is reflexive, since g may be arbitrary. 
We next shall prove that if F(t) «V”{X} it is the indefinite integral of a 
function in L?{X}. If g(t) e L*{X*} we form the integral 


(7.4) i * g(t) dF) 


[in the same way that (7.1) was defined]. It defines a linear functional on 
L*{X*}. Now L*{X*} is equivalent to a closed subspace of V¢{X*}, which 
is in turn equivalent to [L’{X}]*. Since L”{X} is reflexive all the functionals 
on V¢{X*} have the form (7.2). It then ‘ollows by Hahn-Banach extension 
theorem” that the integral (7.4) must coincide with an integral of the form 
(7.2) whenever #(t) has the form 


a) = [6 ae 
In other words 
[ ” edad) = 0, p(t) eL*{X*}, 
where 
GW) = F® — [ “70 at. 


From this it follows that G(é), which is continuous, is necessarily a constant 
Thus F(¢) is an integral of f(¢). 

The space L*{ X*} is reflexive also, for its conjugate space is Vj { X**}, and so, 
by the reflexiveness of X (7.4) is the form of the general linear functional on 
L*{X*}. But since, by the above, V?{X} is equivalent to L?{X}, (7.4) takes 
the form 


[ “pdf at, fl eL?fa}, 


Fo 
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and so the conjugate space of L*{ X*} is L?{X}, which is reflexive. By Theorem 
5.1 L*{X*} must itself be reflexive. Hence, by the same reasoning used above 
V"{X*} consists entirely of indefinite integrals of functions of L*{X*}. 

Now the property of V*{X*} just stated is equivalent to the assertion that 
X* satisfies condition (D). For it is known” that condition (D) is satisfied if 
every function in V“{X*} has a derivative a.e. and certainly V*{X*} is con- 
tained in V*{X*}. Similar remarks apply to X. Thus the theorem is com- 
pletely proved. 
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8. Linear Operations 





It is our purpose in this section to study the form of general linear opera- 
tions” on an arbitrary space X to one of the function spaces M, C, L?. We 














begin with L” (p > 1). 

THEOREM 8.1. Jf T is a linear operation on X to L” there exists a function i | 
F(t) «C{X*} such that for each x « X, F(t)x is the indefinite integral of a function i | 
in L’, and T is representable in the form | 

‘ 
d 4 
= — ) 
(8.1) Tx di [F(é)z]. 





Conversely, for each F(t) «C{X*} such that F(t)x is the indefinite integral of a 
function in L”, and 


(8.2) (= [ : 


for some A > 0 and all x « X, (8.1) defines a linear operation on X to L’. 
Proor. If 7 is given, denote by f.(t) the element of L” corresponding to x 
under the operation. Then 


(["isra)” < ||T II {<I 


Form the Fourier coefficients of f.(¢); they depend on z: 





P 1/p 
4 roa! 4)" sa lei 

















(8.3) ¢n(x) = = [ose dt. 





¢n(z) is linear in z, for by Hélder’s inequality | ¢,(x) | S$ (2x)~“” || T || || 2 |I- 
Now f.(t) «L?. If 1 <p < 2 we have, by the Hausdorff-Young theorem™ 


(Salento) (2 [ln@ra)” = Gay” 71 Meh 


** See §4 of the paper of Dunford and Morse referred to in footnote 4). : 
** Compare with Nelson Dunford, Integration and Linear Operations, Transactions of 
the American Mathematical Society, vol. 40 (1936), pp. 474-494. 
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while if p > 2, f.(t) « L’ and 


En leo) = (2 [ora 
s (2) ( ["iscorrat)” = @ed IIT ile 


In either case it may be proved, much as in the proof of Theorem 6.5, that 
the series 


(8.4) Fo =} 


° Pr + tgo. 
—0 Ww 





defines a continuous function on (0, 27) to X*. But also 


o <5 1 oe [ ‘UL — ev(a)}ae 


> = 
—2o Ww 





and therefore 
t 
F(x = [ full) dl, 
0 


whence (8.1) is satisfied. 

The converse is trivial. 

The theorem pertaining to operations on X to M is similar, but we can assert 
much more about the nature of the function F. 

THEOREM 8.2. If T is a linear operation on X to M there exists a function 
F(t) « Vo {X*} such that T is representable in the form 


(8.5) Wess $ [F(a]. 


The norm of T is given by || T || = N(F). Conversely to each F(t) « Vo {X*} 
corresponds a linear operation on X to M, defined by (8.5). 

Proor: As before we write Tx = f,(t) and consider the Fourier series of 
f.(t). We have |¢,(x)| < sup? |f-(t)| < || 7|| || ||, so that the Fourier 
coefficients are linear functionals of z. We can define F(¢) by (8.4) and show 
that it satisfies (8.5), just as before. Now if t, ¢ + h are in (0, 27) 


| t+h 
[FG + We — FOz| =| | fa(iat| = [A] (171 U2 
Therefore 
| F@ +h) — FO|| s |All TI. 


Consequently, F(t)«Vo{X*} and N(F) Ss ||7'||. On the other hand 
| f-(t)| <= N(F) || x|| ae. so that || 7 || = N(F). The converse part of the 
theorem is trivial. 


al 
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Corottary. If X 1s separable and T is alinear operation on X to M there 
exists a function f(t) on (0, 2m) to X*, defined ...e. such that T is given by 


(8.6) Tx = f(t)z. 


This follows at once from the lemma following Theorem 4.3. We also 
remark that T is representable in the form (8.6) if X* satisfies condition (D), 
and in this case f(t) eM{X*}, || 7 || = Sup’ || f(z) ||. 

St<2r 


TuEorEM 8.3. The most general linear operation on X to C, when X is sepa- 
rable, has the form 


Tx = f(i)z, 


where f(t) is a function on (0, 21) to X* with the properties 

a) for each x e X, f(t)x is continuous 0 S t S 2r, 

b) |f@x| S || TI Il 2. 

Proor: If Tx = f.(¢) we know from Theorem 8.2, since C is a subspace of M, 
that there exists a function F(t) e Vo {X*} such that 


F(z = [10 dt. 


By the corollary there exists a function fo(t) with values in X*, defined a.e., 
such that fo(t)z = f,(t) a.e. Our problem is to show that fo(t) can be defined 
at all points of the interval (0, 27) in such a way that fo(t)x = f.(t) throughout. 
Since f,(t) is continuous when z is fixed there is no difficulty about this. 

The same conclusion can be drawn if X* satisfies condition (D), whether X 
is separable or not. 

THEOREM 8.4. The most general linear operation on X to L is representable 
in the form 


& 
Tz = 7B [Gz], 
where G(r) « C{X*} and for each ze X G(t)z is the indefinite integral of an 
absolutely continuous function. 
Proor: If Tx = f(t) and {g,()} are the Fourier coefficients of f,(¢) it is ob- 
vious that ¢,(z) is a linear functional of x such that | ¢n(z)| < 1/27 || T || || z ||. 
Then we put — , 


F.) = [ tan TC OC 1 +e 


—0o w 





and note that F,(¢) is absolutely continuous. If 


Held) = 3) oola) = FD + Le 2D — tea, 
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then ° 


But the series 
tvt pe: 1 


converges uniformly and defines a continuous function g(t) with values in X*. 
If Git) = g(t) + 4t°¢ then clearly d’/dt’ [G(t)z] = f.(t), which is the desired 
result. 
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